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Partial representations of groups

« What is a partial action / partial representation of a group G?
« How do partial representations form a monoidal category?
~ the transformation groupoid B¢ » G for the partial Bernoulli shift

Partial representations of Hopf algebras

« What is a partial representation of a Hopf algebra H?
« What is the analogue of the partial Bernoulli shift?
~ a Hopf algebroid counterpart Hpqr to the transformation groupoid

The Bernoulli shift of a discrete quantum group

» Conceptual explanation of the construction of Hpa,

on the algebraic level and on the level of C*-algebras.
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Partial actions of discrete groups

Partial actions of discrete groups

“A partial action is the restriction of an action to a non-invariant subset.”
Definition A partial action of a discrete group G on a set X is given by

* asubsetDy c XforeachgeG
* a bijection 63:D -+ -~ Dy foreach g e G
such that
° De :Xand ee = |dX,
* Og oy c g, forall g, h e G as partial maps.
Example The restriction of an action G C YtoasubsetXcY:
* Dgr == {xeX:g(x) e X} - Xng '(X)foreachgeG
* Og(x) =g(x) foreachge Gandxe Dy

Variants Partial actions on spaces, algebras, vector spaces, ...
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The partial Bernoulli shift and disconnected partial actions

Example Let G act on P(G) = {0, 1} by left translation. Restriction to
B, ={AcG:ecA} cP(G)
yields the partial Bernoulli shift, where each g € G acts as

{AcG:e,g" €Al =Dy T—>Dg={AcG:gecA}.

Definition A partial action of G on

* a space X is disconnected if each Dy c X is clopen,
* an algebra A is disconnected if each Dy c A is a direct summand,
* avector space is disconnected if we are given complements Dj.

A partial action G 3 X gives rise to a transformation groupoid X x G.
Proposition (disconnected partial actions of G) <> (actions of BS x G).
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The link between partial actions and groupoid actions

The transformation groupoid B¢ » G consists of all arrows of the form

gA<L A (geG,AcG,egcA)

Proposition (disconnected partial actions of G) < (actions of BS x G).
Idea of proof Given a partial action ((Dg)g, (6g)g) ON a space X, define

* mX—>Bgbyx—{geG:xeDy1}

* (gA I A ) - X 1= 0g(x), where A = 7(x) implies g~' € A and
X € Dy = Dom(by).
Corollary Partial representations of G (:=disconnected partial actions
on vector spaces) carry a monoidal product &, where

VaW= @ (Va®Wa), Va=(NgeaDg)n (NgsaDg), Wa=...

AeBg
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Partial actions of Hopf algebras

Partial representations of Hopf algebras

Definition A partial representation of a Hopf algebra H on a vector
space Vs a linear map m:H - End(V) such that =(14) = idy and

* w(kh1y)m(S(h(2))) = m(k)m(h@y)7(S(h2y)),
m(S(k1y))m(k2yh) = 7 (S(k(1)))m(K(2))m(h) (h,k € H),
- as above with S replaced by S7'.

Example (partial rep.s of G) < (partial rep.s of the group algebra kG).

Theorem (Alves-Batista-Vercruysse "15)

* There exists an algebra Hpar Whose representations correspond
bijectively to partial representations of H.

* Hpar 2 A#H for a subalgebra A c Hpar With a partial action of H.
* Hpar is @ Hopf algebroid.

 Partial representations of H carry a monoidal product. 512



The partial Bernoulli shift of a
discrete quantum group

Partial coactions of C*-bialgebras

Definition A partial coaction of a C*-bialgebra (%, A) on a C*-algebra
A is a »-homomorphism §: A - M(A ® H) such that

* J(A)(TeH)c AQH,
* § extends to a strict *-homomorphism from M(A) to M(A ® H),
« (0®id)(d(a)) =(6(1)®1)(idoA)(d(a)) forall a € A.

Example Given a coaction on a C*-algebra B and an ideal A c B, the
coaction restricts to a partial coaction on A.

Kraken, Quast, T. Partial actions of C*-quantum groups I: Restriction
and Globalization. to appear in Banach J. Math. Analysis. arXiv:1703.06546.

Theorem (Kraken, Quast, T.) Let (#,A) be a C*-quantum group, where
H is nuclear. Then every regular partial coaction of (H, A) is the
restriction of a coaction, and there exists a unique minimal choice.
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Partial coactions of discrete quantum groups

Let G be a discrete quantum group, given by (Co(G),A). Then
* Co(G) =2 @, M, (C), where the sum is taken over a € Irr(G)

.« O(G) := ®29M,(C) is a multiplier Hopf algebra
. CG = ®J9YHom(M,(C),C) is a Hopf algebra
* Co(G) has acounite:Cy(G) —» C.

Examples

« If § is a partial coaction of (Co(G),A) on A s.t. (id®e)d = id, then
h-a:=(ideh)(d(a)) (aec.AheCG).
defines a partial action of CG on A.

« If G = G is a classical discrete group, counital partial coactions of
(Co(G),A) correspond to disconnected partial actions of G. 5,15

The Bernoulli shift of a discrete quantum group |

For a group G, the space P(G) comes with a tautological subset
{(A,g):geA} cP(G) xG.
For G, we define a quantum space B in terms of a projection
p e M(C(Bg) ® Co(G)).
Write Co(G) = @,Mhn, (C) and choose matrix units ej € Co(G).

Definition The quantum Bernoulli space B¢ of G is given by the
universal unital C*-algebra C(Bg ) with generators o such that

P = 2aijPj ®€j
is a projection and
[pe1,(ideA)(p)] =0.

Example If G = G, thenp = Y p9 ® §g, all p9 commute, and B = P(G).

8/12



The Bernoulli shift of a discrete quantum group Il

Denote by p e M(C(Bg) ® Co(G)) the universal projection as before.

Theorem (T.) There exist
* a coaction §:C(Bg) - M(C(Bg) ® Co(G)) such that

(6®id)(p)=(id®A)(p)
» a coaction 4:C(Bg) -~ M(C(Bg) ® C5(G)) such that

(boid)(p) = (id®ad)(p)
and (C(Bg), d,0) is a braided-commutative Yetter-Drinfeld C*-algebra.
Lemma With the notation as above,
* p.:=(id®e)(p) € C(Bg) is a central projection;

* 0 restricts to a partial coaction §. on C(Bg,) := p-.C(Bg).

Definition We call (C(Bg,), 6.) the partial Bernoulli shift of G. 9/12

Connection to the construction of Alves-Batista-Vercruysse

* The unital dense x-subalgebra O(B¢ )< C(Bg) generated by the pj
is a braided-commutative Yetter-Drinfeld algebra over O(G).

« = O(Bg)#O(G) is a Hopf algebroid, see:

T. Brzezinski, G. Militaru. Bialgebroids, x4-bialgebras and duality.
J. Algebra, 251(1):279-294, 2002.

« O(Bg)#0O(G) is isomorphic to the Hopf algebroid O(G)par:

Proof:

« The natural map O(G) - O(Bg)#0O(G) is a partial representation
and extends to a x-homomorphism ®: O(G)par = O(Bg)#O(G).

« O(G)par = A#O(G) for an A with a partial action of O(G) which
gives an equivariant v: O(Bg) — A, and V := ¢#id is inverse to .
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The example G = S;

Recall: C(Bg) is generated by the slices of p e M(C(Bg) ® C(G)) s.t.
[(ideA)(p),pe 1] =0. (1)
Now C(G) = CS® —— C & C @& M,(C), where (1,2) = (1, -1, (; 1))

(g,0,p

Write p = (p,p?, (2 5)) € C(Bg) ® C(Bg) ® Mo(C(Bg)). Then (1) <
(1) (id®e®id)(T), which means [p* ® 1,p] =0, so that p° is central

(2) (iddeid®e)(T), which means [p,p] =0

(3) (id®o ® p)(t), which means, as (0 ® p)A =AdgopwithR=(} %),

[(pa b ) (2. ‘db)] = 0, that is, p? is central as well
(4) (idepeo)(t)means [(25),( 2. 7)]=0,thatis,ab =bd
(5) (depe p)(‘l’) means that after decomposing (p® p)A ~c® o @ p,

a
(b* ba* , ( g )] 0, where p* = Z(p® +p?) is central,
0

which means [a,d] =0, =0, b=ba=db, pa=pd.

» Study C(B,), e.g. if G is the dual of a finite non-abelian group.
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 Equip C(Bg) x Co(G) with the structure of a C*-quantum groupoid.
For this, we can use the von Neumann algebraic results in:

Enock and T. Measured quantum transformation groupoids.
J. Noncommut. Geom., 10(3):1143-1214, 2016.

* Relate partial representations of G to rep.s of C(Bg, ) x Co(G) and
thus obtain a monoidal product on partial representations of G.

« Extend the notion of a partial coaction to cover partial actions of
groups on spaces that are not disconnected.
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