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My program

Geometry of classes of quantum metric spaces

o Study the geometry of entire classes of quantum metric spaces
using noncommutative analogues of the Gromov-Hausdorff
distance: the Gromov-Hausdorf{f propinquity family.

@ A quantum metric space is a noncommutative generalization
of the algebra of Lipschitz functions on a metric space.

o Examples: finite dimensional approximations, perturbations
of metrics, compactness theorem, ....
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My program

Geometry of classes of quantum metric spaces

o Study the geometry of entire classes of quantum metric spaces
using noncommutative analogues of the Gromov-Hausdorff
distance: the Gromov-Hausdorf{f propinquity family.

@ A quantum metric space is a noncommutative generalization
of the algebra of Lipschitz functions on a metric space.

e Examples: finite dimensional approximations, perturbations
of metrics, compactness theorem, ....

Geometry of classes of modules

o Define a geometry for classes of modules over quantum metric
spaces: the modular propinquity.

o Motivated by K-theory, KK-theory, Morita equivalence, as
quantum vector bundles, ...

o Examples: Heisenberg modules over quantum 2-tori.
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Structure of the talk

@ Compact Quantum Metric Spaces
@ Convergence of quasi-Leibniz quantum compact metric space
© Metrized quantum vector bundles

@ The modular Propinquity
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GPS

@ Compact Quantum Metric Spaces
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The Monge-Kantorovich metric

Let (X, m) be a compact metric space. The Lipschitz seminorm L
induced by m is:

1fx) = fFOI

L(f):sup{ G y) .x,yeX,x#y}

for all f € C(X) (allowing oo).
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The Monge-Kantorovich metric

Let (X, m) be a compact metric space. The Lipschitz seminorm L
induced by m is:

If @) -l }
—d(x,y) X, yeEX,x£Yy

L(fH) = sup{
for all f € C(X) (allowing oo).
The Monge-Kantorovich metric on . (C(X)) is given for all
Borel-regular probability measures y, v by:

ka((p,l//)zsup{Udeu—fodv :fEﬁa(C(X)),L(f)sl}.
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; Kerr, 02; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; Kerr, 02; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:
@ 2lis a unital C*-algebra,

@ L isa seminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (20),

@ {aesa®):L(a) =0} =Rlgy,
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; Kerr, 02; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,

@ L isa seminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (20),

@ {aesa®):L(a) =0} =Rlgy,

@ The Monge-Kantorovich metric mky, defined for any
o, v e LA by:

mky (@, ¥) = sup{lp(a) —y(a)|: a€sa@),L(@) <1}

metrizes the weak* topology on . (20),
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; Kerr, 02; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,

@ L isa seminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (20),

@ {aesa®):L(a) =0} =Rlgy,

@ The Monge-Kantorovich metric mky, defined for any
o, v e LA by:

mky (@, ¥) = sup{lp(a) —y(a)|: a€sa@),L(@) <1}

metrizes the weak* topology on . (20),
@ max{l (aob),L({a,bh} < F(lals,lblsy,L(a),LD),
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; Kerr, 02; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,

@ L is aseminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (2A),

@ {aesa®):L(a) =0} =Rlgy,

@ The Monge-Kantorovich metric mky, defined for any
o, v e LA by:

mke (@, ) =sup{lgp(@) —w(a)l:acsa @), L(a) <1}

metrizes the weak* topology on . (20),
@ max{l (aob),L({a,bh} < F(lals,lblsy,L(a),LD),

@ L islower semi-continuous wrt || - |g.

A Gromov-Hausdor{f Distance for Hilbert Modules/ Compact Quantum Metric Spaces Frédéric Latrémoliere



Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; Kerr, 02; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,

@ L is aseminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (2A),

@ {aesa®):L(a) =0} =Rlgy,

@ The Monge-Kantorovich metric mky, defined for any
o, v e LA by:

mke (@, ) =sup{lgp(@) —w(a)l:acsa @), L(a) <1}

metrizes the weak* topology on . (20),
@ max{L (aob),L{a,b))} < F(lalg, Iblsy,L(@),Lb),
@ L islower semi-continuous wrt || - |g.

We call L an L-seminorm.
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Ergodic actions of compact metric groups
[ Theorem (Rieffel, 98)

Let G be a compact group endowed with a continuous length func-
tion ¢. Let a be an action of G on some unital C*-algebra . Set:

la—a&(alg

Vae?l L(a):sup{ ) .geG\{lg}}.

(A, L) is a Leibniz quantum compact metric space if and only if
{acA:Vge G ad(a)=a}=Cly.
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Ergodic actions of compact metric groups
[ Theorem (Rieffel, 98)

Let G be a compact group endowed with a continuous length func-
tion ¢. Let a be an action of G on some unital C*-algebra . Set:

la—a&(alg

Vael L(a):sup{ ) .geG\{lg}}.

(A, L) is a Leibniz quantum compact metric space if and only if
{aeA:VgeG ad(a)=a}l=Cly.

Example: Quantum tori
e G=T¢,
e A =C*(Z% 0) (universal for UijUr=0(j,k)Uj1p),
@ a: dual action (aZUj = szj).

@ Associated with a differential calculus when ¢ from invariant
Riemannian metric.
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Spectral triples and quantum metrics

Theorem (Rieffel, 02; Ozawa-Rieffel, 05; Christ-Rieffel, 15)

Let G be a discrete group, I the word-length function on G for some
finite generator set, and 7 be the left regular representation of
C 4(G) on ¢%(G). For all & € £%(G), set D& : g € G — £(g)E(g). If
G is hyperbolic or nilpotent, then (C ,(G), [I[D,7()]lll ) is a Lei-
bniz quantum compact metric space.
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Spectral triples and quantum metrics

Theorem (Rieffel, 02; Ozawa-Rieffel, 05; Christ-Rieffel, 15)

Let G be a discrete group, I the word-length function on G for some
finite generator set, and 7 be the left regular representation of
C 4(G) on ¢%(G). For all & € £%(G), set D& : g € G — £(g)E(g). If
G is hyperbolic or nilpotent, then (C ,(G), [I[D,7()]lll ) is a Lei-
bniz quantum compact metric space.

[ Theorem (Aguilar and L., 2015)

Let 2 = @ﬂn with 2, f.d. for all n € IN. if 2 is unital and has a
faithful tracial state 7, and if for all a € 2 we set:

la—IEn(a)lly : ne]N}

where § € 0,00)N with limy, B =0, and [, : /A — 2, is the con-
ditional expectation with T oE,, = 7, then (2(,L) is a quasi-Leibniz
quantum compact metric space.
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Other Examples

@ Quantum metrics from the standard spectral triple on
quantum tori (Rieffel, 98 and 02)

@ Connes-Landi spheres (H. Li, 03)

@ Conformal deformations of quantum metric spaces from
spectral triples (L., 15)

© Curved quantum tori of Dabrowsky and Sitarz (L., 15)

@ Group C*-algebras for groups with rapid decay (Antonescu,
Christensen, 2004)

@ Noncommutative Solenoids (L., Packer, 16)

@ Certain C*-crossed-products (J. Bellissard, M. Marcolli,
Reihani, 10), (involves my work on locally compact quantum
metric space).
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Lipschitz morphisms and Quantum Isometries
Theorem-Definition (Lipschitz Morphisms)
Let (2, Ly) and (2B,Ls) be two quasi-Leibniz quantum compact
metric spaces. A k-Lipschitz morphism 1 : (U, Ly) — (B,Ly) is
a unital *-morphism from 2 to B such that any of the following
equivalent statement holds:

Q@ ¢e S (B)— @omnisa k-Lipschitz map from (¥ (B), mky,) to

(7 (), mkiy,),
@ (Rieffel, 00) Loz o < klyg,
© (L., 16) m(dom (Lg)) < dom (Lsg).
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Lipschitz morphisms and Quantum Isometries
Theorem-Definition (Lipschitz Morphisms)

Let (2, Ly) and (2B,Ls) be two quasi-Leibniz quantum compact
metric spaces. A k-Lipschitz morphism 1 : (U, Ly) — (B,Ly) is
a unital *-morphism from 2 to B such that any of the following
equivalent statement holds:

Q@ ¢e S (B)— @omnisa k-Lipschitz map from (¥ (B), mky,) to

(7 (20), mkLy),
@ (Rieffel, 00) Loz o < klyg,
@ (L., 16) m(dom (Lg)) < dom (Lsg).

Theorem (McShane, 1934)

Let (Z,m) be a metric space and X € Z notempty. If f: X — Risa
k-Lipschitz function on X then there exists a k-Lipschitz function
g:Z — R such that g restricts to f on X.
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Lipschitz morphisms and Quantum Isometries
Theorem-Definition (Lipschitz Morphisms)

Let (2, Ly) and (2B,Ls) be two quasi-Leibniz quantum compact
metric spaces. A k-Lipschitz morphism 1 : (U, Ly) — (B,Ly) is
a unital *-morphism from 2 to B such that any of the following
equivalent statement holds:

Q@ ¢e S (B)— @omnisa k-Lipschitz map from (¥ (B), mky,) to

(7 (20), mkLy),
@ (Rieffel, 00) Loz o < klyg,
© (L., 16) m(dom (Lg)) < dom (Lsg).

[ Definition (Rieffel (98), L. (13))

A quantum isometrym : (AU, Ly) — (2B, L) is a *-epimorphism such
that:
L (b) = inf{Ly(a) : 7(a) = b}.

A full quantum isometry m is a *-isomorphism such that Lgg o =
Lg.
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GPS

@ Convergence of quasi-Leibniz quantum compact metric space
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The Gromov-Hausdorff Distance
Definition

For any two compact metric spaces (X, mx) and (Y, my), we define
Adm(myx, my) as:

(Z,mz) compact metric space,
(Z,mz,tx,ly)| tx: X — Z isometry,
ly : Y — Z isometry.
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The Gromov-Hausdorff Distance
Definition

For any two compact metric spaces (X, mx) and (Y, my), we define
Adm(myx, my) as:

(Z,mz) compact metric space,
(Z,mz,tx,ly)| tx: X — Z isometry,
ly : Y — Z isometry.

Notation

The Hausdorff distance on the compact subsets of a metric space
(X, m) is denoted by Haus,,.

( Definition (Gromov, 81)

The Gromov-Hausdorff distance between two compact metric
spaces (X, my) and (Y, my) is:

inf{Haus,, (tx (X),ty (V) : (Z,mz,ix,ty) € Adm(mx, my)}.
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A noncommutative Gromov-Hausdorff distance

(Z,d2)

(X,dx) (Y,dy)

Figure: Gromov-Hausdorff Isometric Embeddings

Figure: A tunnel
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

(A, Ly (B,Ly)

Figure: An F-tunnel: all spaces are F-quasi-Leibniz
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

(A, Ly (B,Ly)

Figure: An F-tunnel: all spaces are F-quasi-Leibniz

Definition (The extend of a tunnel)

The extent of a tunnel 7 = (9, Lo, 7y, Tsg) is:

max{Hauskag (L @), 15 (L A))), Hausmi, (L @), 73 (Y(%)))}
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

(A, Ly (B,Ly)

Figure: An F-tunnel: all spaces are F-quasi-Leibniz

( Definition (The extend of a tunnel)

The extent of a tunnel 7 = (D, Ly, g, w3) is:

max{HauskaD (L @), 15 (L A))), Hausmi, (L @), 73 (5”(%)))}

\

Definition (L. ,13, 14/ special case)
The dual propinquity A;((Ql, Ly, (B, L)) is given by:

inf{y () : 7 any F-tunnel from (2, Ly) to (B, Lx)}.
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

(A, Ly (B,Ly)

Figure: An F-tunnel: all spaces are F-quasi-Leibniz

( Definition (L., 13, 14/ special case)
The dual propinquity A7 (4, Ly), (B, L)) is given by:

inf{)( (1) : T any F-tunnel from (2, Ly) to (B, L%)} .

Theorem (L., 13)

The dual propinquity is a complete metricup to full quantum isom-
etry, which induces the same topology on classical compact metric
spaces as the Gromov-Hausdorff distance.
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Bridges

Theorem (L. (13))

For any bridgey = (&, x, g, ms) where € is a unital C*-algebra, x €
€ and 7y : A — &, g3 : B — € are unital *-monomorphisms, there
exists A(y) > 0 such that:

A eB,(a,b)— a,(a,b)— b,

1
(a,b) — maX{Lm(a), L (b), — 7oy (@) x — x753 (D) II@}
A(y)

is a tunnel of extend at most 2A(y).

.
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Bridges

Theorem (L. (13))

For any bridgey = (&, x, g, ms) where € is a unital C*-algebra, x €
€ and 7y : A — &, g3 : B — € are unital *-monomorphisms, there
exists A(y) > 0 such that:

A eB,(a,b)— a,(a,b)— b,

1
(a,b) — maX{Lm(a), L (b), — 7oy (@) x — x753 (D) ”’D}
A(y)

is a tunnel of extend at most 2A(y).

The number A(y) is obtained as the maximum of:

max {Hausmi , (% (2), 73 (7 (D10)),
Hausmi, (7' (B), 75 ( @100},

and
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Bridges

Theorem (L. (13))

For any bridgey = (&, x, g, ms) where € is a unital C*-algebra, x €
€ and 7y : A — &, g3 : B — € are unital *-monomorphisms, there
exists A(y) > 0 such that:

A eB,(a,b)— a,(a,b)— b,

1
(a,b) — maX{Lm(a), L (b), — 7oy (@) x — x753 (D) ”’D}
A(y)

is a tunnel of extend at most 2A(y).

We may use the length inf{A(-)} of a bridge to construct a distance
on quasi-Leibniz quantum compact metric spaces, the quantum
propinquity A, which dominates the dual propinquity, and induces
the same topology on classical compact metric spaces.

All proofs of convergence to date for the dual propinquity are in fact
done for the stronger quantum propinquity.
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Finite Dimensional Approximations of quantum tori
Theorem (L. (13))

If for all n € IN, we set &, = C*(Uy, Vy,) = C*(Z2, pp,) where:

0 0 0 1 1
1 0 0 0 01
Uy=0 1 V, = 0%
: 00 :
0 10 bie

with p, = e?in #1,and iflim, .. p, = p, then:
lim A((Fy,Ly), (ep,L)) =0
n—oo

where o/, = C *(U,V) and U,V are universal unitaries such that
VU = pUV,whileL, and L are L-seminorms from the dual actions,
and for some fixed continuous length function on T2.
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Quantum Tori and the quantum propinquity
Theorem (Latrémoliere, 2013)

Let d € N\ {0, 1}, 0 a multiplier of 7Z4. Foreach ne N, let k, € Wd
and o, be a multiplier of ZZ’ =74 / k,,Z4 such that:

Q lim,,_. k; = (o0,...,00),

@ the unique lifts of o, to Z¢ as multipliers converge pointwise

too.

Then lim;,_o A (C* (Zd,a) ,C* (Zgﬂ,an)) = 0, where the Lip-
norn}is are given by the dual actions for any fixed length function
on T“.
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Quantum Tori and the quantum propinquity
Theorem (Latrémoliere, 2013)

Let d € N\ {0, 1}, 0 a multiplier of 7Z4. Foreach ne N, let k, € Wd
and o, be a multiplier of ZZ’ =74 / k,,Z4 such that:

Q lim,,_. k; = (o0,...,00),

@ the unique lifts of o, to Z¢ as multipliers converge pointwise

too.

Then lim;,_o A (C* (Zd,a) ,C* (Zgﬂ,an)) = 0, where the Lip-
norn}is are given by the dual actions for any fixed length function
on T“.

[ Theorem (Aguilar and L. (15) / Informal)

The Effros-Shen AF algebras parametrized by the space of irra-
tional real numbers (i.e. by the Baire space) are a continuous fam-
ily of quasi-Leibniz quantum compact metric spaces for the quan-
tum propinquity.
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Other examples
Example: Other examples of convergence
@ Conformal perturbations of quantum metrics (L., 15)
@ Dabrowsky and Sitarz’ Curved quantum tori (L., 15)

@ AF algebras as limits of their inductive sequence in a mefric
sense; UHF algebras and Effros-Shen algebras form
continuous families (Aguilar and L., 15),

© Spheres as limits of full matrix algebras (Rieffel, 15)

@ Nuclear quasi-diagonal quasi-Leibniz quantum compact
metric spaces have finite dim approximations (L., 15),

@ There exists an analogue of Gromov’s compactness theorem
(L., 15)

@ Noncommutative solenoids form a continuous family and
have approximations by quantum tori (L. and Packer, 16)

@ Closed balls for the noncommutative Lipschitz distance are
totally bounded for A (L., 16)
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GPS

© Metrized quantum vector bundles
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Metrics for Vector Bundles

What is a mean to encode metric information on vector bundles?
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Metrics for Vector Bundles

What is a mean to encode metric information on vector bundles?
Let V be a C-vector bundles over a compact Riemannian manifold
M. A metricon V is given as a (smooth) section of the associated
bundle of sesquilinear products on the fibers of V.

This gives an inner product on the module I'V of continuous
sections of V over M, valued in C(M).
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Metrics for Vector Bundles

What is a mean to encode metric information on vector bundles?
Let V be a C-vector bundles over a compact Riemannian manifold
M. A metricon V is given as a (smooth) section of the associated
bundle of sesquilinear products on the fibers of V.

This gives an inner product on the module I'V of continuous
sections of V over M, valued in C(M).

Moreover, we always have a metric connection V, such that:

dxg(w,n) =g(Vxw,n) + glw,Vxn).
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Metrics for Vector Bundles

What is a mean to encode metric information on vector bundles?
Let V be a C-vector bundles over a compact Riemannian manifold
M. A metricon V is given as a (smooth) section of the associated
bundle of sesquilinear products on the fibers of V.

This gives an inner product on the module I'V of continuous
sections of V over M, valued in C(M).

Moreover, we always have a metric connection V, such that:

dxg(w,n) =g(Vxw,n) + glw,Vxn).

We propose that both g and ||| V||| contain metric information.
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Metrized quantum vector bundles

( Definition (metrized quantum vector bundle, L. (16))
A metrized quantum vector bundle Q = (.Z, {-,-)_z, D, 2, L) is given
by:
@ (X, L) is a quasi-Leibniz quantum compact metric space,
Q (A,(,-). y) is aleft Hilbert module over %I,
© Disanorm on a dense subspace of .# such that:

@ D=l-ly=vV&du

@ {we ./ :D(w)<1}iscompactin (A, ),
© D(aw) <G(lals,L(a),D(w)),

9 L{w,m 4) < HD(w),Dm)).
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Metrized quantum vector bundles

( Definition (metrized quantum vector bundle, L. (16))

A metrized quantum vector bundle Q = (.Z, {-,-)_z, D, 2, L) is given
by:

@ (X, L) is a quasi-Leibniz quantum compact metric space,

Q (A,(,-). y) is aleft Hilbert module over %I,

© Disanorm on a dense subspace of .# such that:

@ D=l-ly=vV&du

@ {we ./ :D(w)<1}iscompactin (A, ),
© D(aw) <G(lals,L(a),D(w)),

9 L{w,m 4) < HD(w),Dm)).

Example: Classical picture

For a compact Riemannian manifold M and a C-vector bundle V
with a metric g and metric connection V, we use the inner product
(W, Mg = S 8x(@x,mx) dVol(x) and D(w) = max{l|lwllg, [IIV.wl|l}.
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Metrized quantum vector bundles

( Definition (metrized quantum vector bundle, L. (16))
A metrized quantum vector bundle Q = (.Z, {-,-)_z, D, 2, L) is given
by:
@ (X, L) is a quasi-Leibniz quantum compact metric space,
Q (A,(,-). y) is aleft Hilbert module over %I,
© Disanorm on a dense subspace of .# such that:

@ D=l-ly=vV&du

@ {we ./ :D(w)<1}iscompactin (A, ),
© D(aw) <G(lals,L(a),D(w)),

9 L{w,m 4) < HD(w),Dm)).

Example: Free modules

Given (A, L), we set ((ai,...,aq),(b1,....,ba)q = Z?zlajb;‘ and
La(ai,...,aq) = max{L(Ra;),L(Sa;): je{l,...,d}}. Let D = max{] -
lla,La}. Then (A4, (,)4,D,2, L) is a metrized quantum vector bun-
dle.
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Metrized quantum vector bundles

Definition (metrized quantum vector bundle, L. (16))

A metrized quantum vector bundle Q = (.Z, {-,-)_z, D, 2, L) is given
by:

@ (X, L) is a quasi-Leibniz quantum compact metric space,

Q (A,(,-). y) is aleft Hilbert module over %I,

© Disanorm on a dense subspace of .# such that:

@ D=2y =V

@ {we ./ :D(w)<1}iscompactin (A, ),
© D(aw) <G(lals,L(a),D(w)),

9 L{w,m 4) < HD(w),Dm)).

Full quantum isometries

(8,0) full quantum isometry when 6 full quantum isometry
between bases and B(af) = 0(a)O(¢), O linear isomorphism
preserving both the norms and the D-norms.
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The Heisenberg Modules (Connes, 81; Rieffel)
Fix@eR,peZ, geN,deIN\ {0} suchthat6=9—§;£0.
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The Heisenberg Modules (Connes, 81; Rieffel)
Fix@eR,peZ, geN,deIN\ {0} suchthat6=9—§;£0.
1 x ¢
@ Start with a representationof { [0 1 y|:x,5,teR3} on
0 0 1

L2(R):
ag’y’té(s) =exp(in(t+2xs))E(s+0y).

Promote it to L2(RR) ® C“.
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The Heisenberg Modules (Connes, 81; Rieffel)
Fix0eR, peZ,qeN,deN\{0} suchthatﬁzﬁ—g;éo.

1 x ¢t
© Start with a representation of { (0 1 yJ :x, ) teR3 } on
0 0 1

L2(R):
x Yhe(s) = exp(inm(t+2xs)E(s+ay).

Promote it to L2 (R) ® C4.
@ Let Wi, W € U(d) with W, W, = e*P/9W, W, and
W' = W,' = 1. We get a o#p = C* (g, vg)-module with:

6”9 )5 Wl Wzm nmoé.
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The Heisenberg Modules (Connes, 81; Rieffel)
Fix0eR, peZ,qeN,deN\{0} suchthatﬁzﬁ—g;éo.

1 x ¢t
© Start with a representation of { (0 1 yJ :x, ) teR3 } on
0 0 1

L*(R):
x Yhe(s) = exp(inm(t+2xs)E(s+ay).
Promote it to L2 (R) ® C4.
@ Let Wi, W € U(d) with W, W, = e*P/9W, W, and
W' = W,' = 1. We get a o#p = C* (g, vg)-module with:

61}9)5 W1 W2m I’lmOé‘
© For Schwarz functions &, w, set:

<€7 w)fﬁqud = Z <ug Uglé,a»Lz(R’Cd) ug Vgnr
© n,mez
complete space of Schwarz functions to the Heisenberg module
%qu'd
7 S
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The D-norm

Definition (L., 16)

Dp'q’d — o
0 (§) =sup ||f||%nqd

Fix some norm | - || on R?. Forall ¢ € %’ép’q’d, we set:

x,y,%
‘ ag; f_‘f .
il 2 (x,y) e R?\ {0}
2710l (x, Yl
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The D-norm

Definition (L., 16)

Fix some norm | - || on R?. Forall ¢ € %’ép’q’d, we set:

Xy
‘ ag’y’ 2 6_6 p.q,d
DL (&) = sup{ 1€l paas 7 () e R\ (0)
0 7 2710l (x, Yl

Theorem (L., 16)

bundle.

,q,d ,q,d . .
(%”f DL %ﬂn,q,d,Dg o ,dg,Lg) is a metrized quantum vector
A
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The D-norm

Definition (L., 16)

Fix some norm | - || on R?. Forall ¢ € %’ép’q’d, we set:

)% _
pPa:d s 0 6‘ oy 2
0 (5) - Sup ”f”%n,q.d, 27_['5' ” (x, y) ” . (x; y) € R \ {0}

Theorem (L., 16)

(%p’q’d,(-,-)%p,q,d,Dg’q'd,dg,LQ) is a metrized quantum vector
‘0
bundle.

The D-norm, when restricted to Schwarz functions, is the norm of a
connection studied by Connes, Rieffel for the Yang Mills problem on
the quantum 2-torus. The connection arises from the infinitesimal
rep of the Heisenberg Lie algebra form aj.
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The D-norm

Definition (L., 16)

Fix some norm | - || on R?. Forall ¢ € %’ép’q’d, we set:

)% _
pPa:d s 0 6‘ oy 2
0 (5) - Sup ||€”%p,q.d, 27_['5' ” (x, y) ” . (x; y) € R \ {0}

Theorem (L., 16)

bundle.

,q,d ,q,d . .
(%”fq ,(‘,‘>%p,q,d,ng ,dg,Lg) is a metrized quantum vector
0

The proof rests on the compactness, for f radial, of:

¢~ alé= ff]R fl,y)a™= edxdy
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The D-norm

A Gromov-Hausdorff Distance for Hilbert Modules/ Metrized quantum vector bundles

Definition (L., 16)

Fix some norm | - || on R?. Forall ¢ € %’ép’q’d, we set:

)% _
pPa:d J 0 6‘ oy 2
0 (5) - Sup ||€”%p,q.d, 27'[|5| ” (x, y) ” . (x; y) € R \ {0}

Theorem (L., 16)

(%p’q’d,(.,.)%ﬂn,q,d,Dg’q'd,dg,Lg) is a metrized quantum vector
A
bundle.

For f alinear combination of certain Laguerre functions, ag is finite
rank.
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The D-norm
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Definition (L., 16)

Fix some norm | - || on R?. Forall ¢ € %’ép’q’d, we set:

)% _
pPa:d s 0 6‘ oy 2
0 (5) - Sup ||€”%p,q.d, 27_['5' ” (x, y) ” . (x; y) € R \ {0}

Theorem (L., 16)

(%p’q’d,(-,-)%p,q,d,Dg’q'd,dg,LQ) is a metrized quantum vector
0
bundle.

We can fabricate an L'-approximate unit of linear combinations of
Laguerre functions using Thangavelu results on Césaro sums of
Laguerre expansions.
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The D-norm

Definition (L., 16)

Fix some norm | - || on R?. Forall ¢ € %’ép’q’d, we set:

)% _
pPa:d s 0 6‘ oy 2
0 (5) - Sup ”f”%n,q.d, 27'[|6| ” (x, y) ” . (x; y) € R \ {0}

Theorem (L., 16)

(%p;‘ird, (" )
bundle.

pP:4:d y
Ay

,q,d g .
Dg o ,dg,Lg) is a metrized quantum vector

We then check i
1€~ a§ @1 ypaa < DY@ [J fx,y)@uldllx, y1) dxdy.
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The D-norm
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Definition (L., 16)

Fix some norm | - || on R?. Forall ¢ € %’f’q’d, we set:

)% _
pPa:d J 0 6‘ oy 2
0 (5) - Sup ”é”%nq.d, 27'[|6| ” (x’ y) ” . (x; y) € R \ {0}

Theorem (L., 16)

(%p’q’d,(.’.)%ﬂp,q,d,Dg’q'd,dg,Lg) is a metrized quantum vector
A
bundle.

Many details involved which are different from Rieffel’s ergodic
action result (which relied on finite dimension of spectral
subspaces).
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@ The modular Propinquity

A Gromov-Hausdor{f Distance for Hilbert Modules/ The modular Propinquity Frédéric Latrémoliere




Bridges for modules
Fix Qg = (A, (-, Y21, Da, 2, Lyy) and Qo = (A3, (-, ), D3, B, Ls)
be two metrized quantum vector bundles.
Definition (L., 16)

A modular bridge (D,x,7g, s, (;)jej,Nj)jey) is a bridge
(D, x,my,w3) and two families (w))je; € Mo, M))jey € Mp
with DQ[((U]),D&B(U]') <lforall jeJ.
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Bridges for modules
Fix Qg = (A, (-, Y21, Da, 2, Lyy) and Qo = (A3, (-, ), D3, B, Ls)
be two metrized quantum vector bundles.

Definition (L., 16)

A modular bridge (D,x,7g, s, (;)jej,Nj)jey) is a bridge
(D, x,my,w3) and two families (w))je; € Mo, M))jey € Mp
with DQ[((U]),D&B(U]') <lforall jeJ.

Definition (L., 16)

The length of a modular bridge is the maximum of the length of its
basic bridge, and the sum of:

© the maximum of Haus;({w; : j € J},{w : Dy (w) <1) and its
counterpart in Qg3, where:

k(w,&) = sup {I{w,ng — (&, My lla : Do(m) < 1},

Q@ max{||lmy (W), wi)y) X — XN, Nik)eg)llp : j € T}
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The modular propinquity
Definition (L., 16)

The modular propinquity is the largest pseudo-metric A™¢ such
that A™°9(Qg(, Q) < A(y) for any modular y from Qg to Q.
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The modular propinquity
Definition (L., 16)

The modular propinquity is the largest pseudo-metric A™¢ such
that A™°9(Qg, Q) < A(y) for any modular y from Qg to Q.

Theorem (L., 16)

The modular propinquity is a metric on metrized quantum vector
bundles up to full quantum isometry.
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The modular propinquity
Definition (L., 16)

The modular propinquity is the largest pseudo-metric A™¢ such
that A™°9(Qg, Q) < A(y) for any modular y from Qg to Q.

Theorem (L., 16)

The modular propinquity is a metric on metrized quantum vector
bundles up to full quantum isometry.

Theorem (Free modules; L., 16)

If R Lgy), ((B,Ly) are quasi-Leibniz quantum compact metric
space then:

A, L), (B, Lg)) <
A™4(@A", D2, 2, Ly), (B", DI, B, L)) < 2nA (2, Ly, (B, L)

where D}y (ay, ..., an) = maxj=1,. nilla;jlo, LaR(a;), La(S(a;))}.
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Theorem (L., 16)
Let || - | be a norm on R? and p,q,d fixed. If for all 0 € R, and a € «/p:

ﬁgxp(lx),exp(ly)a _ a”

. (x,y) e R2\ {0}

SlE=en 1l

where fg is the dual action, and for all ¢ € %p 44 e set:

xyﬂ
S
ay * ¢ E‘

%P»‘%d
2710111 (x, I

Dy (&) = sup () R\ (0}

where 0 =60 — p/q, then:

1%1519 AmOd ((%p,q,d, <‘; ‘>%p.q,d, Dg,qu’-Qfﬂ) Lﬁ) y

(%pqud, ('r ')%p,q,dr Dg'q’d”de, L@)) = 0-

Frédéric Latrémoliere
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