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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; L., 13)

(A,L) is a F –quasi-Leibniz quantum compact metric space when:

1 A is a unital C*-algebra,

2 L is a seminorm defined on a dense Jordan-Lie subalgebra
dom(L) of sa (A),

3 {a ∈ sa (A) : L(a) = 0} =R1A,

4 The Monge-Kantorovich metric mkL, defined for any
ϕ,ψ ∈S (A) by:

mkL(ϕ,ψ) = sup
{|ϕ(a)−ψ(a)| : a ∈ sa (A),L(a) É 1

}
metrizes the weak* topology on S (A),

5 max{L (a ◦b) ,L ({a,b})} É F (‖a‖A,‖b‖B,L(a),L(b)),

6 L is lower semi-continuous wrt ‖ ·‖A.

We call L an L-seminorm.
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The Dual Gromov-Hausdorff Propinquity
(D,LD)

πAyyyy πB %% %%
(A,LA) (B,LB)

Figure: An F -tunnel: all spaces are F -quasi-Leibniz
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Definition (The extent of a tunnel)

The extent χ (τ) of a tunnel τ= (D,LD,πA,πB) is:

max
{
HausmkLD

(
S (D),π∗

A(S (E))
)

:E ∈ {A,B}
}

.

Definition (L. ,13, 14 / special case)

The dual propinquity Λ∗
F ((A,LA), (B,LB)) is given by:

inf
{
χ (τ) : τ any F -tunnel from (A,LA) to (B,LB)

}
.
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Definition (L., 13, 14 / special case)

The dual propinquity Λ∗
F ((A,LA), (B,LB)) is given by:

inf
{
χ (τ) : τ any F -tunnel from (A,LA) to (B,LB)

}
.

Theorem (L., 13)

The dual propinquity is a complete metric up to full quantum
isometry: Λ((A,LA), (B,LB)) = 0 iff there exists a *-isomorphism
π :A→B such that LB ◦π= LA.
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Example: Gromov-Hausdorff distance (L. 13)

The dual propinquity induces the same topology as the Gromov-
Hausdorff distance on the class of classical compact metric spaces
(C (X ),L) with (X ,d) compact metric space and:

L( f ) = sup

{ | f (x)− f (y)|
d(x, y)

: x, y ∈ X , x 6= y

}
for all f ∈C (X ) (allowing ∞).

Example: Quantum Tori (L., 13)

The dual action β ofTd on any C∗(Zd ,σ) induces an L-seminorm
using a continuous length function ` via:

∀a ∈C∗(Zd ,σ) L(a) = sup

{‖a −βz (a)‖
`(z)

: z ∈T\ {1}

}
.

Quantum tori form a continuous family and can be approximated
by finite dimensional “fuzzy tori”.
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Bridges
Definition (Bridge)

A bridge (D, x,πA,πB) from A to B is a unital C*-algebra D, an
element x ∈D and two unital *-monomorphisms πA : A ,→D and
πB :B ,→D.

Theorem (L., 13)

Let (A j ,L j ) for j ∈ {1,2} be quasi-Leibniz quantum compact met-
ric spaces and γ = (D, x,π1,π2) a bridge from A1 to A2. If λ is the
maximum of:

max
{ j ,k}={1,2}

sup
a j∈A j

L j (a j )É1

inf
ak∈Ak

Lk (ak )É1

‖π1(a1)x −xπ2(a2)‖D

and max j∈{1,2}HausmkL j

(
S (A j ),

{
ϕ◦π j :ϕ(x·) =ϕ=ϕ(·x)

})
. Then

we can build a tunnel on A1 ⊕A2 of extend no more than 2λ of the
form L(a,b) = max

{
L1(a),L2(b), 1

λ‖π1(a)x −xπ2(b)‖D
}

for (a,b) ∈
sa (A1)⊕sa (A2) if λ> 0.
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Metrics for Vector Bundles
Let (M , g ) be a compact, connected Riemannian manifold, and
let (V ,h) be a vector bundle endowed with a metric.

M is a metric space for the path metric m induced by g . Let L
be the associated Lipschitz seminorm.
Let ΓV be the space of continuous sections of V over M ,
endowed with:

〈ω,ξ〉C (M) : x ∈ M 7→ hx (ωx ,ξx ) ∈C (M).

Thus, ΓV is a C (M)-Hilbert module.
Let ∇ be a metric connection on ΓV , i.e.:

dX 〈ω,ξ〉 = 〈∇Xω,ξ〉 +〈ω,∇X ξ〉.

∇ defines a norm on a dense subspace of ΓV :

D(ω) = max
{√

〈ω,ω〉C (M), |||∇ω|||ΓT M
ΓV

}
.

Our idea is to introduce a metric on objects of the form
(ΓV ,〈·, ·〉C (M),D,C (M),L).
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Metrized quantum vector bundles
Definition (metrized quantum vector bundle, L. (16))

A metrized quantum vector bundleΩ= (M ,〈·, ·〉M ,D,A,L) is given
by:

1 (A,L) is a quasi-Leibniz quantum compact metric space,

2 (M ,〈·, ·〉M ) is a left Hilbert module over A,
3 D is a norm on a dense subspace of M such that:

1 DÊ ‖·‖M :=√〈·, ·〉M
2 {ω ∈M :D(ω) É 1} is compact in (M ,‖ ·‖M ),
3 D(aω) ÉG(‖a‖A,L(a),D(ω)),
4 L(〈ω,η〉M ) É H(D(ω),D(η)).
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3 D(aω) ÉG(‖a‖A,L(a),D(ω)),
4 L(〈ω,η〉M ) É H(D(ω),D(η)).

Example: Free modules

Given (A,L), we set 〈(a1, . . . , ad ), (b1, . . . ,bd )〉d = ∑d
j=1 a j b∗

j and

Ld (a1, . . . , ad ) = max
{
L(ℜa j ),L(ℑa j ) : j ∈ {1, . . . ,d}

}
. Let D= max{‖·

‖d ,Ld }. Then (Ad ,〈,〉d ,D,A,L) is a metrized quantum vector bun-
dle.
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Metrized quantum vector bundles
Definition (metrized quantum vector bundle, L. (16))

A metrized quantum vector bundleΩ= (M ,〈·, ·〉M ,D,A,L) is given
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Example: Classical picture

Hermitian bundles over compact connected Riemannian mani-
folds.

Full quantum isometries

(θ,Θ) full quantum isometry when θ full quantum isometry
between bases and Θ(aξ) = θ(a)Θ(ξ), Θ linear isomorphism
preserving both the norms and the D-norms.
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Definition (metrized quantum vector bundle, L. (16))

A metrized quantum vector bundleΩ= (M ,〈·, ·〉M ,D,A,L) is given
by:

1 (A,L) is a quasi-Leibniz quantum compact metric space,

2 (M ,〈·, ·〉M ) is a left Hilbert module over A,
3 D is a norm on a dense subspace of M such that:

1 DÊ ‖·‖M :=√〈·, ·〉M
2 {ω ∈M :D(ω) É 1} is compact in (M ,‖ ·‖M ),
3 D(aω) ÉG(‖a‖A,L(a),D(ω)),
4 L(〈ω,η〉M ) É H(D(ω),D(η)).

Example: Heisenberg Modules

Heisenberg modules and their natural connection, as build by
Connes (81), are (non-free, finitely generated, projective) metrized
quantum vector bundles.
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The Heisenberg Modules (Connes, 81; Rieffel)
Fix θ ∈R, p ∈Z, q ∈N, d ∈N\ {0} such that ð= θ− p

q 6= 0. Let Aθ be
the associated quantum torus.

1 Start with a representation of


1 x t

0 1 y
0 0 1

 : x, y , t ∈R3

 on

L2(R):
α

x,y ,t
ð ξ(s) = exp(iπ(t +2xs))ξ(s +ðy).

Promote it to L2(R)⊗Cd .
2 Let W1,W2 ∈U (d) with W1W2 = e2iπp/qW2W1 and

W n
1 =W n

2 = 1. We get a Aθ =C∗(uθ, vθ)-module with:

(un
θ vm

θ )ξ=W n
1 W m

2 αn,m,0
ð ξ.

3 For Schwarz functions ξ, ω, set:

〈ξ,ω〉
H

p,q ,d
θ

= ∑
n,m∈Z

〈un
θ vm

θ ξ,ω〉L2(R,Cd )u
n
θ vm

θ ;

complete space of Schwarz functions to the Heisenberg module

H
p,q ,d
θ

.
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 on

L2(R):
α

x,y ,t
ð ξ(s) = exp(iπ(t +2xs))ξ(s +ðy).

Promote it to L2(R)⊗Cd .
2 Let W1,W2 ∈U (d) with W1W2 = e2iπp/qW2W1 and

W n
1 =W n

2 = 1. We get a Aθ =C∗(uθ, vθ)-module with:

(un
θ vm

θ )ξ=W n
1 W m

2 αn,m,0
ð ξ.

3 For Schwarz functions ξ, ω, set:

〈ξ,ω〉
H

p,q ,d
θ

= ∑
n,m∈Z

〈un
θ vm

θ ξ,ω〉L2(R,Cd )u
n
θ vm

θ ;

complete space of Schwarz functions to the Heisenberg module

H
p,q ,d
θ

.
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D-norms for Heisenberg Modules

Theorem (L., 16)

Fix some norm ‖ ·‖ onR2. For all ξ ∈H
p,q ,d
θ

, we set:

D
p,q ,d
θ

(ξ) = sup

‖ξ‖
H

p,q ,d
θ

,

∥∥∥∥αx,y , x y
2

ð ξ−ξ
∥∥∥∥

H
p,q ,d
θ

2π|ð|‖(x, y)‖ : (x, y) ∈R2 \ {0}

 .

(
H

p,q ,d
θ

,〈·, ·〉
H

p,q ,d
θ

,Dp,q ,d
θ

,Aθ,Lθ
)

is a metrized quantum vector

bundle.

As a note, Dp,q ,d
θ

(ξ) is actually the operator norm of ∇ξ where ∇ is

the Connes connection on H
p,q ,d
θ

.
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Bridges for modules
Fix ΩA = (MA,〈·, ·〉A,DA,A,LA) and ΩB = (MB,〈·, ·〉B,DB,B,LB)
be two metrized quantum vector bundles.

Definition (L., 16)

A modular bridge
(
D, x,πA,πB, (ω j ) j∈J , (η j ) j∈J

)
is a bridge

(D, x,πA,πB) and two families (ω j ) j∈J ∈ MA, (η j ) j∈J ∈ MB

with DA(ω j ),DB(η j ) É 1 for all j ∈ J .

Definition (L., 16)

The length of a modular bridge is the maximum of the length of its
basic bridge, and the sum of:

1 the maximum of Hausk ({ω j : j ∈ J }, {ω :DA(ω) É 1) and its
counterpart in ΩB, where:

k(ω,ξ) = sup
{‖〈ω,η〉A−〈ξ,η〉A‖A :DA(η) É 1

}
,

2 max
{‖πA(〈ω j ,ωk〉A)x −xπB(〈η j ,ηk〉B)‖D : j ∈ J

}
.
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The modular propinquity

Definition (L., 16)

The modular propinquity is the largest pseudo-metric Λmod such
that Λmod(ΩA,ΩB) Éλ(

γ
)

for any modular γ from ΩA to ΩB.

Theorem (L., 16)

The modular propinquity is a metric on metrized quantum vector
bundles up to full quantum isometry.

Theorem (Heisenberg Modules (L. 17))

If (θn)n∈N is a sequence in R \Q converging to some irrational
number θ, and p, q ∈Z\ {0},d ∈N\ {0} then:

lim
n→∞Λ

mod((H p,q ,d
θn

,H p,q ,d
θ

)) = 0.
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Theorem (L., 17)

Let ‖ ·‖ be a norm onR2 and p, q ,d fixed. If for all θ ∈R, and a ∈Aθ:

Lθ(a) = sup


∥∥∥βexp(i x),exp(i y)

θ
a −a

∥∥∥
Aθ

‖(x, y)‖ : (x, y) ∈R2 \ {0}


where βθ is the dual action, and for all ξ ∈H

p,q ,d
θ

we set:

D
p,q ,d
θ

(ξ) = sup



∥∥∥∥αx,y , x y
2

ð ξ−ξ
∥∥∥∥
H p,q ,d

θ

2π|ð|‖(x, y)‖ : (x, y) ∈R2 \ {0}


where ð= θ−p/q , then:

lim
ϑ→θ

Λmod
((

H
p,q ,d
ϑ

,〈·, ·〉
H p,q ,d

ϑ

,Dp,q ,d
ϑ

,Aϑ,Lϑ

)
,(

H
p,q ,d
θ

,〈·, ·〉
H p,q ,d

θ

,Dp,q ,d
θ

,Aθ,Lθ

))
= 0.
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Thank you!
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