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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,

@ L isa seminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (20),

@ {aesa®):L(a) =0} =Rly,
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,

@ L isa seminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (20),

@ {aesa®):L(a) =0} =Rly,

@ The Monge-Kantorovich metric mk; , defined for any
o, v e LA by:

mky (@, w) = sup{lp(@) —y(a): acsa@),L(a) <1}

metrizes the weak* topology on . (20),
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,

@ L isa seminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (20),

@ {aesa®):L(a) =0} =Rly,

@ The Monge-Kantorovich metric mk; , defined for any
o, v e LA by:

mky (@, w) = sup{lp(@) —y(a): acsa@),L(a) <1}

metrizes the weak* topology on . (20),
@ max{L (aob),L{a,bh)} < F(lalgy, Iblsy, L(@),Lb),
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,

@ L isa seminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (20),

@ {aesa®):L(a) =0} =Rly,

@ The Monge-Kantorovich metric mk; , defined for any
o, v e LA by:

mky (@, w) = sup{lp(@) —y(a): acsa@),L(a) <1}

metrizes the weak* topology on . (20),
@ max{l (aob),L({a,bh} < F(lally, Iblsys,L(a),Lb),
@ L islower semi-continuous wrt || - [|g.
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,

@ L isa seminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (20),

@ {aesa®):L(a) =0} =Rly,
@ The Monge-Kantorovich metric mk; , defined for any
o, v e LA by:

mky (@, w) = sup{lp(@) —y(a): acsa@),L(a) <1}

metrizes the weak* topology on . (20),
@ max{l (aob),L({a,bh} < F(lally, Iblsys,L(a),Lb),
@ L islower semi-continuous wrt || - [|g.

We call L an L-seminorm.
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

(A, Ly (B,Ly)

Figure: An F-tunnel: all spaces are F-quasi-Leibniz
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

(A, Ly (B,Ly)

Figure: An F-tunnel: all spaces are F-quasi-Leibniz

Definition (The extent of a tunnel)

The extent y (r) of a tunnel 7 = (D, Lo, g, my) is:

max {Hausmk, | (D), 75(7(€))) : € € (2, B}}.
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The

Dual Gromov-Hausdorff Propinquity
®,Lo)

(A, Ly (B,Ly)

Figure: An F-tunnel: all spaces are F-quasi-Leibniz

-

Definition (The extent of a tunnel)
The extent y (r) of a tunnel 7 = (D, Lo, g, my) is:

max {Hausmk, | (D), 75(7(€))) : € € (2, B}}.

~

\

Definition (L. ,13, 14/ special case)
The dual propinquity A}, (4, Ly), (B, L)) is given by:

inf{y (7) : T any F-tunnel from (2, L) to (B, Ly)}.
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

(A, Ly (B,Ly)

Figure: An F-tunnel: all spaces are F-quasi-Leibniz

( Definition (L., 13, 14/ special case)
The dual propinquity A7 (4, Ly), (B, L)) is given by:

inf{x (1) : T any F-tunnel from (2, Lgy) to (B, L%)}.

Theorem (L., 13)

The dual propinquity is a complete metric up to full quantum
isometry. A((R, Ly), (B, Ly)) = 0 iff there exists a *-isomorphism
m:2A — B such that Ly o = L.

.
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Example: Gromov-Hausdorff distance (L. 13)

The dual propinquity induces the same topology as the Gromov-
Hausdorff distance on the class of classical compact metric spaces
(C(X),L) with (X, d) compact metric space and:

L(f):sup{lf(;c)(x;f/)(y)':x,yeX,x;éy}

for all f € C(X) (allowing co).
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Example: Gromov-Hausdorff distance (L. 13)

The dual propinquity induces the same topology as the Gromov-
Hausdorff distance on the class of classical compact metric spaces
(C(X),L) with (X, d) compact metric space and:

L(f):sup{lf(;c)(x;f/)(y)':x,yeX,x;éy}

for all f € C(X) (allowing co).

Example: Quantum Tori (L., 13)

The dual action S of T4 on any C* (Z4, ) induces an L-seminorm
using a continuous length function ¢ via:

VaeC*(Z%0) L@ =Sup{wzz€’ﬂ‘\{l}}.
l(2)

Quantum tori form a continuous family and can be approximated
by finite dimensional “fuzzy tori’”.
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Bridges
Definition (Bridge)

A bridge (9, x, g, w9s) from 2 to B is a unital C*-algebra ©, an
element x € ® and two unital *-monomorphisms g : A — ® and
m B —D.
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Bridges
Definition (Bridge)
A bridge (9, x, g, w9s) from 2 to B is a unital C*-algebra ©, an

element x € ® and two unital *-monomorphisms g : A — ® and
B - B—23.

Theorem (L., 13)

Let (;,L;) for j € {1,2} be quasi-Leibniz quantum compact met-
ric spaces and y = (®, x, 7, 72) a bridge from 2(; to 2(,. If A is the
maximum of:

max  sup inf |7 (a)x— xma(ax)lle
{j,k}={1,2} a;jeA; Uk
|_ ((l )<1Lk(ak)$1

and max;e(,2 HausmkL (L Ap,{pomj:px)=¢=¢(x)}). Then
we can build a tunnel on 2A; &2, of extend no more than 21 of the
form L(a, b) = max{L,(a),L2(b), Allm (@)x — xm2(b)llo} for (a,b) €
sa(dy) @saRy) if A >0.
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Metrics for Vector Bundles

o Let (M, g) be a compact, connected Riemannian manifold, and
let (V, h) be a vector bundle endowed with a metric.
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Metrics for Vector Bundles

o Let (M, g) be a compact, connected Riemannian manifold, and
let (V, h) be a vector bundle endowed with a metric.

@ M is a metric space for the path metric m induced by g. Let L
be the associated Lipschitz seminorm.
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Metrics for Vector Bundles

o Let (M, g) be a compact, connected Riemannian manifold, and
let (V, k) be a vector bundle endowed with a metric.

@ M is a metric space for the path metric m induced by g. Let L
be the associated Lipschitz seminorm.

o Let I'V be the space of continuous sections of V over M,
endowed with:

<w;€>C(M) XEM— hy(wy,¢x) € C(M).
Thus, I'V is a C(M)-Hilbert module.
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Metrics for Vector Bundles

o Let (M, g) be a compact, connected Riemannian manifold, and
let (V, k) be a vector bundle endowed with a metric.
@ M is a metric space for the path metric m induced by g. Let L
be the associated Lipschitz seminorm.
o Let I'V be the space of continuous sections of V over M,
endowed with:
(@, : X € M— hy(wy,$x) € C(M).

Thus, I'V is a C(M)-Hilbert module.
@ Let V be a metric connectiononIV,i.e.:

dx{w,&) =(Vxw,&) +{w,Vx).

V defines a norm on a dense subspace of I'V:

D(w) = maX{\/<w,w>C(M), |IIVw|II¥‘T/M}.
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Metrics for Vector Bundles

o Let (M, g) be a compact, connected Riemannian manifold, and
let (V, k) be a vector bundle endowed with a metric.

@ M is a metric space for the path metric m induced by g. Let L
be the associated Lipschitz seminorm.

o Let I'V be the space of continuous sections of V over M,
endowed with:

<w;€>C(M) (X €M~ hy(wy,¢x) € C(M).
Thus, I'V is a C(M)-Hilbert module.
@ Let V be a metric connectiononIV,i.e.:
dx(@,&) = (Vx0,&) +(w, Vx&).

V defines a norm on a dense subspace of I'V:

D(w) = maX{\/<w,w>C(M), |IIVw|II¥‘T/M}.

Our idea is to introduce a metric on objects of the form
TV, e, D, C(M), L).
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Metrized quantum vector bundles

( Definition (metrized quantum vector bundle, L. (16))
A metrized quantum vector bundle Q = (.Z, {-,-)_», D, 2, L) is given
by:
@ (X, L) is a quasi-Leibniz quantum compact metric space,
Q (A,(,-). y) is aleft Hilbert module over %I,
© Disanorm on a dense subspace of .# such that:

@ D=ll-lz=v&odu

@ {we .« :D(w)<1}iscompactin (A, |-l z),
© D(aw) <G(lals,L(a),D(w)),

9 L{w,m 4) < HD(w),Dm)).
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Metrized quantum vector bundles

( Definition (metrized quantum vector bundle, L. (16))
A metrized quantum vector bundle Q = (.Z, {-,-)_», D, 2, L) is given
by:
@ (X, L) is a quasi-Leibniz quantum compact metric space,
Q (A,(,-). y) is aleft Hilbert module over %I,
© Disanorm on a dense subspace of .# such that:

@ D=ll-lz=v&odu

@ {we .« :D(w)<1}iscompactin (A, |-l z),
© D(aw) <G(lals,L(a),D(w)),

9 L{w,m 4) < HD(w),Dm)).

Example: Free modules

Given (A, L), we set ((ai,...,aq),(b1,...,ba)q = Z?zlajb;‘ and
La(ai,...,aq) = max{L(Ra;),L(Sa;): je{l,...,d}}. Let D = max{]|-
lla,La}. Then (A4, (,)4,D,2, L) is a metrized quantum vector bun-
dle.
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Metrized quantum vector bundles

( Definition (metrized quantum vector bundle, L. (16))
A metrized quantum vector bundle Q = (.Z, {-,-)_», D, 2, L) is given
by:
@ (X, L) is a quasi-Leibniz quantum compact metric space,
Q (A,(,-). y) is aleft Hilbert module over %I,
© Disanorm on a dense subspace of .# such that:

@ D=ll-lz=v&odu

@ {we .« :D(w)<1}iscompactin (A, |-l z),
© D(aw) <G(lals,L(a),D(w)),

9 L{w,m 4) < HD(w),Dm)).

Example: Classical picture

Hermitian bundles over compact connected Riemannian mani-
folds.

Full quantum isometries

(9 @) full quantum isometry when 0 full quantum isometry
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Metrized quantum vector bundles

( Definition (metrized quantum vector bundle, L. (16))
A metrized quantum vector bundle Q = (.Z, {-,-)_», D, 2, L) is given
by:
@ (X, L) is a quasi-Leibniz quantum compact metric space,
Q (A,(,-). y) is aleft Hilbert module over %I,
© Disanorm on a dense subspace of .# such that:

@ D=ll-lz=v&odu

@ {we .« :D(w)<1}iscompactin (A, |-l z),
© D(aw) <G(lals,L(a),D(w)),

9 L{w,m 4) < HD(w),Dm)).
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Metrized quantum vector bundles

( Definition (metrized quantum vector bundle, L. (16))
A metrized quantum vector bundle Q = (.Z, {-,-)_», D, 2, L) is given
by:
@ (X, L) is a quasi-Leibniz quantum compact metric space,
Q (A,(,-). y) is aleft Hilbert module over %I,
© Disanorm on a dense subspace of .# such that:

@ D=ll-lz=v&odu

@ {we .« :D(w)<1}iscompactin (A, |-l z),
© D(aw) <G(lals,L(a),D(w)),

9 L{w,m 4) < HD(w),Dm)).

Example: Heisenberg Modules

Heisenberg modules and their natural connection, as build by
Connes (81), are (non-free, finitely generated, projective) metrized
quantum vector bundles.
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The Heisenberg Modules (Connes, 81; Rieffel)
Fix@eR,peZ, geN,deIN\ {0} suchthatﬁze—g;éo. Let </ be
the associated quantum torus.
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The Heisenberg Modules (Connes, 81; Rieffel)
FixO0eR, peZ,qeN,deIN\{0} suchthat?ﬁzB—%;éO. Let <#y be
the associated quantum torus.
t
y) :x,y,teIRg}on
1

ag’y’tf(s) =exp(in(t+2xs)é(s+0y).
Promote it to L2(R) ® C“.

1
@ Start with a representation of { (0
0

O = =

L2(R):
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The Heisenberg Modules (Connes, 81; Rieffel)
FixO0eR, peZ,qeN,deIN\{0} suchthat5:9—§;é0. Let <#y be
the associated quantum torus.
t
y) :x,y,teIRg}on
1

a5 E(s) = exp(im (£ +2x8)E(s +Dy).

Promote it to L2(R) ® C“.
@ Let Wi, W € U(d) with Wy W = e*7P/9W, W, and
W' = W,' = 1. We get a o#p = C* (ug, vg)-module with:

ug g€ = WWy"aly ™08,

O = =

1
@ Start with a representation of { (0
0

L2(R):
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The Heisenberg Modules (Connes, 81; Rieffel)
FixO0eR, peZ,qeN,deIN\{0} suchthat5:9—§;é0. Let <#y be
the associated quantum torus.
t
y) :x,y,teIRg}on
1

a5 E(s) = exp(im (£ +2x8)E(s +Dy).

Promote it to L2(R) ® C“.
@ Let Wi, W € U(d) with Wy W = e*7P/9W, W, and
W' = W,' = 1. We get a o#p = C* (ug, vg)-module with:

ug g€ = WWy"aly ™08,

1
@ Start with a representation of { (0
0

O = =

L2(R):

© For Schwarz functions &, w, set:
(& 0) ppaa = Y. (ugug'é, o) o cayy Vg
n,meZ
complete space of Schwarz functions to the Heisenberg module
oD, q,d
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D-norms for Heisenberg Modules

Theorem (L., 16)

. ,q,d
Fix some norm | - || on R?. Forall ¢ € %p 7% we set:

|

Dy @ = sup 11 ypaa,
0O =sup {18 —5 e

bundle.

" (x,y) € R\ {0}

(%p,q’d,<','>}’g’p,q,d,Dqu,d,=Q¢3,LQ) is a metrized quantum vector
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D-norms for Heisenberg Modules

The Modular Gromov-Hausdorff Propinquity/

Theorem (L., 16)

. ,q,d
Fix some norm | - || on R?. Forall ¢ € %p 7% we set:

|

" (x,y) € R\ {0}

Dp'q’d( ) =su e
510 = sup N s, — e

(%p,q’d,<','>:y’ép,q,d,Dqu,d,=Q¢3,LQ) is a metrized quantum vector
bundle.

As anote, Dg 'q’d(f) is actually the operator norm of V& where V is

g ,q,d
the Connes connection on %p q 5
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Bridges for modules
Fix QQ[ = (%Ql, (', -)m, DQ[,Q[, LQ[) and Q% = (.//l%, (-, -)g, D%, %, LxB)
be two metrized quantum vector bundles.
Definition (L., 16)
A modular bridge (D,x,7g, s, (;)jej,Nj)jey) is a bridge
(D, x,my,w3) and two families (w))je; € Mo, M))jey € Mp
with DQ[((U]),D&B(U]') <lforall jeJ.
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Bridges for modules
Fix Qg = (A, (-, Y2, Dat, 2, Lyy) and Qo = (A3, (-, )5, D3, B, Ls)
be two metrized quantum vector bundles.

Definition (L., 16)

A modular bridge (D,x,7g, s, (;)jej,Nj)jey) is a bridge
(D, x,my,w3) and two families (w))je; € Mo, M))jey € Mp
with DQ[((U]),D&B(U]') <lforall jeJ.

Definition (L., 16)

The length of a modular bridge is the maximum of the length of its
basic bridge, and the sum of:

@ the maximum of Haus;({w; : j € J}, {w : Dy(w) < 1) and its
counterpart in Qgs, where:

k(w, &) =sup{l{w, Mg — (&, Mylla : Doy (m) <1},

Q@ max{|lmy(w), wi)y) X — X7 (1, M) 0 2 j € T}
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The modular propinquity

Definition (L., 16)

The modular propinquity is the largest pseudo-metric A™¢ such
that A™°9(Qg, Qg) < A(y) for any modular y from Qg to Q.
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The modular propinquity

Definition (L., 16)

The modular propinquity is the largest pseudo-metric A™¢ such
that A™°9(Qg, Qg) < A(y) for any modular y from Qg to Q.

[ Theorem (L., 16)

The modular propinquity is a metric on metrized quantum vector
bundles up to full quantum isometry.
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The modular propinquity

Definition (L., 16)

The modular propinquity is the largest pseudo-metric A™¢ such
that A™°9(Qg, Qg) < A(y) for any modular y from Qg to Q.

Theorem (L., 16)

The modular propinquity is a metric on metrized quantum vector
bundles up to full quantum isometry.

Theorem (Heisenberg Modules (L. 17))

If (0,)ne is a sequence in R\ Q converging to some irrational
number 6, and p, g € Z\ {0},d € IN \ {0} then:

lim A4 (4, ) = .

n—oo
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Theorem (L., 17)
Let || - | be a norm on R? and p,q,d fixed. If for all 0 € R, and a € «p:

ﬁexp(zx),exp(zy)a _ a“

. (x,y) e R?\ {0}

Lo(a) = sup 1ol

where fg is the dual action, and for all ¢ € %p 44 e set:

xyﬂ
S
ay” ¢ E'

%p,q,d
2710 (x, p) I

D?%?(&) = sup H(6)) € R*\ {0}

where 0 =6 — p/q, then:

. ,q,d ,q,d
i 7546 g0 ),
— 9
,q,d ,q,d
%P 9 y(';'>%Pvﬂ,d)ng rde’LQ)) =0.

-
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