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Noncommutative Metric Geometry

Founding Allegory of Noncommutative Metric Geometry

Noncommutative mefric geometry is the study of
noncommutative generalizations of algebras of Lipschitz
functions over metric spaces.
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Noncommutative Metric Geometry

Founding Allegory of Noncommutative Metric Geometry

Noncommutative mefric geometry is the study of
noncommutative generalizations of algebras of Lipschitz
functions over metric spaces.

o Pioneered by Rieffel (1998-), inspired by Connes (1989).
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Noncommutative Metric Geometry

Founding Allegory of Noncommutative Metric Geometry

Noncommutative mefric geometry is the study of
noncommutative generalizations of algebras of Lipschitz

functions over metric spaces.

o Pioneered by Rieffel (1998-), inspired by Connes (1989).
@ Motivated by mathematical physics, addresses problems such
as:
o Can we approximate quantum spaces with finite dimensional

algebras?
e Are certain functions from a topological space to quantum

spaces continuous? Lipschitz?
e Are certain functions from a topological space to modules over

quantum spaces continuous?
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Structure of the talk

@ Quantum Metric Spaces From Groups

© Group Actions and Limits for the Propinquity
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GPS

@ Quantum Metric Spaces From Groups
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The Monge-Kantorovich metric

Let (X, m) be a compact metric space. The Lipschitz seminorm L
induced by m is:

1f0 = F)l |

L(f)zsup{ ) .x,yeX,x;éy}

for all f € C(X) (allowing oo).
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The Monge-Kantorovich metric

Let (X, m) be a compact metric space. The Lipschitz seminorm L
induced by m is:

If&x) = Fl }
—d(x,y) X VEX, X#Y

L(f) =sup {
for all f € C(X) (allowing oo).
The Monge-Kantorovich metric on . (C(X)) is given for all
Borel-regular probability measures y, v by:

ka(p,v):sup{U fdp—/ fdv :fesa(C(X)),L(f)sl}.
X X
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The Monge-Kantorovich metric

Let (X, m) be a compact metric space. The Lipschitz seminorm L
induced by m is:

If&x) = Fl }
—d(x,y) X VEX, X#Y

L(f) =sup {
for all f € C(X) (allowing oo).
The Monge-Kantorovich metric on . (C(X)) is given for all
Borel-regular probability measures y, v by:

ka(p,v):sup{U fdp—f fdv :fesa(C(X)),L(f)sl}.
X X

The Gelfand map x € (X, m) — §, € (¥ (C(X)), mk) is an isometry.
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,

@ L isa seminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (20),

@ {aesa®):L(a) =0} =Rly,
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,

@ L isa seminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (20),

@ {aesa®):L(a) =0} =Rly,

@ The Monge-Kantorovich metric mk; , defined for any
o, v e LA by:

mky (@, w) = sup{lp(@) —y(a): acsa@),L(a) <1}

metrizes the weak* topology on . (20),
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,

@ L isa seminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (20),

@ {aesa®):L(a) =0} =Rly,

@ The Monge-Kantorovich metric mk; , defined for any
o, v e LA by:

mky (@, w) = sup{lp(@) —y(a): acsa@),L(a) <1}

metrizes the weak* topology on . (20),
@ max{L (aob),L{a,bh)} < F(lalgy, Iblsy, L(@),Lb),
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,

@ L isa seminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (20),

@ {aesa®):L(a) =0} =Rly,

@ The Monge-Kantorovich metric mk; , defined for any
o, v e LA by:

mky (@, w) = sup{lp(@) —y(a): acsa@),L(a) <1}

metrizes the weak* topology on . (20),
@ max{l (aob),L({a,bh} < F(lally, Iblsys,L(a),Lb),
@ L islower semi-continuous wrt || - [|g.
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Quasi-Leibniz Compact Quantum Metric Spaces
Definition (Connes, 89; Rieffel, 98; L., 13)

(A, L) is a F—quasi-Leibniz quantum compact metric space when:

@ 2lis a unital C*-algebra,

@ L isa seminorm defined on a dense Jordan-Lie subalgebra
dom (L) of sa (20),

@ {aesa®):L(a) =0} =Rly,
@ The Monge-Kantorovich metric mk; , defined for any
o, v e LA by:

mky (@, w) = sup{lp(@) —y(a): acsa@),L(a) <1}

metrizes the weak* topology on . (20),
@ max{l (aob),L({a,bh} < F(lally, Iblsys,L(a),Lb),
@ L islower semi-continuous wrt || - [|g.

We call L an L-seminorm.
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Lipschitz morphisms
Theorem (L., 2016)
Let (U, L) be a quasi-Leibniz quantum compact metric space. If S is

alower semi-continuous seminorm on dom (L) with S(1¢) = 0 then
there exists C > 0 such that S < CL on dom (L).
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Lipschitz morphisms
Theorem (L., 2016)
Let (U, L) be a quasi-Leibniz quantum compact metric space. If S is

alower semi-continuous seminorm on dom (L) with S(1¢) = 0 then
there exists C > 0 such that S < CL on dom (L).

Q l-l.=1I-llg+Land|-lls=1"llg +S are both Banach norms
over dom (L).

@ |-ll«=1"llL+"lsis also a Banach norm on dom (L), since
Cauchy sequences for both | - | and || - |s have the same limits
for both.

@ By the open mapping theorem, there exists k > 0 such that
-l <kll-llLsoll-lls<kll-l., and symmetrically. So || - || and
[ - ls are equivalent.

@ Last, we use the fact that as L is an L-seminorm, for all
a € dom (L), there exists ¢ € R such that
la— tlylly < diam (R, L)L (a).
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Lipschitz morphisms

Theorem (L., 2016)

Let (U, L) be a quasi-Leibniz quantum compact metric space. If S is
alower semi-continuous seminorm on dom (L) with S(1¢) = 0 then
there exists C > 0 such that S < CL on dom (L).

.

Theorem-Definition (Lipschitz Morphisms)

Let (A, Lgy) and (28,Ls) be two quasi-Leibniz quantum compact
metric spaces. A k-Lipschitz morphism m : (2, Ly) — (B,Lay) is
a unital *-morphism from 2 to B such that any of the following
equivalent statement holds:

Q@ ¢e S (B)— @omisa k-Lipschitz map from (. (°B), mkL) to
(7R, mkry),

@ (Rieffel, 00) Lyg o < klLgy,

@ (L., 16) m(dom (Lg)) < dom (Lss).
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Lipschitz morphisms

Theorem (L., 2016)

Let (U, L) be a quasi-Leibniz quantum compact metric space. If S is
alower semi-continuous seminorm on dom (L) with S(1¢) = 0 then
there exists C > 0 such that S < CL on dom (L).

.

Theorem-Definition (Lipschitz Morphisms)

Let (A, Lgy) and (28,Ls) be two quasi-Leibniz quantum compact
metric spaces. A k-Lipschitz morphism m : (2, Ly) — (B,Lay) is
a unital *-morphism from 2 to B such that any of the following
equivalent statement holds:

Q@ ¢e S (B)— @omisa k-Lipschitz map from (. (°B), mkL) to
(7R, mkry),

@ (Rieffel, 00) Lyg o < klLgy,

@ (L., 16) m(dom (Lg)) < dom (Lss).

Lipschitz morphisms are arrows for a category over quasi-Leibniz
quantum compact metric spaces.
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Quantum Isometries

A real-valued Lipschitz function over a subspace of a metric space
(X, d) can be extended to a real-valued Lipschitz function over

(X, d) with the same Lipschitz seminorm by McShane theorem.
From this, we can characterize isometries.
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Quantum Isometries

A real-valued Lipschitz function over a subspace of a metric space
(X, d) can be extended to a real-valued Lipschitz function over
(X, d) with the same Lipschitz seminorm by McShane theorem.
From this, we can characterize isometries.

Definition (Rieffel (98), L. (13) )

A quantum isometrym : (U, Ly) — (2B, L) is a *-epimorphism such
that:

Vbedom(Lyg) Lgg(b)=inf{lLy(a):n(a)=D>b}.

A full quantum isometry m is a *-isomorphism such that Ly oz =
Ly
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Quantum Isometries

A real-valued Lipschitz function over a subspace of a metric space
(X, d) can be extended to a real-valued Lipschitz function over
(X, d) with the same Lipschitz seminorm by McShane theorem.
From this, we can characterize isometries.

Definition (Rieffel (98), L. (13) )

A quantum isometrym : (U, Ly) — (2B, L) is a *-epimorphism such
that:

Vbedom(Lyg) Lgg(b)=inf{lLy(a):n(a)=D>b}.

A full quantum isometry m is a *-isomorphism such that Ly oz =
Ly

By definition, quantum isometries are indeed 1-Lipschitz. They are

morphisms for a subcategory of quasi-Leibniz quantum compact
metric spaces.
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The Gromov-Hausdorff Distance
Definition

For any two compact metric spaces (X, mx) and (Y, my), we define
Adm(myx, my) as:

(Z,mz) compact metric space,
(Z,mz,tx,ly)| tx: X — Z isometry,
ly : Y — Z isometry.
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The Gromov-Hausdorff Distance
Definition

For any two compact metric spaces (X, mx) and (Y, my), we define
Adm(myx, my) as:

(Z,mz) compact metric space,
(Z,mz,tx,ly)| tx: X — Z isometry,
ly : Y — Z isometry.

Notation

The Hausdorff distance on the compact subsets of a metric space
(X, m) is denoted by Haus,.

( Definition (Gromov, 81)

The Gromov-Hausdorff distance between two compact metric
spaces (X, my) and (Y, my) is:

inf{Hausm, (tx (X),ty (Y)) : (Z,mz,1x,ty) € Adm(mx, my)}.
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The Dual Gromov-Hausdorff Propinquity
®,Lp)

A, Loy (B, L)

Figure: mg(,mos are quantum isometries
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The Dual Gromov-Hausdorff Propinquity
®,Lp)

b2 k

A, Loy (B, L)

Figure: mg(,mos are quantum isometries

Definition (The extent of a tunnel)

The extent y (r) of a tunnel 7 = (D, Lo, g, my) is:

max {Hausmk, | (D), 77 (€))) : € € (2, B}}.
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The Dual Gromov-Hausdorff Propinquity
®,Lp)

A, Loy (B, L)

Figure: mg(,mos are quantum isometries

( Definition (The extent of a tunnel)
The extent y (r) of a tunnel 7 = (D, Lo, g, my) is:

max {Hausmk, | (D), 77 (€))) : € € (2, B}}.

[ Definition (L. ,13, 14/ special case)
The dual propinquity A}, (4, Ly), (B, L)) is given by:

inf{y (7) : T any F-tunnel from (2, L) to (B, Ly)}.

\
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The Dual Gromov-Hausdorff Propinquity
®,Lp)

A, Loy (B, L)

Figure: mg(,mos are quantum isometries

( Definition (L., 13, 14/ special case)
The dual propinquity A7((4, Ly), (B, L)) is given by:

inf{x (1) : T any F-tunnel from (2, Lgy) to (B, L%)}.

Theorem (L., 13)

The dual propinquity is a complete metric up to full quantum
isometry. A((R, Ly), (B, Ly)) = 0 iff there exists a *-isomorphism
m:2A — B such that Ly o = Lyg.

.
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Classical Picture
Example: Gromov-Hausdorff distance (L. 13)

The dual propinquity induces the same topology as the Gromov-
Hausdorff distance on the class of classical compact metric spaces
(C(X),L) with (X, d) compact metric space and:

If(x) - fFI

L= suP{ d(x,y)

:x,yeX,x;éy}

for all f € C(X) (allowing o0).
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Classical Picture
Example: Gromov-Hausdorff distance (L. 13)
The dual propinquity induces the same topology as the Gromov-

Hausdorff distance on the class of classical compact metric spaces
(C(X),L) with (X, d) compact metric space and:

If(x) - fFI

L= suP{ d(x,y)

:x,yeX,x;éy}

for all f € C(X) (allowing o0).

Question

What sort of techniques are involved in the construction of
quasi-Leibniz quantum compact metric spaces and the study of
their topology for the propinquity?
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Classical Picture
Example: Gromov-Hausdorff distance (L. 13)
The dual propinquity induces the same topology as the Gromov-

Hausdorff distance on the class of classical compact metric spaces
(C(X),L) with (X, d) compact metric space and:

If(x) - fFI

L= suP{ d(x,y)

:x,yeX,x;éy}

for all f € C(X) (allowing o0).

Question

What sort of techniques are involved in the construction of
quasi-Leibniz quantum compact metric spaces and the study of
their topology for the propinquity?

A recurrent theme

Groups and in particular, group actions provide good tools.

.
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Ergodic actions of compact metric groups
[ Theorem (Rieffel, 98)

Let G be a compact group endowed with a continuous length func-
tion ¢. Let a be an action of G on some unital C*-algebra . Set:

la—aé(ala

Vael L(a):sup{ ) .gEG\{lG}}.

(A, L) is a Leibniz quantum compact metric space if and only if
{acA:VgeG ad(a)=a}=Cly.
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Ergodic actions of compact metric groups
[ Theorem (Rieffel, 98)

Let G be a compact group endowed with a continuous length func-
tion ¢. Let a be an action of G on some unital C*-algebra . Set:

la—aé(ala

Vael L(a):sup{ ) .geG\{lG}}.

(A, L) is a Leibniz quantum compact metric space if and only if
{acA:VgeG ad(a)=a}=Cly.

Example: Quantum tori
e G=T¢,
e A =C*(Z% 0) (universal for UjUr=0(j,)Uj1p),
@ a: dual action (aZUj = szj).

@ Associated with a differential calculus when ¢ from invariant
Riemannian metric.
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Idea of the proof

Let A be the Haar probability measure on G.
@ For fe L}(G) and a € A set:

af (@)= fG f(gad(@dArg.

Note that ”|“f|||9t <|fllzc-
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Idea of the proof

Let A be the Haar probability measure on G.
@ For fe L}(G) and a € A set:

af (@)= fG f(gad(@dArg.

Note that |||af|||Ql <|fllzc-
@ If r is an irreducible representation of G and
Y:8€G— L Tr(n;l), set:

dimn
Ay = aX ).
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Idea of the proof
Let A be the Haar probability measure on G.
@ For fe L}(G) and a € A set:

af (@)= fG f(gad(@dArg.

Note that |||af|||Ql <|fllzc-
@ If r is an irreducible representation of G and
Y:8€G— dirlnﬂTr(n;l), set:
Ay, = a ().
@ As ais ergodic and G compact, the space 2 is finite
dimensional for all irreducible 7.
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Idea of the proof

Let A be the Haar probability measure on G.
@ For fe L}(G) and a € A set:

af (@)= fG f(gad(@dArg.

Note that |||af|||9l <|fllzc-
@ If r is an irreducible representation of G and
Y:8€G— L Tr(n;l), set:

dimn
A = aX ).

@ As ais ergodic and G compact, the space 2 is finite
dimensional for all irreducible 7.
@ Now:

|o’@-a|, < ( @i ae)L@.

We can choose an approximate unit (f;,) e in L' (G) made of
finite linear combinations of irreducible characters. Then
(Jg fnt dA),,py converges to 0.
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Quantum Tori and the quantum propinquity

Endow T¢ with a continuous length function ¢. Let a be the dual
action of Z; < T on C*(Z4,0), and set for a € sa (C*(Z4,0)):

la—a8(a)ly 3 }
L = " 7%\ {1} ;.
ol@) sup{ ® geZi\{1}
L, is an L-seminorm (Rieffel, 98).

Theorem (Latrémoliere, 2013)

Let d € IN\{0,1}, o a multiplier of 7. If for each n € IN, we let
—d
kn, € N and o, be a multiplier of Z‘]f -z /and such that:
Q lim,, . k;, = (oo,...,00),
@ the unique lifts of o, to Z“ as multipliers converge pointwise
to o,

then lim,, .o A ((C* (2,0),Lo), (C* (2§ ,00) Lo, )] =0.
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Noncommutative Solenoids
Letz[ ] { L qeZ, kelN}cQ Thedualon[ ] is:

Fp={@n)nen:VnelN z,=2z0 }

with pairing (%, (Zn) nelN) = zZ.

Theorem (]. Packer, L. 2011)

2
Any multiplier f of Z [%] is cohomologous to one of the form:

p] _ n9h4qa
v ((q ki )j—l) _8k1+k4

where 0 € ., is uniquely determined by f.

2
The twisted C*-algebra C* (Z [%] ,1//9) is the noncommutative
solenoid Gy.
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Noncommutative Solenoids and the Propinquity
Pick ¢ a continuous length function on T?. Forn € 5”;‘ c (T?
define:

AN

diam (Tz, ¢ )

éoo(n)=inf{£>0:Vn< f(nn)<£}.

Theorem (]. Packer, L., 2016)
The function ¢, is a continuous length function on Yﬁ. For all
ne N and z € T?, let:

Cn(2) =inf{los(m) : 0y = 2}.

Then ¢, is a continuous length function on T2. If 6 € .%), then:

lim A" (&g, C*(Z%,020)) = 0.

In particular, noncommutative solenoids are limits of full matrix
algebras for the propinquity and form a continuous family.
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GPS

© Group Actions and Limits for the Propinquity
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A metric on the group of automorphisms

Theorem
If (2, L) is a quasi-Leibniz quantum compact metric space and a €

Aut(2l) then, by setting:
sup{lla—a(a)lly : L(a) <1}

we define a length function on Aut(2() which metrizes the point-
wise convergence topology.
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Group Gromov-Hausdorf{f convergence
Let (G1,01), (G2,62) be two compact metric groups.
Definition (L., 2017)

A e-unital equivariant isometry (&1,¢2) from (Gy,81) to (Ga,82) is
an ordered pair such that for all {j, k} = {1,2}:

Q ¢j:Gj— Gy,

Q Vg, g'€G; 16k(j(9),¢j(gN-0(g 8 se,
Q VgeGj 6j(Ckocj(8),8)<¢,

O Vg, g'eG; 6r(&(gg)¢j(g)¢j(g))<e,

Q djlej,lkle) se.
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Group Gromov-Hausdorf{f convergence
Let (G1,01), (G2,62) be two compact metric groups.
( Definition (L., 2017)

A e-unital equivariant isometry (&1,¢2) from (Gy,81) to (Ga,82) is
an ordered pair such that for all {j, k} = {1,2}:

Q ¢j:Gj— Gy,

Q Vg, g'€G; 16k(j(9),¢j(gN-0(g 8 se,
Q VgeGj 6j(Ckocj(8),8)<¢,

O Vg, g'eG; 6r(&(gg)¢j(g)¢j(g))<e,

Q djlej,lkle) se.

Definition (L., 2017)

The equivariant Gromov-Hausdorff distance Y ((Gi,61),(Gz,02))
between (G1,01) and (G, d») is:

inf{e >0:3(£;,&2) ¢-unital quasi isometry (Gy,81) — (Gz,62)}
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Group Gromov-Hausdorf{f convergence
Let (G1,01), (G2,62) be two compact metric groups.
Definition (L., 2017)

A e-unital equivariant isometry (&1,¢2) from (Gy,81) to (Ga,82) is
an ordered pair such that for all {j, k} = {1,2}:

Q ¢j:Gj— Gy,

Q Vg, g'€G; 16k(j(9),¢j(gN-0(g 8 se,
Q VgeGj 6j(Ckocj(8),8)<¢,

O Vg, g'eG; 6r(&(gg)¢j(g)¢j(g))<e,

Q djlej,lkle) se.

Theorem (L., 2017)

Y is a metric on compact metric groups up to isometric isomor-
phism, and it dominates the Gromov-Hausdorff distance.
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Theorem (L., 2017)

Let (G, 6 ) be a compact metric group, and let (G;,6,) ,elN be a se-
quence of compact metric groups converging to (G,d¢). For each
n e N, let (¢, ¥n) be a Y(Gy, G)-unital equivariant isometry. Let
D : G — [0,00) be a continuous function and K : [0,00) — [0,00) be
continuous at 0 with K(0) = 0.

Let (A, L) e converge to (2, L) for A*. If for all n € IN, there
exists an action «; of G, on 2{;, such that:

VnelN,geG, Lyoas<D(cn(g)l,

vnelN, g, g' €G,ae, ’aﬁ(a) —aﬁr(a) Hm <K(©6,(g g laly

then there exists a strongly continuous action a of G on 2 such
that:

VgeG Loa®<D(gL

liminfmke| , ()" ®) < mkey (af) <limsup mkéy, (a)"®).

n—oo n—oo
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Inductive Limits

Theorem

Let G = Uyew G, be a group with G, a first countable subgroup of
G, and endow G with the inductive limit topology. Assume that
for all n € IN, there is an action a, of G; on some quasi-Leibniz
quantum compact metric space (2, L,) with:

Lpoad <D(g)L,
laf(@) - ap(@lla, < K(g, Wllally,,
for D : G — [0,00) and K : G> — [0,00) continuous, K(h, g) = 0 for
all geG.
If A, La)new converges for the propinquity to (2, L), then there
exists an action a of G on 2l such that:
VgeG Loa®<D(gL

VgeG liminfmk?| (a8) < mkl| (a®) <limsup mk&_”(a%).
n—oo n—oo
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Elements of the proof
Let (A, Lgy), (B, L) be two F—quasi-Leibniz quantum compact
metric spaces.

®,Lo)

A, Loy (B, L)

Figure: An F-tunnel: all spaces are F-quasi-Leibniz

Definition (L., 2013)

Lett = (®, Ly, my, my) be a tunnel. Let a € dom (Lgy) and [ = Ly (a).
The [-target set t; (all) is:

{n%(d) esa(%)‘ Lo <1, }

oy (d) =a
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Elements of the proof
Definition (L., 2013)

Lett = (®, Ly, my, my) be atunnel. Let a € dom (Lgy) and [ = Ly (a).
The [-target set t; (all) is:

{n%(d) esa(%)’ Lo <, }

o (d)=a

Theorem (L., 2013)
Let a,a’ € dom (Ly) and I = max{lLy(a), Ly (a)}. Let b € t; (all) and
b et (d'|l).

Q [b-Vlyp<20y@+lla-dly,

Q@ diam (t; (alD), |- lls) <20y (1),

Q@ b+tb ety (a+ta|Q+]t)]) forall reR,

Q bob' ety (aod|G(, llally, @y, x (7)) and same for the Lie
product.

.
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Composition of tunnels

If tunnels are approximate morphisms, can they be composed?
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