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Noncommutative Riemannian Geometry

» Spectral triple: (A, #H,D)
H Hilbert space, A C B(H) pre C*-algebra, D self-adjoint operator,
[D,a) € B(H) Yac A, (D+i)"t € K(H)
» Even spectral triple: v = v* € B(H) grading operator
v =1d, yD=-Dvy, ~va=ay Yac A
» Real structure: J antiunitary operator
J? =41, JD=4DJ, Jy=4yJ (sign dimension dependent)
First order condition: [a, JbJ '] =0 = [[D,a], JbJ" '], Va,be A
Regularity: d(a) :=[|D],a], AU[D, A] C kQNdom((S’“) C B(H)
Finiteness: H*> := kQNdom(Dk) f. g. projective A-module

Metric dimension: (1+|D|)™" € £ (H)
Orientation: 3 Hochschild cycle s.t. Y arJbpJ "1 [D, aix]...[D, ani] =
k

vy V VY

ind
<~ 7 non-degenerate

v

Poincaré duality: K,(A) x K.(A)
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» Quantum disc: Universal C*-algebra generated by

27 — ?Z27* =1 — ¢?, qe(0,1)
= C*-algebra generated by Z, Z* € B({3(N))
Zep = V 1-—- QQ(”H) €n+1, zZ* En = 1-— q2"€n71

= C*-algebra generated by S, S* € B(¢3(N))

Sen = €n+1, S*en = €n—1

|7

T (Toeplitz algebra)

» Remark: topologically trivial

Elmar Wagner Dirac operator on a noncommutative Toeplitz torus



Toeplitz algebra

» Notations: B
@ open unit disc D := {z € C: |z| < 1} with closure D

@ Lo(D) with respect to the Lebesgue measure
o Ay(D) :={f € La(D) : analytic in D} (Bergman space)
e Bp : Ly(D) — A9(D), B = Bp = Bj, (Bergman projection)
» Toeplitz operators: For all f € C(D),
Ty : A2(D) = Aa(D),  Ty(¢) := Bo(f¢)
» Toeplitz algebra:
T = C*-alg{Ty: f € C(D)} C B(A2(D))
» Commutators:
[Ty, Ty] € K(A2(D))

Elmar Wagner Dirac operator on a noncommutative Toeplitz torus



C*-algebra extension

» Toeplitz extension: A;(D) = /5(N)
0 —= K(ly(N)) —= T —= C(S') —= 0
» Symbol map: o: 7 — C(S!)

o(Ty) = fls1, fe€C(D)

» Classical picture:

st

0 —— Cy(D) —— (D) 2 o) —— 0
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Compact Quantum Surfaces

» Classical compact surface of genus g:

C(Ty) = {f € C(D) : flar(t)) = fla; (1)), t€[0,1], k=1,...,2g}
» Classical compact surface of genus g: o : 7 — C(S!)
O(Tyg) = A{f € T : o(f)ar(t) = o(f)(a; ' (2)), t€[0,1], k=1,...,29}
» Noncommutative Toeplitz torus:

C(T)={feT:0(f)(e")=a(f)(=ie™"), a(f)(e7)=0a(f)(ie"), t€[0,5]}
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K-Theory of classical oriented surfaces

» C*-algebra extension: C(T,) C C(D)

0 —= Cy(D) —= C(T,) —% C(S' A ASY) — > 0

» Six-term exact sequence:

Ko(Co(D)) Ko(C(Ty)) Ko(C(S'A ... ASY))
o] o
Ki1(C(S'A ... ASY)) K,(C(Ty)) K1(Cp(D))
» K-groups:
K.(C(S'A ... ASY) = Ki(Co((0,1)) @ ... ® Co((0,1)) @ C1)
= Ko(C(S'A...ASY)) =17, Ki(C(S'A ... ASY)) = 7%
K.(Co(D)) = K.(Co(R?)) = Ki(2°C) = K.(C)
= Ko(Co( )) Z, 1(00(D)) = 0.
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K-Theory of classical oriented surfaces

» The index map: 2 € C(D), z(re't) :=rel, z=|z|lu, ue C(S!)

[1)[1]
Ko(C(Ty)) ——

Z = Ko(Co(D))

indT

7% = K1 (C(S'A ... ASY))

-
o=<g N

K1(C(Ty))

~ 122 /1—]z)2|2|u*® 10
Z53k —s [(u%’m " )][(O 0)] € Ko(Co(D))

[v] € K1(C(S'A ... ASY)) w.lo.g v e C(SIA...ASY) c C(St) = C(dD)

ind[v] = K " W'Z'“*M—Kl 0)] s wind(v) € Z

vlz|lv/1—=2]2 1—2)? 00
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K-Theory of classical oriented surfaces

K1(C(S'A...ASY)) 3 [v] — ind[v] = wind(v) = 0 € Z = K¢(Cy(D))

7 Ky(o(T,) 22 7

) 0

7% <= K,(C(T,)) =<—— 0

= K(C(T) =22 Ki(C(T,) = 2
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K-Theory of compact quantum surfaces

» C*-algebra extension:
0 — K(l5(N)) — C(T,y) —== C(S'A...ASY) —= 0

» Six-term exact sequence:

Ko(K(f2(N))) Ko(C(Tyg)) Ko(C(S'A ... ASY))

indT leXP

K1(C(S'A ... ASY)) K1(C(T,,)) K1 (K(62(N)))

K.(K(62(N))) = K. (K(£2(N)) ® C) = K.(C) = K,(X*C) = K,(Co(D))

» Index map:

ind : Ko(C(S!A.../8)) € B2 = C(a(N) 2% Z = Ko(K(6(N)))

Ko(C(S'A...ASY)) 3 [v] = T}, € C(Ty g) — ind(T]),) = wind(v) = 0 € Z
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K-Theory of compact quantum surfaces

» Generalized Bott projections:

ind[v] |T|z‘”|2 T|Z|U \ 1_’T\ZIv’2
ind|v| =
1—|T,, 2 T 1—|T 0|2
|2[v zlv |2[v

ind[v] = ind(7},,) = wind(v) = 0

|6 o)] exotrceamn

» Six-term exact sequence:
1 1
Z e Ko(C(T,) 22 z
0 0

K1(C(Tqg))

729 0

= KO(C<Tq,g)) =77 KO(C(TQ))7 KI(C<Tq,g)) = 779 = KI(C(TQ))
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Classical spectral triple on the flat torus

» Spectral tripel (A, H, D):
o H = Ly([0,1]x[0,1]) & La([0,1] x[0,1])
o A:=C>(R?/7?)
0 9
0z
o D= ((a)* 0) on dom(D) = Hy @ Ho,
oz
Ho = {f € AC(R?*/Z?): %L € Ly([0,1]x[0,1])}
» Bounded perturbation: D, € B(H)
(A, H, D) spectral triple —> (A, H, D + Dy) spectral triple

» Conformal mapping:

0,1]x[0,1] =D = D+ hDh, h>0 (h€ Z(A) or A°P)
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Dirac operator on the quantum disc

> Cauchy-Riemann operators:
2 dom(Z) C A(D) — Ay(D), ¢ —r ' =%

» Orthonormal basis:
e = k+1 k keN = gzek:\/k(k—i-l)ek,l

» Bounded perturbation:
Oser, = kep—1 = 0, — £ € B(A(D))
» Quantum Disc : A:=*-alg{Z, Z*} C B(A3(D))
Zey = Mes1€n1,  Z¥er = pep—1, A i=+/1—¢%

= [82, Z]ek ~ /\kek, [8Z,Z ]ek ~ —)\kek,Q

D= (; %) — [D,d] € B(A5(D)), (D+1i)~' € K(A45(D))

= (A, A2(D), D) is a spectral triple for AC T = A
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Alternative description of the Toeplitz torus

» Alternative description of the Toeplitz algebra:

Lg(Sl)%ﬁz(Z):spm{ek::\% uf ke 7}, ( ity =elt, ucC(Sh

P : Ly(SY) — span{u” : k > 0} = f5(N), =P=r
Ty : £o(N) — L(N), Tr(y) == P(f¢), f (Sl), b € La(Sh)
o T :=C*alg{T;: feC(S")} cB(

l2(N))
e 0 —> K(la(N)) —= T —7= C(S") —= 0, o(Ty)=f

» Noncommutative Toeplitz torus:
C(SIASY) ={f € OS"): f(e")=f(—ie™™), f(e7*)=f(ic"), t€[0,5]}
C(T,) = C*alg{Ty € T: f € C(S'AS) c C(SY)}

» Dimension drop: dim(D) =2, dim(S') =1
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Spectral triple on the noncommutative Toeplitz torus

» Hilbert space representation: u(t) = e, ¢, (t) = ﬁum(t)

F=Sf()uw e CO(SY) € Ly(S') (Fourier series)
keZ

= Tilem) = P(kzézf(k‘)emm) = fk—m)e;

keEN
» Derivations:
O.ep =kep,_1 — 0, = —iﬂ%
» Bounded commutators: Vf € C()(Sh)
= 0., Tfl(em) = S kf(k—m)ex_1 —mf(k—m+1)eg
keEN

= Y (k—m+1) f(k—m+1)er = —iTup (em)
keN

= [0:,Ty] = —iTap € B(2(N)), [07,Ty] = —([0:, Tf])" € B(£2(N))
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Spectral triple on the noncommutative Toeplitz torus

» Hilbert space: # :=/3(N) & l3(N)
> Algebra: A:=*alg{T; & Ty: f € C(S'ASH) nCW(ShH}
= A= C(T,)

_ (02N ([ 0 -—iad
» Dirac operator: D := <8§ 0) = <—i§tU 0

» Eigenfunctions: H =Span{by: k € Z}

bp:=ep-1Der, bpi=—e,1dex, k>0, bp=0Deo
= D(by) =kby, k€Z = spec(D)=1Z
= (D+i)"' e K(H), (ID]+1)"' € £ (1) = metric dimension = 1
» Fredholm module: Ney, := ke (number operator), Sey, = eg41 (shift)
o ()0 Y E ()
» Fredholm index: ind(D) =ind(S*)=1+#0
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Grading and real structure

» Grading: 7 := < 0> on H :={3(N) & (5(N)

= v2=1, yD=-Dvy, ~vya=ay forall ac A
= (A,H,D,~) is an even spectral triple (= “even dimensional™)
» Real Structure: J € B(#) antiunitary operator s. t.
J?=41, JD=4+DJ, Jy=+vyJ (sign dimension dependent)
dim(T,) =2 = J?=-1, JD=DJ, Jy=-vJ
» Nonexistence: H =span{by:kcZ}, Dbp=kby
JD=DJ = Jby = apbg, |ag| =1 (antiunitary)
= J2bk = J(Ozkbk) = ap Jby = aparby = by, (antiunitary) = J?=1
» Problem: multiplicity of eigenvalues = 1

= metric dimension = 1
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First order condition

» First order condition: J € B(H) antiunitary operator such that
[a, JbJ" Y =0, [[D,a], JbJ"Y] =0
= A ® A°-action on ‘H

» Nonexistence: H = (3(N) @ (5(N)

~ BH) - { <a11 a12> L ajj € B(€2(N))}

a1  a22

! (g 2) keK(LN)} C A
=[0G )] = (ol foemf) 2o wexien
& ay; € K(6(N)) =C
= dim(A’) =4 < oo = dim(JAJ )
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Odd spectral triple and real structure

» Real Structure for odd spectral triple: (A, H, D)

metric dimension =1 — J?=1, JD=-DJ
Eigenvectors: H =span{b,:k € Z}, Dby = kb

spec(D) = —spec(D)

Antiunitary operator: Jb, :=b_, — J’=1

DJb, = —kb_ =—-JDby, — JD=-DJ

First order condition: As a real linear operator: J = <_01 (1)>
JTfJ_l = JTfJ = Tf? Vf e C(Sl)

a(Sl) .= C(S') with scalar multiplication «a - f = af

LY v |V

= [Tg, JTfJ] = [Tg, Tf]' [[82, Tg], JTfJ] = _i[Tﬂg/, Tf] € K(KQ(N))
= [a,JbJ 7Y € K(H), [[D,a],JbJ 1] € K(H) forall a,bc A
= first order condition satisfied “up to compacts”
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Regularity

» Regularity: (a) := [|D],d]
T :=*alg{T; Ty : feC™(Sh)}
C®(SIASY) :=C(STASH N C>(SY)
A® = *alg{Tra Ty : f € C®(S'ASY)}
feC=®Stash

= [0.,Ty] = —iTap,

[|8Z’7Tf](em) = [N7 Tf](em) = ng(k_m)f(k_m) €k = _in’(em)

= HD’,Tf@Tf] = —i(Tp@®Ty) e A C T,
= AXU[D,AX] T ¢ 0 dom(s¥) © B(H)
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Finiteness

>

¢l

Finiteness: P : Ly(S') — /2(N) Toeplitz projection

D> := P(C™(S'AS")) C P(La(S")) = £2(N) dense

D> @ D> C H core of analytic vectors for D

(1-855%) = (1-T,T3) € K(¢2(N)) C C(T,) projection onto Ceg

C>®(T,) := *-alg{Ty: f € C°(S'ASh)}

H>® = C®(T,)(1-55*) c C(T,)(1-T,T%) f. g. projective module

(a,0)y00 = Trgyy(a*d) a,b € H™

f=3 flk)uk € C°(S'AS') C La(SY) = Pf = X f(k)ex € £(N)
kEZ kEN

(Tf, Tyl = 2 |F(R)? = (PF,Pf) (S7FSF=1, $55*(1-55)=0)

keEN

L:D® — H®, PfrTi(1-5S%), feC®(S'AS!) isometry

L(D*®) @& 1(D>®) C H® & H>® C Ny dom(D™)

H® @& H® =C>®(T,)(1-55%) @ C>*(T,)(1-SS5*) core for D™
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Failure of Poincaré duality

» Spectral triple: (A, H,D,v,J), H = {2(N)® l5(N)

» Opposite Representation: a° := Ja*J™ !, a € A= C(T,)

> Ko-group: Ko(C(T,))=Ko(K((2(N)))®Ko(C)

» Poincaré duality: K, (C(T,))x Ko(C(Ty)) bd, 7 non-deg.
Generators: 1 € C(T,,), p1,q1 € C(Ty,) 1-dimensional projection
Ko(C(Tyn)) = Zlp] © Z[1] = Z[q1] & Z[1]

e 11¢"=¢"r1 = p1¢i®=p1 or p1¢;°=0 Finite dimensional!
([p1]; [p1]) = ([p1], [a]) = ind(p1¢}” S p1gy") =0

([pa], [1]) = md(plS*Pl) = 0 = ind(py” S*py") = ([1]; [p1])

o ([1],[1]) = ind(5*) =1

= (kl[p1] +m[1], l[p1] + n[1]) = mn  Degenerated!
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Failure of Orientation

» Orientation: ), a; JbZJ_1 ® a1 @ ... ® ap Hochschild cycle s.t.
Zk a kajfl[D, aLk}...[D, anyk] =, ag, bk, A1,ky -y Onk € A

» Metric dimension = 1:
>k arJbpJ 1D, ay ;] odd, v even = Contradiction!

» Dimension = 2: JTfJ_1 = Tf = agp = apJbpJ e A

>0 k[0, a11)[0F, as k] 0
D D, = K *
Zk:ao,k[ sa1,4)[D, ag ] 0 S a0.410%, a14[0, az i)
2

U([827Tf]) = —i@f’, U([a;Tf]) = _iuf,
= U(ijao,k[az, a1 k)[0F, a2 k]) = J(Xk)ao,k[ai, a1,k) [0z, az ])

= U(Zkfao,k[D,aLk][D,azk]) #o(y) =7
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