The University of Western Ontario
afaa.

38

|-|

NONCOMMUTATIVE

BORSUK-ULAM-TYPE CONJECTURES
REVISITED

Piotr M. Hajac (IMPAN)
Joint work with Ludwik Dabrowski and Sergey Neshveyev

London, 9 December 2016

1/13



Jiri Matousek
Using the

Borsuk-Ulam
Theorem

Lectures on Topological Methods
in Combinatorics and Geometry




The Borsuk-Ulam theorem

Theorem (Borsuk-Ulam)

Let n be a positive natural number. If f: S™ — R" is continuous,
then there exists a pair (p, —p) of antipodal points on S™ such

that f(p) = f(—p).
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Let n be a positive natural number. If f: S™ — R" is continuous,
then there exists a pair (p, —p) of antipodal points on S™ such

that f(p) = f(—p).

Theorem (equivariant formulation)

Let n be a positive natural number. There does not exist a
7./27.-equivariant continuous map f: S™ — S"71.

Theorem (join formulation)

Let n be a positive natural number. There does not exist a
7./2Z-equivariant continuous map f: S"' % 7 /27 — S™1.
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Classical generalization and corollaries

A classical Borsuk-Ulam-type conjecture

Let X be a compact Hausdorff space equipped with a continuous
free action of a non-trivial compact Hausdorff group G. Then, for
the diagonal action of G on X * GG, there does not exist a
G-equivariant continuous map f: X * G — X.
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Classical generalization and corollaries

A classical Borsuk-Ulam-type conjecture

Let X be a compact Hausdorff space equipped with a continuous
free action of a non-trivial compact Hausdorff group G. Then, for
the diagonal action of G on X * GG, there does not exist a
G-equivariant continuous map f: X * G — X.

Proven by A. Chirvasitu and B. Passer on 7 April 2016.

Ageev’s conjecture about the Menger compacta? l

There does not exist a G-equivariant continuous map
f:XxG— G.

For X = G this means that G is not contractible.
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Associated-vector-bundle theorem

Theorem

Let G be a compact connected semisimple Lie group. Then, there
exists a finite-dimensional representation V of G such that for any
compact Hausdorff space X equipped with a free G-action, the
associated vector bundle

G
(X*xG)xV

is not stably trivial.

5/13



Associated-vector-bundle theorem

Theorem

Let G be a compact connected semisimple Lie group. Then, there
exists a finite-dimensional representation V of G such that for any
compact Hausdorff space X equipped with a free G-action, the
associated vector bundle

G
(X*xG)xV

is not stably trivial.

Note that this theorem implies the second corollary. To prove the
theorem, we first show it for X = G, take a G-equivariant map
G x G — X %G, and apply the following observation:
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Pulling back classical bundles

Let G be a compact Hausdorff group acting on compact Hausdorff
spaces Y and Y’, and let F': Y/ — Y be an equivariant
continuous map. Then, if the G-action on Y is free, so is the
G-action on Y’, and the formula
Y'spr— ([, F(p) €Y'/G g Y
Y/G

defines a G-equivariant homeomorphism of compact principal bundles.
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Pulling back classical bundles

Let G be a compact Hausdorff group acting on compact Hausdorff
spaces Y and Y’, and let F': Y/ — Y be an equivariant
continuous map. Then, if the G-action on Y is free, so is the
G-action on Y’, and the formula
V'op—([p],Flp) €Y'/G g Y
Y/G

defines a G-equivariant homeomorphism of compact principal bundles.

Corollary

If V' is a representation of G, the following associated vector
bundles over Y' /G are isomorphic

(F\Y//G)*<Y % v) ~y' SV

In particular, if dimV < oo, the induced map
(Flyrjc)* : KO(Y) — K°(Y') satisfies

(F|Y,/G)*([Y % V]) - [Y’ % V] .
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Compact quantum groups

Definition (S. L. Woronowicz)

A compact quantum group is a unital C*-algebra H with a given
unital x-homorphism A: H — H®mumin H such that the diagram

H HeH
min

A L A®id

HOH——>HQHQH

min id min min

commutes and the two-sided cancellation property holds:

{(a®1)A(b) | a,b € H}Y"™ = H @ H = {A(a)(1®b) | a,b € H}.

min

Here “cls” stands for “closed linear span”.
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Free actions of compact quantum groups

Let A be a unital C*-algebra and § : A — A ®uin H an injective
unital x-homomorphism. We call § an action of the compact
quantum group (H,A) on A (or a coaction of H on A) iff

O (®id)od = (id® A) o § (coassociativity),

@ {(§(a)1®h)|ac A, he H} = A ® H (counitality).

min
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Let A be a unital C*-algebra and § : A — A ®uin H an injective
unital x-homomorphism. We call § an action of the compact
quantum group (H,A) on A (or a coaction of H on A) iff

O (®id)od = (id® A) o § (coassociativity),

@ {(§(a)1®h)|ac A, he H} = A ® H (counitality).

min

Definition (D. A. Ellwood)

A coaction ¢ is called free iff

{z®1)dy) |z,yc AA =4 @ H|.

min

Given a compact quantum group (H, A), we denote by O(H) its
dense Hopf *-subalgebra spanned by the matrix coefficients of
irreducible unitary corepresentations.

The Peter-Weyl subalgebra

of Ais Pu(A):={aec A|d(a) € A®ay O(H) }.
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Equivariant noncommutative joins

Definition (L. Dabrowski, T. Hadfield, P. M. H.)

For any compact quantum group (H, A) acting freely on a unital
C*-algebra A, we define its equivariant join with H to be the
unital C*-algebra

A®H = {feC([O,l],A) ® H| f(0) eCoH, f(l)ed(A)}.

min
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Equivariant noncommutative joins

Definition (L. Dabrowski, T. Hadfield, P. M. H.)

For any compact quantum group (H, A) acting freely on a unital
C*-algebra A, we define its equivariant join with H to be the
unital C*-algebra

A®H = {feC([O,l],A) ® H| f(0) eCoH, f(l)ed(A)}.

min

| A\

Theorem (P. F. Baum, K. De Commer, P. M. H.)

The *homomorphism

ideA: ¢([0,1,4) ® H — C([0,1,4) ® H® H

min min min

defines a free action of the compact quantum group (H,A) on the
equivariant join C*-algebra A®°H.

v
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Pointed noncommutative Borsuk-Ulam theorem

Theorem (main)

Let A be a unital C*-algebra with a free action § : A — A Quin H
of a non-trivial compact quantum group (H,A), and let A ®° H
be the equivariant noncommutative join C*-algebra of A and H
with the induced free action of (H,A). Then, if H admits a
character that is not convolution idempotent,

A an H-equivariant x-homomorphism A — A ®° H|.

Furthermore, if A admits a character, then

A an H-equivariant x-homomorphism H — A @ H|.
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Pointed noncommutative Borsuk-Ulam theorem

Theorem (main)

Let A be a unital C*-algebra with a free action § : A — A Quin H
of a non-trivial compact quantum group (H,A), and let A ®° H
be the equivariant noncommutative join C*-algebra of A and H
with the induced free action of (H,A). Then, if H admits a
character that is not convolution idempotent,

A an H-equivariant x-homomorphism A — A ®° H|.

Furthermore, if A admits a character, then

A an H-equivariant x-homomorphism H — A @ H|.

This theorem is a straightforward consequence of its special case
given by commutative H, and proven by A. Chirvasitu and

B. Passer. Now the challange is to remove the red assumption and
thus prove the original conjecture of P. F. Baum, L. Dabrowski and
P. M. H.
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Noncommutative Brouwer fixed-point theorem

The join of any space with one point is its cone. The cone of a
unital C*-algebra A is CA := A ® C. Evaluation at 1 yields a

*_homomorphism evy : CA — A.
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Noncommutative Brouwer fixed-point theorem

The join of any space with one point is its cone. The cone of a
unital C*-algebra A is CA := A ® C. Evaluation at 1 yields a
*_homomorphism evy : CA — A.

Let § : A — A ®min H be a free action of a compact quantum
group (H,A), and let A ®° H be the equivariant noncommutative
join C*-algebra of A and H with the induced free action
of (H,A). Then, if H admits a character, the following
statements are equivalent:

@ 7 an H-equivariant *-homomorphism A — A @° H,

@ 7 a x-homomorphism v: A — CA such that evioy: A — A

is H-colinear.

If the compact quantum group (H, A) is non-trivial, and H admits
a character that is not convolution idempotent, then there does
not exist a xs-homomorphism ~y : A — CA such that evy o~y = idy.
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Deformation theorem

Theorem

Let G be a compact connected semisimple Lie group. Let
(C(Gyq),Ag), ¢ > 0, be a family of compact quantum groups that
is a q-deformation of (C(G), A). Then, for any q > 0 there exists
a finite-dimensional left O(G)-comodule V; such that for any
unital C*-algebra A admitting a character and equipped with a
free action of (C'(Gy),A,), the associated finitely generated
projective left (A ®s C(G,))®¢(“a)-module

Poa,) (A ? C(G,))0V,

is not stably free.
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Deformation theorem

Theorem

Let G be a compact connected semisimple Lie group. Let
(C(Gyq),Ag), ¢ > 0, be a family of compact quantum groups that
is a q-deformation of (C(G), A). Then, for any q > 0 there exists
a finite-dimensional left O(G)-comodule V; such that for any
unital C*-algebra A admitting a character and equipped with a
free action of (C'(Gy),A,), the associated finitely generated
projective left (A ®s C(G,))®¢(“a)-module

Poa,) (A ? C(G,))0V,

is not stably free.

As in the classical case, we first prove it for A = C'(Gy), use a
character on A to construct an H-equivariant *-homomorphism
A®C(G,) = C(Gq) ® C(Gy), and apply:
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Noncommutative pulling-back theorem

Theorem (P. M. H. and T. Maszczyk)

Let (H,A) be a compact quantum group, C' and C’
(H,A)-C*-algebras, B and B’ the corresponding fixed-point
subalgebras, and f : C — C' an equivariant *-homomorphism.
Then, if the action of (H,A) on C'is free and V is a representation
of (H,A), the following left B'-modules are isomorphic

139~ %? (7[25{((:7)[:]‘/7) = 7)}1'((:7/)[:]‘/7.

Here B'; stands for the B'-B-bimodule with the right action given
by f,ie.b-c=bf(c).
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Noncommutative pulling-back theorem

Theorem (P. M. H. and T. Maszczyk)

Let (H,A) be a compact quantum group, C' and C’
(H,A)-C*-algebras, B and B’ the corresponding fixed-point
subalgebras, and f : C — C' an equivariant *-homomorphism.
Then, if the action of (H,A) on C'is free and V is a representation
of (H,A), the following left B'-modules are isomorphic

139‘ %? (7)11’((:7)[:]‘/7) ~ Py (CHOV .

Here B'; stands for the B'-B-bimodule with the right action given
by f,ie.b-c=bf(c).

The induced map (f|g)« : Ko(B) — Ko(B') satisfies

(f18)«([Pu(C)DV]) = [Pu(C")OV]|.
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