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SINE-GORDON KINK

@ Sine—Gordon equation

Gux — Ort = sin (2¢), ¢ :R xR —R.
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SINE-GORDON KINK

@ Sine—Gordon equation
¢xx_¢ttzsin(2¢), ¢RXR—)R

e Static kink ¢(z,t) = H(x) = 2arctan eV,
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SINE-GORDON KINK

@ Sine—Gordon equation
¢xx_¢ttzsin(2¢), ¢RXR—)R

e Static kink ¢(z,t) = H(x) = 2arctan eV,

o Topologically stable: N = 7~} (H(c0) — H(—00)) = 1.
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SINE-GORDON KINK

@ Sine—Gordon equation

Gux — Ort = sin (2¢), ¢ :R xR —R.

e Static kink ¢(z,t) = H(x) = 2arctan eV,

o Topologically stable: N = 7~} (H(c0) — H(—00)) = 1.
@ Linear stability

o(t,x) = H(x)+ eu(x,t), wu(z,t)= ei“’ti/)(m)
L) = w?), L=-08,%—4sech®(v2z)+2.
Spec(L) = {0} U [2, 00).
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WOBBLING KINK

SG kink is not asymptotically stable: time dependent wobbling kinks
(time—dependent solitons resulting from integrability of Sine-Gordon)

t=-15708
3
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SINE-GORDON IN HIGHER DIMENSIONS

© Agn(¢) — ¢ = sin2¢
e Not integrable.
o Derrick thm: No finite energy solutions (topological solitons).
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SINE-GORDON IN HIGHER DIMENSIONS

o ARD ((13) - ¢tt = sin 2¢
e Not integrable.
o Derrick thm: No finite energy solutions (topological solitons).
o Evade Derrick: SG on a curved background with two asymptotically
flat regions.
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SINE-GORDON IN HIGHER DIMENSIONS

© Agn(¢) — ¢ = sin2¢
e Not integrable.
o Derrick thm: No finite energy solutions (topological solitons).

o Evade Derrick: SG on a curved background with two asymptotically
flat regions.

@ Prove existence of globally regular static kinks for any kink number .
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SINE-GORDON IN HIGHER DIMENSIONS

© Agn(¢) — ¢ = sin2¢
e Not integrable.
o Derrick thm: No finite energy solutions (topological solitons).

o Evade Derrick: SG on a curved background with two asymptotically
flat regions.

@ Prove existence of globally regular static kinks for any kink number .

@ Linear stablity: 3 internal oscillation modes.
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SINE-GORDON IN HIGHER DIMENSIONS

© Agn(¢) — ¢ = sin2¢
e Not integrable.
o Derrick thm: No finite energy solutions (topological solitons).

o Evade Derrick: SG on a curved background with two asymptotically
flat regions.

@ Prove existence of globally regular static kinks for any kink number .

@ Linear stablity: 3 internal oscillation modes.

@ A step towards the soliton resolution conjecture: Solutions of
dispersive wave equations asymptotically resolve into a superposition

of localised structures (solitons, black holes, ...) and radiation. (e.g.
Terence Tao's blog Structure and randomness in PDE).
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ELLIS-BRONNIKOV WORMHOLE

o (t,7) e Rx R, (0,¢) €S2 Wormhole with area 47a?
g = —dt® + dr* + (r* + a?)(d6? + sin® 0d¢?)
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ELLIS-BRONNIKOV WORMHOLE

o (t,7) e Rx R, (0,¢) €S2 Wormhole with area 47a?
g = —dt® + dr* + (r* + a?)(d6? + sin® 0d¢?)

@ Violates the null energy condition in Einstein's equations.
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ELLIS-BRONNIKOV WORMHOLE

o (t,7) e Rx R, (0,¢) €S2 Wormhole with area 47a?

g = —dt> + dr® + (r* + a?)(d6? + sin® 0dp?)

@ Violates the null energy condition in Einstein's equations.

o Interstellar (Christopher Nolan, 2014). Box office 675 x 10% USD. An
Oscar for Kip Thorne's idea to set a = a(t) and solve the geodesic
equations numerically.
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ELLIS-BRONNIKOV WORMHOLE

o (t,7) e Rx R, (0,¢) €S2 Wormhole with area 47a?

g = —dt> + dr® + (r* + a?)(d6? + sin® 0dp?)

@ Violates the null energy condition in Einstein's equations.

o Interstellar (Christopher Nolan, 2014). Box office 675 x 10% USD. An
Oscar for Kip Thorne's idea to set a = a(t) and solve the geodesic
equations numerically.

e Sine-Gordon O, (¢) = sin (2¢). Finite energy solutions s.t

¢~ Nim as 7 — o0, N=7 (N, —N_)#0.

Dunasskl (DAMTP, CAMBRIDGE) SOLITONS ON WORMHOLES OXFORD, 12 JUNE 2018



RADIAL SINE-GORDON ON A WORMHOLE

2
Orr = 01t + 3 36r = sin (20)

o Not integrable (e.g. fails the Painleve test), not scale invariant if
a # 0, dispersive (a shadow of higher dimensions).
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RADIAL SINE-GORDON ON A WORMHOLE

2
brr = $tt + =56 = sin (29)

+a

o Not integrable (e.g. fails the Painleve test), not scale invariant if
a # 0, dispersive (a shadow of higher dimensions).

o Conserved energy

Elg] = / (%@M%@Msm? 8) (0 + a®)dr.
R
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RADIAL SINE-GORDON ON A WORMHOLE

2
brr = $tt + =56 = sin (29)

+a

o Not integrable (e.g. fails the Painleve test), not scale invariant if
a # 0, dispersive (a shadow of higher dimensions).

o Conserved energy
Lo 1 5 9 2, 2
Elo) = [ (50 + 36, +sin? ¢) (r? + a?)d.
R

e Finite energy solutions: ¢(t,—oc0) = 0, ¢(t,00) = N.

OXFORD, 12 JUNE 2018 6 /10
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STATIC KINKS

2r
r2 + a?

H' + H' =sin(2H), H=H(r) ()

e For any a # 0 and any N € N 3 a unique solution Hy(r) with kink
number N.
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STATIC KINKS

2r

H" + r2+a2H/:Sin(2H)’ H=H(r) (%)

e For any a # 0 and any N € N 3 a unique solution Hy(r) with kink
number N.

e Proof: (%) =the Newton equation (with time 7) of a particle in a
reversed potential —sin? H with time—dependent friction.
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STATIC KINKS

2r
r2 + a?

H" + H' =sin(2H), H=H(r) ()

e For any a # 0 and any N € N 3 a unique solution Hy(r) with kink
number N.

e Proof: (%) =the Newton equation (with time 7) of a particle in a
reversed potential —sin? H with time—dependent friction.

e Generic initial velocity ¢'(0) with ¢(0) = N7 /2.

PRICOI=LE 2, phi (0)=2
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MULTI KINK APPROXIMATION

o Large a and N =1, Hy(r) ~ Hsg(r) + a=th(r), explicit h(r).
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MULTI KINK APPROXIMATION

o Large a and N =1, Hy(r) ~ Hsg(r) + a=th(r), explicit h(r).
e Large a and N > 2, Hy(r) well approximated by a superposition of
N SG kinks on RV, Let N = 2k

Hy(r) ~ Hgg(r— 2k—1)R)+---+ Hsg(r — R) + Hgg(r + R)
+ -+ Hgg(r+ (2k—1)R)

where R = \/2/4W (32 coth (3v/2)a?/N?), and W(a:)eW(‘”) =z.

L/
/.

8 /10
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MULTI KINK APPROXIMATION

o Large a and N =1, Hy(r) ~ Hsg(r) + a=th(r), explicit h(r).
e Large a and N > 2, Hy(r) well approximated by a superposition of
N SG kinks on RV, Let N = 2k

Hy(r) ~ Hgg(r— 2k—1)R)+---+ Hsg(r — R) + Hgg(r + R)
+ -+ Hgg(r+ (2k—1)R)

where R = \/2/4W (32 coth (3v/2)a?/N?), and W(a:)eW(‘”) =z.

Az

Hy(r) ~ N(g + arctan (r/a)).

e Small a

8 /10
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LINEAR STABILITY AND MASS GAP

o Let ¢(r,t) = Hy(r) + e(r® + a®) = 2u(r,t). Then uy + Ly(u) =0

a?

Ly = —87»2 +Vn(r)+2, Vn(r) = —4Sin2(HN(T)) + m
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LINEAR STABILITY AND MASS GAP

o Let ¢(r,t) = Hy(r) + e(r® + a®) = 2u(r,t). Then uy + Ly(u) =0

a2

— 2 _ s 2
LN——aT +VN(T‘)+2, VN(T‘)——4SID (HN(T‘))"‘W
o For sufficiently large a 3 N discrete eigenvalues w? s. t. Lyt = w?y

in the gap (0,2). [No proof so far].

rotential v 2 from a i< solution with a=10000
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LINEAR STABILITY AND MASS GAP

o Let ¢(r,t) = Hy(r) + e(r® + a®) = 2u(r,t). Then uy + Ly(u) =0

a2

— 2 _ s 2
LN——aT +VN(T‘)+2, VN(T‘)——4SIH (HN(T‘))"‘W
o For sufficiently large a 3 N discrete eigenvalues w? s. t. Lyt = w?y

in the gap (0,2). [No proof so far].

rotential v 2 from a i< solution with a=10000

@ As a decreases the eigenvalues disappear one by one into the
continuous spectrum. For N = 1 the continuous spectrum for
a < a.~ 0.53.
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ASYMPTOTIC STABILITY:¢(r,t) = Hyn(r) 4+ u(r,t)

o Conjecture: For a smooth finite energy initial data, there exists a
unique smooth global solution which converges to Hy ()
asymptotically in t.
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ASYMPTOTIC STABILITY:¢(r,t) = Hyn(r) 4+ u(r,t)

o Conjecture: For a smooth finite energy initial data, there exists a
unique smooth global solution which converges to Hy ()
asymptotically in t.

@ Some numerical evidence.

o If no internal modes then |u(t)| ~ t=3/2 as t — oco.
o If N =1 then and 3 one internal mode with eigenvalue w?, then the
decay rate depends on w.
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ASYMPTOTIC STABILITY:¢(r,t) = Hyn(r) 4+ u(r,t)

o Conjecture: For a smooth finite energy initial data, there exists a
unique smooth global solution which converges to Hy ()
asymptotically in t.

@ Some numerical evidence.

o If no internal modes then |u(t)| ~ t=3/2 as t — oco.
o If N =1 then and 3 one internal mode with eigenvalue w?, then the
decay rate depends on w.

@ Mechanism: resonant interaction of internal modes in the discrete
spectrum with radiation (Soffer—Weinstein 1999).
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ASYMPTOTIC STABILITY:¢(r,t) = Hyn(r) 4+ u(r,t)

o Conjecture: For a smooth finite energy initial data, there exists a
unique smooth global solution which converges to Hy ()
asymptotically in t.

@ Some numerical evidence.

o If no internal modes then |u(t)| ~ t=3/2 as t — oco.
o If N =1 then and 3 one internal mode with eigenvalue w?, then the
decay rate depends on w.

@ Mechanism: resonant interaction of internal modes in the discrete

spectrum with radiation (Soffer—Weinstein 1999).

Thank you.
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