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Local approach to black holes

Black holes in equilibrium:
non-expanding and shear-free null surfaces in 4d

spacetime - horizons.

A. Ashtekar, C. Beetle, JL:
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Geometry of Generic Isolated Horizons 2002

JL, Tomasz Pawtowski:
Geometric Characterizations of the Kerr Isolated Horizon 2002



Horizon geometry abstractly

H - a 3d manifold
9ab - a degenerate metric tensor of signature 0+ +

V. - a covariant derivative, metric, torsion free:

Vagbe =0 Vo, Vplf =0
Lemma: “g,, =0 =  Lygep =0
rotation potential Vaéb — wc(f)éb

rotation invariant  Jw® = Jw(*)

Every (H,g.,V.) is embeddable in a spacetime.

What geometric conditions, if satisfied by (9.5, V)
make it embeddable in one of the Kerr spacetimes?



Null surface stationary to the 2nd order

3d null surfaoin 40

spacetime M, guv

Exists:
g
Such that
Ltgluy =0 1 /
i (L0 V] =0
LtR,uyozﬁ — O

Assumption about M, gu.: G+ Agu, =0



Resulting constraints on the horizon geometry

V0% = w1 rotation potential

wipe =: k¥ surface gravity H
Assumption: x9 #£ 0 Jabs Va
i) k) = const
The 0th low of BH thermodynamics 4
¢

(£)

i)  9gab, w;’ determine all the V.



Free data on a 2d slice

Jap = 9AB

wh =wa+ fa

1
JAB,WA determines (Jgb, wc(z ) determines Juv, v,u, R,W/Oéﬁ

Technically important assumptions: global cross section and
the null symmetry generator ¢ Is transversal to the section at
every point. In particular it nov6vhere vanishes at the section.



Horizon cross section geometry
2d-surface S

Endowed with  (gaB,wa) modulo Wy =wa + f.A

Va -the corresponding derivative Vagec =0 ViV f=0

Scalar invariants:

(Gaussian curvature: K

Rotation scalar: dw =: () dArea combined;

1



Possible Petrov types

The spacetime Weyl tensor at H s determined by the
data

(Sa JAB, CUA)

Theorem:
The possible Petrov types of H are:

KNI, D, i, NSO

wherein:

A

Y++-=0 < 0 = K:% dw = 0

A
V+-#0 = generically I, unless...



The Petrov type D equation

We use a null 2-frame

gaB = mamp +mamp dAreagc = i(mpmec — memp)

Theorem 1:
At H the spacetime Weyl tensor is of the Petrov type D

iff the following two conditions are satisfied by the
invariants of 5:

A
U+ #0
~A_-B Al
m m-V a2V (VA 6) 3 =0
Remark: a continues function (\IJ+ %>_§exists locally on S



gap = mamp +mamp dAreapc = i(TTLBmC — mcmB)

A A
mAmPV 4V g (T A S)TT=0 W e
Symmetries:
p:5—>95 g =o%g, W =*w

/ /
/=09, & =wtdf
/ — /
mA:mA, CUA:CUA

A

The non-continuity of (¥ + >)"5: use a covering

6
(S,94aB,wa) — (gagABa‘:’A) S.1. (\If+%)‘% continues



Relation with the Near Horizon Geometry Equation

Theorem 2:
Suppose (gap,w4)satisfy the NHG equation, namely

1
V(ACUB) + WAWRB + 5(./\ — K)QAB =0

Then they also satisfy the Petrov type D equation:

1. .
mAmPV AV (U + 6A)‘? =0



Non-twisting
of the second principal null direction of the Weyl tensor

Theorem:
Suppose (gap,w4)satisfy the NHG equation, namely
1
V(ACUB) —|_CUA(UB —+ §(A — K)QAB — O

Then the null vector »’

orthogonal to the
corresponding slice S

is a double principal direction

S wa loas o of the spacetime Weyl
2 tensor at H.
/ In that case there exists another

symmetry t’ that is extremal



The holomorphic version

2
gAdeAde = ﬁdzdé m29, = PO,

= f(2)
X = X?9, + X709, = X0 1 x(0.1)

The Petrov type D equation reads:

A1
85(})285(\1] —|— _)_§) — O
o 0
A1
X = gAB(’?B(\If + E)_gﬁA

X(17O)
is a holomorphic vector



The Petrov type D equationon S of genus >0

2

gAdeAde = ﬁdzdé m29, = PO,
: 9 A 1

The Petrov type D equation: 0z (P05 (¥ + E) 3) =20
Ai—1  F(z)
= _ — ) 3 =

0=(¥ + =) 53

= F(2)0,

s a globally detined holomorphic vector field

F(z) = const if genus =1

F(z) =0 if genus >1



The Petrov type D equation on S of genus >0

Theorem 2.

Suppose S is a compact 2-surface of genus >0.
The only solutions to the Petrov type D equation with a
cosmological constant A are (g,w) such that

A
dw =0 and K:const#g

Remark. There are no rotating solutions



The Petrov type D equation on topological spheres.

S=5y ¢g,dv axi-symmetric

Theorem 3:
The family of axisymmetric solutions of the Petrov type D

equation with (or without) cosmological constant defined
on a topological sphere can be parametrized by two
numbers (A,J):

the area and angular momentum, respectively. They take
the following values in R" x R:

A>0
127 A |AA 127
J € (—oo,oo) for A € (O,T) and |.J| € [0,16—7T m—l) for A € (T’OO)
A <O

J € (—oo,oo) and A € (O,oo>



The embedding in spacetimes

All the horizons obtained via Theorem 2 can be embedded
either in non-extremal Kerr-(anti) de Sitter spacetime or in
so called near horizon geometry spacetime obtained by
the near extremal horizon limit. The embedding preserves

intrinsic geometry of each horizon:

Jab, va

The problem of non-axisymmetric solutions on topologically
spherical S is open.



A bifurcated Petrov type D horizon: data




A bifurcated Petrov type D horizon: equations

The Petrov type D equations

for H:
1 ]
T?LATTLB\/A\/B(\IJ + 6./\)_g =\
and for H’:
1 ]
mAmB\/A\/B(\If + —A)_§ =\

6

hold simultaneously on S — additional (axial) symmetry

M.J. Cole, I. Racz, J.A. Valiente Kroon 2018

JL, A. Szereszewski 2018


https://arxiv.org/search?searchtype=author&query=Cole%2C+M+J
https://arxiv.org/search?searchtype=author&query=R%C3%A1cz%2C+I
https://arxiv.org/search?searchtype=author&query=Kroon%2C+J+A+V

In conformally flat coordinates

gapdx?de® = %dzdz m*0, = PO,
0P+ ) H =0 = o.(w 4 5yt = T
0.(PPo.(w+ D) H =0 = o by G0
b.0.0+ S —o0we St 5 0, (F]gj)> _ 5 ( ;;))
= Logap = ®:= F(2)0, — G(2)03



The axial symmetry without the rigidity theorem

Theorem:

Suppose (945,wa)defined on S satisfy the Petrov type D

equation 1 1
a mAmBVAVB(\If+6A)—§ =0

and the conjugate one

1,1
mAmPV AV (U + M)

Then, there is a vector field ¢ at S such that

0

Logap =0 and Ledw =0

A
®* = Re/Im (dAreaABﬁA(\If + 8)_

Wl

)



Summary

The type D equation:

1 1 A 3
— A _B = T o _
mm VAVB< 2K 22(9+6) 0

Non-twisting of the second double principal vector if:
1
V(ALUB) + WAWRB T §(A — K)gAB =0

All the axisymmetric solutions of the type D eq. on topological sphere parametrized
by (A, J);

All solutions on genus>0 derived (non-rotating);
The extra (axial) symmetry in the case of bifurcated horizon;

Open problems: existence of non-axisymmetric solutions on topological sphere



Thank you



