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Gisèle Goldstein
New Results on Instantaneous Blowup in HN . . . . . . . . . . . . . . . . . . . 37

Jerome Goldstein
Convergence of Positive Semigroups and Hyper-Bounded Operators . . . . . . . . 38

Federica Gregorio
Bi-Laplacians on graphs and networks . . . . . . . . . . . . . . . . . . . . . . . 39

Adam Gregosiewicz
Asymptotics of the Lebowitz–Rubinow–Rotenberg model of cell populations de-
velopment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

Logan Hart
Superstability of Semigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

Amru Hussein
Non-self-adjoint graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

Tomasz Jakubowski
Critical negative Schrödinger perturbations of fractional Laplacian . . . . . . . . 43

Luke Joel
The Discrete Unbounded Coagulation-Fragmentation Equation with Growth, De-
cay and Sedimentation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

Agnieszka Ka lamajska
Dirichlet’s problem for critical Hamilton-Jacobi fractional equation . . . . . . . . 45

Michael Kaplin
Relatively uniformly continuous semigroups on vector lattices . . . . . . . . . . . 46

Bogdan Kaźmierczak
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Continuity and boundness of stochastic convolutions . . . . . . . . . . . . . . . . 65

Wilson Lamb
Discrete Fragmentation Equations . . . . . . . . . . . . . . . . . . . . . . . . . 66

Wha-Suck Lee
Implicit Fokker-Planck Equations: Non-commutative Convolution of Probability
Distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

Henryk Leszczyński
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1130–1205 Georgy Sviridyuk 1130–1155 Serge Nicaise

1210–1230 Alyona Zamyshlyaeva 1200–1225 Amru Hussein

1235–1255 Alevtina Keller 1230–1255 Talk cancelled

1315 Lunch

1430 Afternoon sessions (part 1):

G. Sviridyuk D. Mugnolo and M. Kramar–Fijavž
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6.  Lukasz Leżaj, Heat kernels for subordinators.

7. Artur Rutkowski, The Dirichlet problem for nonlocal Lévy-type operators.
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type operators.

2. Evolution equations of biosciences and bioengineering
(J. Banasiak, A. Bobrowski)

1. Roksana Brodnicka, Asymptotic stability of an evolutionary nonlinear Boltzmann-
type equations.

2. Luke Joel, The Discrete Unbounded Coagulation-Fragmentation Equation with Growth,
Decay and Sedimentation.

14



15
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Luciano Abadias
University of Zaragoza, Spain

Mean ergodic theorems and domains of higher degree
functions of Cesàro bounded operators

In this talk I will present mean ergodic results for Cesàro bounded operators
T on Banach spaces X, improving some of them existing for power bounded
operators. In particular, we prove that for power bounded operators, T is (C, β)-
ergodic for some β > 0 if and only if X = Ker(I−T )⊕Ran(I − T ), where (C, β)-
ergodicity implies the classical mean ergocicity for 0 < β < 1. The relations
between the rates of convergence in mean ergodic results and the solutions to
equations (I − T )sx = y, s ∈ (0, 1], lead to discuss the domains of certain class of
functions of Cesàro bounded operators T , in particular, the domain of (I − T )−s,
s ∈ (0, 1), and the domain of log(I−T ) (infinitesimal generator of the holomorphic
semigroup ((I − T )s)<s>0). To prove the cited results, we use functional calculus
on fractional Wiener algebras induced by this class of operators, and properties
of regularity of holomorphic functions on the unit disc.

This is joint work with José E. Galé and Carlos Lizama.
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Luciana Angiuli
University of Salento, Italy

On systems of parabolic equations with unbounded
coefficients (Part II)

I will continue the investigation on systems of parabolic equations (coupled up
to the first order) with unbounded coefficients defined in the whole Rd, started in
the talk by L. Lorenzi. In particular I will consider the case when the problem is
set in an Lp-context more appropriate than the Lebesgue one. After giving the
definition of systems of invariant measures which extends to the vector-valued case
the notion of invariant measure of the scalar case, I will show some properties of
the solution of the Cauchy problem associated, in these Lp-spaces.

1
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Charles Batty
University of Oxford, United Kingdom

Functional calculus for analytic Besov functions

I shall describe work with Alexander Gomilko and Yuri Tomilov in which
we develop a bounded functional calculus for analytic Besov functions applicable
to the generators of many bounded semigroups, including bounded semigroups
on Hilbert spaces and bounded holomorphic semigroups on Banach spaces. The
calculus is a natural extension of the classical Hille-Phillips functional calculus,
and it is compatible with the other well-known functional calculi. It satisfies the
standard properties of functional calculi, provides a unified and direct approach to
a number of norm-estimates in the literature, and enables improvements of some
of them.
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Tim Binz
Tübingen University, Germany

Operators with Wentzell boundary conditions and the
Dirichlet-to-Neumann operator

We relate the generator property of an operator A with (abstract) generalized
Wentzell boundary conditions on a Banach space X and its associated (abstract)
Dirichlet-to-Neumann operator N acting on a “boundary” space ∂X. Our ap-
proach is based on similarity transformations and perturbation arguments and
allows to split A into an operator A00 with Dirichlet-type boundary conditions on
a space X0 of states having “zero trace” and the operator N . If A00 generates
an analytic semigroup, we obtain under a weak Hille–Yosida type condition that
A generates an analytic semigroup on X if and only if N does so on ∂X. Here
we assume that the (abstract) “trace” operator L : X → ∂X is bounded what is
typically satisfied if X is a space of continuous functions. Concrete applications
are made to various second order differential operators.
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Krzysztof Bogdan
Wroc law University of Technology, Poland

Heat kernel of isotropic nonlocal operators

I will discuss joint results with Tomasz Grzywny and Micha l Ryznar [1, 3, 2].
Let d = 1, 2, . . .. Let ν : [0,∞)→ (0,∞] be nonincreasing and denote ν(z) = ν(|z|)
for z ∈ Rd. In particular, ν(z) = ν(−z). We assume that

∫
Rd ν(z)dz =∞ and

∫

Rd

(
|z|2 ∧ 1

)
ν(z)dz <∞.

Summarizing, ν is a strictly positive density function of an isotropic infinite uni-
modal Lévy measure on Rd. In short – ν is unimodal. For x ∈ Rd and u : Rd → R,

Lu(x) := lim
ε→0+

∫

|x−y|>ε
(u(y)− u(x))ν(y − x) dy

= 1
2

∫

Rd

(u(x+ z) + u(x− z)− 2u(x))ν(z) dz.

The limit exists, e.g., for u ∈ C∞c (Rd), the smooth functions with compact sup-
port. Note that L is a non-local symmetric translation-invariant linear operator
on C∞c (Rd) with positive maximum principle. For example, if 0 < α < 2 and

ν(z) =
2αΓ((d+ α)/2)

πd/2|Γ(−α/2)| |z|
−d−α , z ∈ Rd ,

then L is the fractional Laplacian, denoted by ∆α/2. In general, L is the genera-
tor of a Markovian semigroup–the transition semigroup of the isotropic pure-jump
Lévy processes {Xt, t ≥ 0} with the Lévy measure ν. Thus, X is a càdlàg stochas-
tic process with law P, such that X(0) = 0 almost surely, the increments of X are
independent, with radially nonincreasing density function pt(x) on Rd, and the
following Lévy-Khintchine formula holds for ξ ∈ Rd:

Eei〈ξ,Xt〉 =

∫

Rd

ei〈ξ,x〉pt(x)dx = e−tψ(ξ), where ψ(ξ) =

∫

Rd

(1− cos 〈ξ, x〉) ν(dx).

Here E is the integration with respect to P. We note that the Lévy-Khintchine
exponent ψ is radial with the radial profile ψ(θ) = ψ(ξ) for ξ ∈ Rd, |ξ| = θ.

We estimate the heat kernel pD(t, x, y), t > 0, x, y ∈ D, of smooth open sets
D ⊂ Rd for the operator L. Our estimates have a form of explicit factorization
involving the transition density pt(x) of the Lévy process on the whole of Rd, and
the survival probability Px(τD > t), where τD = inf{t > 0 : Xt 6∈ D} is the time of
the first exit of Xt from D. Here x ∈ Rd and Px is the law of x+X. For instance,
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if the radial profile of ψ has the so-called global lower and upper scalings, and D
is a C2 halfspace-like open set, then

pD(t, x, y) ≈ Px(τD > t) p(t, x, y) Py(τD > t), t > 0, x, y ∈ D.

Here,

pt(x) ≈ ψ−1 (1/t)d ∧ t ψ(1/|x|)
|x|d ,

Px(τD > t) ≈ 1 ∨ (ψ(1/δD(x))t)−1/2 ,

and δD(x) = dist(x,Dc). The scaling conditions are understood as follows.1 We
say that ψ satisfies the weak lower scaling condition at infinity (WLSC) if there
are numbers α > 0, θ ≥ 0 and c ∈ (0, 1], such that

ψ(λθ) ≥ cλαψ(θ) for λ ≥ 1, θ > θ.

We write ψ ∈ WLSC(α, θ, c) or ψ ∈ WLSC. If ψ ∈ WLSC(α, 0, c), then we say
that ψ satisfies the global WLSC. The weak upper scaling condition at infinity
(WUSC) means that there are numbers α < 2, θ ≥ 0 and C∈ [1,∞) such that

ψ(λθ) ≤ Cλαψ(θ) for λ ≥ 1, θ > θ.

In short, ψ ∈WUSC(α, θ, C) or ψ ∈WUSC. Global WUSC means WUSC(α, 0, C).
Explicit estimates are also given for bounded smooth sets D, etc.
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1The notation that follows is a bit heavy, but it quantifies monotonicity properties of ψ(λ)/λα.
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Abed Boulouz
Ibn Zohr University, Morocco

On norm continuity, differentiability and compactness of
perturbed semigroups

The object of this talk is to treat regularity, like norm continuity, compact-
ness and differentiability for perturbed semigroups in Banach spaces. In partic-
ular, we investigate three large classes of perturbations, Miyadera-Voigt, Desch-
Schappacher and Staffans-Weiss perturbations. Our approach is mainly based
on feedback theory of Salamon-Weiss systems. Our results are applied to ab-
stract boundary integro-differential equations in Banach spaces.(Joint work with
H. Bounit, A. Driouich and S. Hadd)

References

[1] A. Boulouz, H. Bounit, A. Driouich and S. Hadd, On norm continuity, dif-
ferentiability and compactness of perturbed semigroups, submitted.

[2] S. Hadd, R. Manzo and A. Rhandi, Unbounded perturbations of the Generator
domain, Discrete and Continuous Dynamical Systems, 35 (2015), 703-723.

1

26



Henryk Gacki
University of Silesia, Poland
Roksana Brodnicka
University of Silesia, Poland

Asymptotic stability of the evolutionary Boltzmann - type
equations

Some problems of the mathematical physics can be written as differential equa-
tions for functions with values in the space of measures. The vector space of signed
measures doesn’t have good analytical properties. For example, this space with
the Fortet-Mourier metric is not complete.

There are two methods to overcome this problem. First, we may replace the
original equations by the adjoint ones on the space of continuous bounded func-
tions. Secondly, we may restrict our equations to some complete convex subsets
of the vector space of measures. This approach seems to be quite natural and it is
related to the classical results concerning differential equations on convex subsets
of Banach spaces (see [2]). The convex sets method in studying the Boltzmann
equation was used in a series of papers (see for example : [1, 3, 5, 6, 7]).

The main purpose of our study is to show some application of the Kantorovich-
Rubinstein maximum principle concerning the properties of probability metrics.
Then we show that the Kantorovich-Rubinstein maximum principle combined
with the LaSalle invariance principle used in the theory of dynamical systems
allow us to find new sufficient conditions for the asymptotic stability of solutions
of a same version of the nonlinear Boltzmann-type equation. This equation was
stimulated by the problem of the stability of solutions of the following version of
the Boltzmann equation (see [3])

dψ

dt
+ ψ = P ψ for t ≥ 0 (1)

with the initial condition
ψ (0) = ψ0, (2)

where ψ0 ∈M1(R+) and ψ : R+ →Msig(R+) is an unknown function. Moreover
P is the collision operator acting on the space of probability measures.

We will discuss a equation drawn from the kinetic theory of gases which will
be a generalized version of (1) (see [4]). We will assume that the collision operator
P is a convex combination of N operators P1, ..., PN , where Pk for k ≥ 2 describes
the simultaneous collision of k particles and P1 the influence of external forces.

The same equation which was discussed by Lasota [5]. This stability result was
based on the technique of Zolotarev metrics. Lasota showed that the stationary
solution is exponentially stable in the Zolotarev norm of order 2.
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The basic idea of our method is to apply the Kantorovich-Rubinstein maxi-
mum principle combined with the LaSalle invariance principle. More precisely we
will show that if our equation has a stationary measure µ? such that suppµ? =
R+, then this measure is asymtotically stable with respect to the Kantorovich-
Wasserstein metric.

The open problem related with characterization of the stationary measure µ?
of the equation (1) will end the talk.

Refer to the positions in the reference list as follows: [1], [2].
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Christian Budde
University of Wuppertal, Germany

Extrapolation spaces and Desch–Schappacher
perturbations of bi-continuous semigroups

We construct extrapolation spaces for non-densely defined (weak) Hille–Yosida
operators. In particular, we discuss extrapolation of bi-continuous semigroups.
As an application we present a Desch–Schappacher type perturbation result for
this kind of semigroups. This talk is based on [1] and [2], which are joint works
with B. Farkas.
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Yana Butko (Kinderknecht)
University of Saarland, Germany

Chernoff approximation of evolution semigroups and
beyond.

We present a method to approximate evolution semigroups with the help of the
Chernoff theorem. We discuss different approaches to construct Chernoff approx-
imations for Feller semigroups and Schrödinger groups. In particular, we outline
the techniques based on pseudo-differential operators, shifts, rotation. We show
how to approximate semigroups obtained from some original (known or already
approximated) ones by such procedures as additive and/or multiplicative pertur-
bations of generators, subordination, adding Dirichlet boundary/external condi-
tions (∼ killing of underlying stochastic processes). The described approaches
allow to approximate semigroups generated, e.g., by subordinate Feller diffusions
on star graphs and Riemannian manifolds. Moreover, the constructed Chernoff
approximations for evolution semigroups can be used further to approximate so-
lutions of some time-fractional evolution equations describing anomalous diffusion
(solutions of such equations do not posess the semigroup property).

Many Chernoff approximations lead to representations of solutions of (corre-
sponding) evolution equations in the form of limits of n-fold iterated integrals of
elementary functions when n tends to infinity. Such representations are called
Feynman formulae. They can be used for direct computations, modelling of the
related dynamics, simulation of stochastic processes. Furthermore, the limits in
Feynman formulae sometimes coincide with path integrals with respect to prob-
ability measures (such path integrals are usually called Feynman-Kac formulae)
or with respect to Feynman type pseudomeasures (such integrals are Feynman
path integrals). Therefore, the constructed Feynman formulae can be used to
approximate (or even sometimes to define) the corresponding path integrals; dif-
ferent Feynman formulae for the same semigroup allow to establish connections
between different path integrals. Moreover, in some cases, Feynman formulae pro-
vide Euler–Maruyama schemes for SDEs; some Chernoff approximations can be
understood as a version of the operator splitting method (known in the numerics
of PDEs).
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Evgeniy Bychkov
South Ural State University, Russia

Semilinear Sobolev Type Equations of Higher Order

Of concern is the semilinear Sobolev type equation of higher order with Cauchy
and Showalter-Sidorov initial conditions. A unique solvability of the problem is
proved. We use the ideas and techniques developed by G.A. Sviridyuk for the
investigation of the Cauchy problem for a class of the first order semilinear Sobolev
type equations and by A.A. Zamyshlyaeva for the investigation of the higher order
linear Sobolev type equations. We consider two cases. The first one concerns the
case when an operator A at the highest time derivative is continuously invertible.
In this case for any initial data from the tangent bundle of the original Banach
space there exists a unique solution lying in this space as a trajectory. The second
case, when the operator A is not continuously invertible is of great interest for us.
Here we use the phase space method. It consists in reducing a singular equation to
a regular one which is defined on a subset of the original Banach space consisting
of admissible initial values which is understood as a phase space. Under the
condition of polynomial boundedness of operator pencil in the case where infinity
is a removable singularity of its A-resolvent, a set, which is locally a phase space of
the original equation, is constructed. Abstract results are applied to investigation
of mathematical model of vibration in the DNA molecule and Bussinesq-Löve
mathematical model.
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Waldemar Cieślak
Lublin University of Technology, Poland
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Maria Curie-Sklodowska University, Poland

The Fuss formulas in the Poncelet porism

In this paper we give a proof of Poncelet’s closure theorem for ring domains
using elementary functions and a certain differential equation which has a solution
with suitable geometric properties. We give a necessary and sufficient condition
of existence of a constant solution of the equation which explains the phenomenon
of the Poncelet porism. In the last section we present a method of determination
of the Fuss formulas for an arbitrary natural n. Additionally this method allows
us to find the Fuss formulas for closed n-gons with self-intersections.
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Filippo Dell’Oro
Polytechnic University of Milan, Italy

Decay properties of dissipative systems of linear
thermoelasticity and viscoelasticity

We discuss the stability properties of two dissipative abstract systems, arising
from the theory of linear thermoelasticity and viscoelasticity, respectively. In
particular, we analyze how the asymptotic behaviour of the associated solution
semigroups is influenced by the structural quantities of the problem. These results
have been obtained in collaboration with V. Danese and V. Pata [1, 2].
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Viktor I. Gerasimenko
National Academy of Sciences of Ukraine, Ukraine

On Semigroups of Operators Describing Processes of
Creation and Propagation of Quantum Correlations

The subject of the talk is the analysis of processes of the creation and the
propagation of correlations in large particle quantum systems.

We establish properties of cumulants (semi-invariants) of semigroups of op-
erators of finitely many quantum particles that are the generating operators of
solution expansions for hierarchies of evolution equations, describing the evolu-
tion of quantum correlations, in particular the von Neumann hierarchy for cor-
relation operators [1] and the nonlinear quantum BBGKY (Bogolyubov–Born–
Green–Kirkwood–Yvon) hierarchy for marginal correlation operators [3].

Moreover, we consider a mean field scaling behavior of processes of the creation
of correlations and the propagation of initial correlations in large particle quan-
tum systems. We establish that such processes are governed by the Vlasov-type
quantum kinetic equation with initial correlations [2].
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Jochen Glück

Convergence of Positive Semigroups and Hyper-Bounded
Operators

If (Tt)t∈(0,∞) is a positive and bounded operator semigroup on Lp and if the
essential spectral radius re(Tt) of at least one operator Tt is strictly smaller than
1, a classical theorem of Lotz ensures operator norm convergence of Tt as time
tends to infinity. This is one reason (among many others) why one is interested
in criteria which ensure the property re(T ) < 1 for a positive operator T .

Let (Ω, µ) be a finite measure space and let p ∈ (1,∞). A bounded linear
operator T on Lp := Lp(Ω, µ) is called hyper-bounded if TLp ⊆ Lq for some q > p.
In 2015 L. Miclo [1] showed that a positive and hyper-bounded operator T on L2

fulfils re(T ) < 1 in case that T has spectral radius 1 and is self-adjoint (and fulfils
a few technical assumptions); this solved a long open conjecture of Høegh-Krohn
and Simon.

In this talk we demonstrate that the same theorem remains true under more
general assumptions: a positive and hyper-bounded operator T on Lp which is
merely power-bounded always fulfils re(T ) < 1. Our methods are very different
from Miclo’s; we rely on an ultra power technique, combined with the fact that
Lp and Lq are not isomorphic for p 6= q.
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Gisèle Ruiz Goldstein
University of Memphis, USA

New Results on Instantaneous Blowup in HN

Consider the heat equation

∂u

∂t
= ∆u+ V (x)u

for x ∈ RN with a positive potential V (x). If V is ”too singular”, then this
equation may not have any positive solutions, as was discovered in 1984. We
shall discuss the history of the problem as well as later developments, including
new results obtained in 2017. The Euclidean space RN can be replaced by the
Heisenberg group HN and other Carnot groups, and the heat equation can be
relaced by the Ornstein-Uhlenbeck equation and other related equations. Some
nonlinear results will be mentioned. Scaling plays a critical role.
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The Agmon-Douglis-Nirenberg Problem for Dynamic
Boundary Conditions

Of concern are certain reaction-diffusion systems with total mass bounded in
the L1 norm. The solution of this problem requires new results from the study of
a linear uniformly parabolic heat equation on a bounded domain with dynamic
(or Wentzell) boundary conditions incorporating the Laplace-Beltrami operator.
We prove that the semigroup governing this problem is analytic in the right half
plane in Lp for all p ≥ 1 and for C in the supremum norm. The proof is long and
delicate. This is joint work with Gisele Ruiz Goldstein and Michel Pierre.
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Federica Gregorio
University of Salerno, Italy

Bi-Laplacians on graphs and networks

We study the differential operator A = d4

dx4
acting on a connected network

G along with L2, the square of the discrete Laplacian acting on a connected
combinatorial graph G. For both operators we discuss self-adjointness issues,
well-posedness of the associated linear parabolic problems

df

dt
= −L2f,

∂u

∂t
= −Au,

and extrapolation of the generated semigroups to consistent families of semigroups
on Lp(G) or `p(V), respectively, for 1 ≤ p ≤ ∞. Our most surprising finding
is that, upon allowing the system enough time to reach diffusive regime, the
parabolic equations driven by −A may display Markovian features: analogous
results seem to be unknown even in the classical case of domains. This kind of
analysis is based on a detailed study of bi-harmonic functions complemented by
simple combinatorial arguments; we emphasize the role of boundary conditions in
the vertices of the network, and in turn of the network’s connectivity, in determin-
ing such Markovian properties. We elaborate on analogous issues for the discrete
bi-Laplacian; a characterization of complete graphs in terms of the Markovian
property of the semigroup generated by −L2 is also presented.

Joint work with Delio Mugnolo.
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Asymptotics of the Lebowitz–Rubinow–Rotenberg model
of cell populations development

We consider a mathematical model of cell populations dynamics proposed by
J. Lebowitz and S. Rubinow, and analysed by M. Rotenberg. In the model each
cell is characterized by her maturity and speed of maturation. The growth of
cell populations is described by a partial differential equation with a boundary
condition. More precisely growth of the cells’ population density is governed by
the partial differential equation

∂f

∂t
= −v∂f

∂x
,

where f = f(x, v, t) with t ≥ 0 is the cells’ density at (x, v) at time t. In this model
a cell starts maturing at x = 0 and divides reaching x = 1, and the boundary
condition

vf(0, v, t) = p

∫

V

wk(w, v)f(1, w, t)dw

describes the reproduction rule. Here k satisfies

∫

V

k(w, v)dv = 1

for any w ∈ V , and V 3 v 7→ k(w, v) is the probability density of the daughter’s
maturation velocity conditional on w being the velocity of the mother. Further-
more, it is assumed that p ≥ 0 is the average number of viable daughters per
mitosis.

By applying the Lord Kelvin method of images we give a new proof that the
model is well posed. A semi-explicit formula for the semigroup related to the
model obtained by the method of images allows also two types of new results.
First of all, we give growth order estimates for the semigroup, applicable also
in the case of decaying populations. Secondly, we study asymptotic behavior
of the semigroup in the case of approximately constant population size. More
specifically, we formulate conditions for the asymptotic stability of the semigroup
in the case in which the average number of viable daughters per mitosis equals
one.
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Louisiana State University, USA

Superstability of Semigroups

We discuss semigroups that decay faster than any exponential exp(-ωt). In
particular, we answer a question of A. V. Balakrishnan from 2005 by provid-
ing elementary physical examples of superstability which are not of the type of
extinction-in-finite-time (i.e., not nilpotent). These examples are less artificial (in
the context of semigroup theory) than those given by G. Lumer in 2001/2002 or
by F. Udwadia in 2005.
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Amru Hussein
Technical University of Darmstadt, Germany

Non-self-adjoint graphs

On finite metric graphs Laplace operators subject to general non-self-adjoint
boundary conditions imposed at graph vertices are considered. A regularity crite-
rion is proposed and spectral properties of such regular operators are investigated,
in particular similarity transforms to self-adjoint operators. Concrete examples
are discussed exhibiting that non-self-adjoint boundary conditions can yield to
unexpected spectral features.

The talk is based on joint work [1] with David Krejčǐŕık (Czech Technical
University in Prague) and Petr Siegl (Queen’s University Belfast).
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Tomasz Jakubowski
Wroclaw University of Science and Technology, Poland

Critical negative Schrödinger perturbations of fractional
Laplacian

Let p(t, x, y) be the fundamental solution of the equation

∂tu(t, x) = ∆α/2u(t, x).

I will consider the integral equation

p̃(t, x, y) = p(t, x, y) +

∫ t

0

∫

Rd
p(t− s, x, z)q(z)p̃(s, z, y)dzds,

where q(z) = κ
|z|α and κ is some constant. The function p̃ solving this equation

will be called the Schrödinger perturbations of the function p by q. The case κ > 0
where recently studied in [1]. First, I will briefly present the main results of this
paper. Next, I will focus on the case of negative κ and present the estimates of
the function p̃ for all κ ∈ (−∞, 0).
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The Discrete Unbounded Coagulation-Fragmentation
Equation with Growth, Decay and Sedimentation

We study the discrete coagulation–fragmentation models with growth, decay
and sedimentation. We demonstrate the existence and uniqueness of classical
global solutions to these models using the theory of semigroups of operators.
Theoretical conclusions are supported by numerical simulations. [1], [2].
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Dirichlet’s problem for critical Hamilton-Jacobi fractional
equation

Using an extended approach of Dan Henry, we study solvability of the Dirichlet
problem on a bounded smooth domain for the Hamilton-Jacobi equation with
critical nonlinearity posed in Sobolev spaces:





ut + (−∆)1/2u+H(u,∇u) = 0, t > 0, x ∈ Ω,
u(t, x) = 0, t > 0, x ∈ ∂Ω,

u(0, x) = u0, x ∈ Ω.

We will also discuss the additional regularity and uniqueness of the limiting weak
solution. The talk will be based on joint work with Tomasz Dlotko.
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Relatively uniformly continuous semigroups on vector
lattices

We shall introduce and study the notion of relatively uniformly continuous
semigroups on vector lattices. We will present some basic results for such semi-
groups. In particular, we will see an analogue of the Hille-Yosida Theorem for
relatively uniformly continuous positive semigroups on vector lattices which sat-
isfy a Banach-Steinhaus property and are relatively uniformly complete.

1

46



Bogdan Kaźmierczak
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Existence of solutions in a model of bone pattern
formation

We consider a relatively new model of bone structure formation during mor-
phogenesis based upon a specific interaction between galectin proteins with their
membrane receptors proposed in [1]. This model is governed, in general, by a sys-
tem of parabolic and parabolic-hyperbolic equations. Upon some simplifications,
we use a modification of the Rothe method to prove the existence of solutions.
We also justify partially the approximation of the system by a set of parabolic
equations.
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Algorithms for the Numerical Solution of Optimal Control
Problems for Models of the Leontief Type

The report provides an overview of results of a numerical research of the class
of problems that is considered by the example of optimal control, hard control,
start control and hard starting control for the Leontief type systems. Such sys-
tems arise in modelling of different processes and objects, for example measuring
transducers, economic systems of an enterprise, and dynamics of a cell cycle.
Leontief type system is a finite-dimensional analogue of the Sobolev type equa-
tion therefore our research is based on the methods of the theory of degenerate
groups of operators. The report presents an algorithm for finding of approximate
solutions to a variety of optimal control problems for Leontief type systems with
the Showalter–Sidorov initial condition which is more convenient in numerical re-
search. The proof of the convergence of the approximate solutions to the precise
one is an important result. The issues of improving of the efficiency of numerical
algorithms and their modifications in the numerical study of applications are dis-
cussed. Special attention is given to the numerical algorithms for solving of the
optimal measurement problems which are the problems of restoration of signals
dynamically distorted both by inertia of the measuring device, and resonances in
its circuits. The results of computational experiments are presented.
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Hot spots of quantum graphs

Let (et∆
N
Ω )t≥0 denote the semigroup associated with the Neumann Laplacian

on a bounded Euclidean domain Ω ⊂ Rd. The Hot Spots Conjecture of J. Rauch
asserts that for a “generic” initial condition u0, if xt ∈ Ω is any point at which
u(t, x) := et∆

N
Ω u0(x) reaches is maximum (or minimum), then xt → ∂Ω as t→∞.

In words, the hottest and coldest points of the body Ω should generically move
towards its boundary for large times, if the insulation is perfect. In its most
common formulation, this reduces to proving that maximum and minimum of the
eigenfunction(s) associated with the smallest positive eigenvalue µ2 of −∆N

Ω are
located on the boundary. This conjecture is not true in full generality [2] but is
currently open, for example, for convex domains [1, 3].

In this talk we will examine the corresponding question on metric graphs: if µ2

denotes the smallest positive eigenvalue of the Laplacian with standard (continuity
and Kirchhoff) vertex conditions, we consider the possible distribution of maxima
and minima of eigenfunctions associated with µ2. Among other things, we give
examples to show that the usual notion of “boundary” of a metric graph, namely
the set of vertices of degree one, has limited relevance for determining the “hottest”
and “coldest” parts of a graph.

This is based on ongoing joint work with Jonathan Rohleder (University of
Stockholm), see also [4].
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Joint work with Wilson Lamb and Matthias Langer, University of Strathclyde,
United Kingdom

Discrete Coagulation-Fragmentation Systems

In many situations in nature and industrial processes, clusters of particles can
combine into larger clusters or fragment into smaller clusters. The evolution of
these clusters can be described by differential equations known as coagulation-
fragmentation equations. In the discrete size case it is assumed that the mass of
each cluster is a natural number and a cluster of mass n consists of n identical
units. The main part of the talk will concentrate on the case of pure discrete
fragmentation.

The fragmentation system will be written as an abstract Cauchy problem
(ACP) in a weighted `1 space, with weight (wn)∞n=1. Previous investigations, [1],
[2], have considered the space where the weight is of the form wn = np for some
p ≥ 1. When p = 1 the norm reflects the total mass in the system of clusters and
so this is the most physically relevant space to work in. However, we have also
found it useful to examine the system in weighted `1 spaces with more general
weights. In particular, for any fragmentation rates, we can always find a weighted
`1 space such that there exists an analytic semigroup related to the fragmentation
ACP. This result is obtained using perturbation results, which cannot be applied
when the weight is of the form wn = n. Using this analytic semigroup, and a
Sobolev tower construction, we examine the existence and uniqueness of solutions
to the fragmentation system.

The full coagulation-fragmentation system, where the coagulation coefficients
may be time-dependent, may also be briefly examined.
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A new approach to the Lp theory of −∆ + b · ∇ and its
application to Feller processes with general drifts

I will discuss joint results with Yu. A. Semenov (Toronto). In Rd, d > 3,
consider the following classes of vector fields:

(1) We say that a b : Rd → Cd belongs to the Kato class Kd+1
δ , and write

b ∈ Kd+1
δ , if |b| ∈ L1

loc and there exists λ = λδ > 0 such that

‖b(λ−∆)−
1
2‖1→1 6 δ.

(2) We say that a b : Rd → Cd belongs to Fδ, the class of form-bounded vector
fields, and write b ∈ Fδ, if |b| ∈ L2

loc and there exists λ = λδ > 0 such that

‖b(λ−∆)−
1
2‖2→2 6

√
δ.

(3) We say that a b : Rd → Cd belongs to F
1
2
δ , the class of weakly form-bounded

vector fields, and write b ∈ F1/2

δ , if |b| ∈ L1
loc and there exists λ = λδ > 0 such that

‖|b| 12 (λ−∆)−
1
4‖2→2 6

√
δ.

The classes Fδ, Kd+1
δ cover singularities of b of critical order, at isolated points

or along hypersurfaces, respectively. Both classes have been thoroughly studied in
the literature: after 1996, the Kato class Kd+1

δ , with δ > 0 sufficiently small (yet
allowed to be non-zero), has been recognized as ‘the right’ class for the Gaussian
upper and lower bounds on the fundamental solution of ∂t−∆+b·∇ which, in turn,
allow to construct an associated Feller semigroup (in Cb). The class Fδ, δ < 4, is
responsible for dissipativity of ∆−b ·∇ in Lp, p > 2

2−
√
δ
, needed to run an iterative

procedure taking p → ∞ (assuming additionally δ < min{4/(d − 2)2, 1}), which
produces an associated Feller semigroup in C∞; see [1] for details. We emphasize
that, in general, the Gaussian bounds are not valid if |b| ∈ Ld (( F0 :=

⋂
δ>0 Fδ),

while b ∈ Kd+1
0 (:=

⋂
δ>0 Kd+1

δ ), in general, destroys Lp-dissipativity.

The class F1/2

δ contains both classes Fδ and Kd+1
δ :

Kd+1
δ ( F1/2

δ , Fδ1 ( F1/2

δ for δ =
√
δ1,

(
b ∈ Fδ1

and f ∈ Kd+1
δ2

)
=⇒

(
b+ f ∈ F1/2

δ ,
√
δ = 4
√
δ1 +

√
δ2

)

To deal with such general class of vector fields we will use ideas of E. Hille and
J. Lions (alternatively, ideas of E. Hille and H.F. Trotter) to construct the gener-
ator −Λ ≡ −Λ(b) (an operator realization of ∆− b · ∇) of a quasi bounded holo-
morphic semigroup in L2. This operator has some remarkable properties. Namely,
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[Lp + L∞]d (p > d)

[Ld + L∞]d

F0

Fδ2

[Ld,∞ + L∞]d

Kd+1
δ

Kd+1
0

F1/2

δ

OO

OO

OO

∗

ddHHHHHHHHHHHHHHH

::vvvvvvvvvvvvvv
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General classes of vector fields b : Rd → Rd studied in the literature in connection with operator
−∆ + b · ∇. Here → stands for strict inclusion, and

∗→ reads “if b = b1 + b2 ∈ [Ld,∞ + L∞]d,
then b ∈ Fδ2 with δ > 0 determined by the value of the Ld,∞-norm of |b1|,

ρ(−Λ) ⊃ O := {ζ | Re ζ > λ}, and, for every ζ ∈ O,

(ζ + Λ)−1 =J3
ζ (1 +H∗ζSζ))

−1Jζ

=J4
ζ − J3

ζH
∗
ζ (1 + SζH

∗
ζ )−1SζJζ ;

‖H∗ζSζ‖ ≤δ, ‖(ζ + Λ)−1‖2→2 ≤ |ζ|−1(1− δ)−1;

‖e−tΛr‖r→q ≤c etλt−
d
2

( 1
r
− 1

q
), 2 ≤ r < q ≤ ∞;

where Jζ := (ζ −∆)−
1
4 , Hζ := |b| 12Jζ̄ , S := b

1
2 · ∇J3

ζ , b
1
2 := |b|− 1

2 b.
As in the case b ∈ Fδ, it is reasonable to expect that there exists a strong

dependence between the value of δ (effectively playing the role of a “coupling
constant” for b · ∇) and smoothness of the solutions to the equation (ζ + Λr)u =
f, ζ ∈ ρ(−Λr), f ∈ Lr (−Λr ≡ −Λr(b) is an operator realization of ∆ − b · ∇).
Such a dependence does exist. Set

md := π
1
2 (2e)−

1
2d

d
2 (d− 1)−

d−1
2 , κd :=

d

d− 1
, r∓ :=

2

1±
√

1−mdδ
.

It will be established that if b ∈ F1/2

δ and mdδ < 1, then (e−tΛr(b), r ∈ [2,∞[)
extends by continuity to a quasi bounded C0 semigroup in Lr for all r ∈]r−,∞[. For
every r ∈ Is :=]r−, r+[, the semigroup is holomorphic, the resolvent set ρ(−Λr(b))
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contains the half-plane O := {ζ ∈ C | Re ζ > κdλδ}, and the resolvent admits the
representation

(ζ + Λr(b))
−1 = (ζ −∆)−1 −Qr(1 + Tr)

−1Gr, ζ ∈ O, (?)

where Qr, Gr, Tr are bounded linear operators on Lr; D(Λr(b)) ⊂ W 1+ 1
q
,r (q > r).

In particular, for mdδ < 4 d−2
(d−1)2

, there exists r ∈ Is, r > d − 1, such that

(ζ + Λr(b))
−1Lr ⊂ C0,γ, γ < 1− d−1

r
.

The results above yield the following: Let b ∈ F1/2

δ for some δ such that
mdδ < 4 d−2

(d−1)2
. Let {bn} be any sequence of bounded smooth vector fields, such

that bn → b strongly in L1
loc, and, for a given ε > 0 and some δ1 ∈]δ, δ + ε],

{bn} ⊂ F1/2

δ1
. Then

s-C∞- lim
n↑∞

e−tΛC∞ (bn) (??)

exists uniformly in t ∈ [0, 1], and hence determines a Feller semigroup e−tΛC∞ (b).
The results (?), (??) can be obtained via direct investigation in Lr of the

operator-valued function Θr(ζ, b) defined by the right hand side of (??) with-
out appealing to L2 theory (but again appealing to the ideas of E. Hille and
H. F. Trotter). See [1] for details.
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Jan Kisy«ski

Petrovsky condition for forward evolution and semigroups

About ten years ago suddenly I get infected by interest in theory of distribu-
tions, especially in rapidly decreasing distributions on Rn whose set is denoted by
O′
C(Rn). During these ten years I proved the following:

O′
C(Rn)∗S(Rn) ⊂ L(S(Rn), S(Rn)),

so that O′
C(Rn) can be equipped with topology op induced from L(S(Rn), S(Rn))b.

The locally convex space (O′
C(Rn), op) is complete. The Fourier transformation

yields an isomorphism of locally convex spaces (O′
C(Rn), op) and OM(Rn) such

that F (O′
C(Rn)∗S ′(Rn)) = F (O′

C(Rn)) • F (S ′(Rn)). Thanks to the fact that
OM(Rn) is algebra of multipliers of S(Rn) the last isomorphism implies at once
that for (O′

C(Rn), op) the fundamental Theorem XV from Chapter VII of the
book of L.Schwartz is true. The topology β in O′

C(Rn), invented originally by
L.Schwartz, is strictly �ner than the topology op, so that (O′

C(Rn), β) is not
isomorphic with OM(Rn). The aforementioned relation between the Petrovsky
condition for forward evolution and one-parameter convolution semigroups (in
O′
C(Rn) and in S ′(Rn)) has secondary importance, but agrees with scope of the

conference.
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A model for random fire induced tree-grass coexistence in
savannas

Tree-grass coexistence in savanna ecosystems depends strongly on environ-
mental disturbances out of which crucial is fire. Most modeling attempts in the
literature lack stochastic approach to fire occurrences which is essential to reflect
their unpredictability. Existing models that actually include stochasticity of fire
are usually analyzed only numerically. We introduce a new minimalistic model
of tree-grass coexistence where fires occur according to a stochastic process. We
use the tools of the stochastic semigroup theory to provide a more careful math-
ematical analysis of the model. Essentially we show that there exists a unique
stationary distribution of tree and grass biomasses.
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Long-time behaviour of some Markov processes

Let

Lf(x) =

∫

Rd

(
f(x+ u)− f(x)−∇f(x) · u1|u|≤1

)
ν(x, du), (1)

where ν(x, du) is a Lévy type kernel. Suppose that (L,C2
∞(Rd)) extends to a

generator of a Feller semigroup (Pt)t≥0. Denote by X the respective Markov
process.

We investigate the sufficient conditions of the recurrence and transience of X.
For this we employ the Forster-Lyapunov criterion.

This work is partly motivated by the recent paper of N. Sandrić [1].
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On a model of the ideal heat exchanger and its relation to
the telegrapher’s equations

We examine a model of the ideal heat exchanger. In the ideal heat exchanger
we have two one-dimensional objects (bars or columns of liquid in pipes) of lengths
a and b, respectively. The linear heat capacities of the objects are p and q, re-
spectively. The heat is not transferred along the objects. It is only transferred
between the objects and the linear thermal conductivity is α (the case α → ∞
is especially interesting). The objects are moving and one passes along another

with the constant velocity 1. Let f̃ : [0, a] → R and g̃ : [0, b] → R be continu-
ous functions representing the initial temperature distribution along the objects.
We examine the time evolution of the temperature distribution. Our model is
described by the following system of equations:

∂fα(x, t)

∂t
=

{
α
p
· (gα(t− x, t)− fα(x, t)) if x ∈ [0, a] and t− x ∈ (0, b)

0 if x ∈ [0, a] and t− x /∈ [0, b]

∂gα(x, t)

∂t
=

{
α
q
· (fα(t− x, t)− gα(x, t)) if x ∈ [0, b] and t− x ∈ (0, a)

0 if x ∈ [0, b] and t− x /∈ [0, a]

where fα : [0, a] × R+ → R and gα : [0, b] × R+ → R and the initial conditions

are fα(x, 0) = f̃(x) and gα(x, 0) = g̃(x). The above system is not autonomous
and it does not determine any semigroup. However, it is closely related to the
telegrapher’s equations (which can be seen after changing the variables), but its

behaviour is different. For example, despite the continuity of f̃ and g̃, the limits
of fα and gα for α→∞ do not need to be continuous.

1

57



Jurij Kozicki
Maria Curie-Sk lodowska University, Poland

Infinite populations of interacting entities as complex
systems: multi-scale Markov dynamics

In many applications, one deals with systems of entities characterized by a
trait x belonging to a topological space X. It is believed that a given entity with
trait x interacts mostly (even entirely) with those entities whose traits belong to
a neighborhood of x. Such interactions form the local structure of the system.
The main aim of the talk is to explain how the local structure determines the
global behavior of the whole infinite system. In particular, this applies to the
Markov evolution of the system’s states defined as probability measures on the
corresponding configuration spaces. In view of the mentioned complexity, this
evolution is considered in different scales that opens the possibility to get a deeper
insight into its properties. This approach will be demonstrated in a number of
models.
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On perturbing the domain of certain generators

Basing on the approach of Greiner (1987), Salomon (1987), Weiss (1994), and
Staffans (2005), Adler-Bombieri-Engel (2014) and Hadd-Manzo-Rhandi (2015)
obtained very general abstract results on the well-posedness of perturbed Cauchy
problems. Using these results we will study first and second order differential
operators with variable coefficients and general boundary conditions acting on
spaces of Lp-functions defined on a finite union of intervals. We will present
conditions on the coefficients and the domain which assure the generation of a
C0-semigroup and hence well-posedness of the corresponding Cauchy problem.

The talk is based on joint work with Klaus-Jochen Engel (L’Aquila).
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Weighted Koopman semigroups and their applications

Cocycles over flows arise naturally in many situations, e.g., in the context
of evolution families or in smooth ergodic theory. Such cocycles induce strongly
continuous weighted Koopman semigroups. In this talk we give abstract charac-
terizations of such semigroups and discuss their properties.
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Josef Kreulich

On Compactifications of bounded C0-semigroups

In this study, we refine the compactification presented by Witz [1] for general
semigroups to the case of bounded C0-semigroups, involving adjoint theory for
this class of operators. This approach considerably reduces the operator space
where the compactification is constructed. Additionally, this approach leads to
a decomposition of X� and to an extension of ergodic results to dual semigroups.

Keywords: recurrent vectors, flight vectors, almost automorphic vectors
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Bifurcation at infinity for elliptic problems on RN

In the talk the asymptotic bifurcation of solutions to a parameterized station-
ary semilinear Schrödinger equation involving a potential of the Kato-Rellich type
will be discussed. It will be shown that the bifurcation from infinity occurs if the
parameter is an eigenvalue of the hamiltonian lying below the asymptotic bottom
of the bounded part of the potential. Thus the bifurcating solution are related
to bound states of the corresponding Schrödinger equation. The argument relies
on the careful study of the properties of the underlying operator and on the use
of the (generalized) Conley index due to Rybakowski and resonance assumptions
of the Landesman-Lazer or sign-condition type. This is a research joint with A.
Ćwiszewski.
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Diffusion with nonlocal Dirichlet boundary conditions on
unbounded domains.

In [1], we have considered second order strictly elliptic operators of the form

Au =
d∑

i,j=1

aij∂i∂ju+
d∑

j=1

bj∂ju

on a bounded, Dirichlet regular set Ω ⊂ Rd. These operators were complemented
by nonlocal Dirichelet boundary conditions:

u(z) =

∫

Ω

u(x)µ(z, dx), z ∈ ∂Ω.

These boundary conditions have a clear probabilistic interpretation. When a
particle, diffusing according to the operator A, hits the boundary in a point z, it
jumps instantly back to the interior. The position it jumps to is chosen according
to the distribution µ(z, ·). In [1] we were able to prove that a realization of this
operator generates a semigroup on the space C(Ω). It should be noted that this
semigroup is an analytic semigroup, butnot strongly continuous.

In this talk we will present an extension of this result where we allow Ω to be
an unbounded set and the coefficients of the operator A to be unbounded near
infinity. It should be noted that the semigroup generated by such an operator
can no longer be expected to be analytic, so that the rich theory of analytic
semigroups is no longer at our disposal to compensate for the lack of strong
continuity. Instead, we present an approach based on approximation, where we
approximate the unbounded domain Ω with bounded domains Ωn. We will also
discuss additional properties of the semigroup such as the strong Feller property
and asymptotic behavior.
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Generators, martingale problems, and stochastic equations

A natural way of specifying a Markov process is by defining its generator.
Classically, one then shows that the generator, or some natural extension, is the
generator of a positive, contraction semigroup which determines the transition
function of the Markov process which must satisfy the Kolmogorov forward and
backward equations.

Standard semigroup identities and the relationship between the process and
the semigroup also imply that the process has certain martingale properties which
are the basis for the classical identity known as Dynkin’s identity. In work on diffu-
sions, Stroock and Varadhan, exploiting these properties, formulated a martingale
problem as an approach to uniquely determining the process corresponding to the
generator.

For many processes, in particular diffusions, the process can also be determined
as a solution of a stochastic equation. Very generally, the forward equation, the
martingale problem, and, if one exists, the corresponding stochastic equation,
are equivalent in the sense that a solution of one corresponds to solutions of the
others. In particular, uniqueness of one implies uniqueness of the other.

The formulation of the three problems becomes more complicated in the case
of constrained Markov processes (for example, reflecting diffusions). Associating
a constrained martingale problem with a certain controlled martingale problem
in a sense reduces the problem of equivalence of the three approaches to speci-
fying the process to the unconstrained case. The forward equations, martingale
problems, and (in examples) stochastic equations will be formulated and proof of
their equivalence outlined.
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Continuity and boundness of stochastic convolutions

We deal with the stochastic convolutions of two types. The first type are the
convolutions of the form

∫ t

0

P (t− s)dX(s), t ≥ 0

were P (t), t ≥ 0 is a continous semigroup of operators in a Hilbert space H and
X(t), t ≥ 0 is a square integrable martingale with values in H.
The second type are convolutions of the form

∫ t

0

Z(t− s)dX(s), t ≥ 0

where Z(t), t ≥ 0 is a real continuous process on R+ with Z(0) = 0 and X is a
X(t), t ≥ 0 is a real square integrable martingale independent of Z. In particular
we consider the case in which Z is a deterministic function.

In the both cases we are interested when the convolutions are continuous (or
locally bounded) processes. We present some known results as well much more of
open questions.
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Wilson Lamb
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Discrete Fragmentation Equations

The process of fragmentation arises in many physical situations, including
depolymerisation, droplet break-up and rock fracture. In some cases, it is possible
to model processes of this type using a discrete size variable. For example, if the
fragmenting objects, such as polymers, can be interpreted as clusters composed
of identical fundamental units (e.g. monomers), then clusters of size n (n-mers)
are those which consist of n fundamental units. Under suitable assumptions, the
evolution of the number concentration of clusters of all positive integer sizes can
be described by an infinite linear system of ordinary differential equations. In the
first part of this talk, it will be shown that the associated initial-value problem for
this infinite-dimensional system can be expressed as an abstract Cauchy problem,
posed in a physically relevant Banach space. Routine application of a result
on stochastic semigroups by Thieme and Voigt then leads to the existence and
uniqueness of classical solutions.

Although it is usual to assume that the fragmentation process conserves the
total mass of all clusters, there are examples, such as bond annihilation, in which
mass loss can arise in a natural manner. The second part of the talk is based on
joint work [1] with Louise Smith, Matthias Langer and Adam McBride (University
of Strathclyde), and focusses on a simple model of random bond annihilation for
which it is possible to establish that the associated fragmentation semigroup is
analytic. This model will also be used to highlight the problem of non-uniqueness
of pointwise solutions to fragmentation systems. In particular, it will be shown
that there is an explicit, non-trivial, solution that satisfies homogeneneous initial
conditions in a pointwise manner. This apparent paradox will be explained in a
satisfactory manner by using the theory of Sobolev towers.

If time permits, some brief comments will also be made on the benefits of
having an analytic fragmentation semigroup when dealing with related, semilinear
coagulation-fragmentation equations.
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Implicit Fokker-Planck Equations: Non-commutative
Convolution of Probability Distributions

Feller’s operator representation of a single homogenous Markov transition func-
tion intertwined by the Chapman Kolmogorov equation is by virtue of the Feller
convolution. This convolution is a single state construct and fails to deal with
a pair of homogenous Markov transition functions intertwined by an extended
Chapman Kolmogorov equation with distinct state spaces. Extended Chapman
Kolmogorov equation with distinct state spaces naturally arise in the pair of
pseudo Poisson processes of [2, §2] where the distinct state spaces were discrete.
The distinctness of the state spaces renders Feller’s notion of a simple condi-
tional distribution (mixture) [1, Definition (9.3), V.9] inadequate in describing
such pairs. Therefore we introduce a new type of stochastic kernel.

This talk introduces a non-commutative generalization of the Feller convo-
lution in the form of the product of a convolution algebra of admissible homo-
morphisms to deal with Markov transition functions that arise in the setting of
distinct state spaces. This new framework of ‘quaternion’-valued admissible homo-
morphisms on a product test space (i) provides a mathematical interpretation of
what Feller created by intuition and (ii) shows that the Fokker-Planck equation
for distinct two-state space homogenous processes intertwined by an extended
Chapman-Kolmogorov equation is a particular case of an implicit B-evolution
equation of empathy theory. Thus, the framework of admissible homomorphisms
extends the classical framework of probability distributions.
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Self-organization with small range interactions: Creation
of bipolarity

We deal with a kinetic equation that may describe the self–organization of
various complex systems. We consider the variable interacting rate with small
support. This corresponds to interactions of the test entity (individual) with a
given internal state only with entities having closed states. We establish all possi-
ble equilibrium states and observe the possibility of creation of bipolar (bimodal)
distribution that is able to capture interesting behavior in modeling systems, e.g.
in political sciences.
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Heat kernels for subordinators

We study transition densities of subordinators that is Lévy processes in R
starting from 0 with non-decreasing paths. We obtain asymptotic behaviour un-
der lower scaling condition at infinity on the second derivative of the Laplace
exponent. Furthermore, we present upper and lower bounds for their density.
Sharp estimates are provided if additional upper scaling condition on the Laplace
exponent is imposed.
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From traveling and standing fronts on the curved surfaces
to pattern formation

We analyze heteroclinic traveling waves propagating on two dimensional man-
ifolds to show that the modification of the inherent front velocity, in the limit of
diffusion tending to zero, is proportional to the geodesic curvature of the front
line. As a result, on concave surfaces, stable standing fronts can be formed on
lines of constant geodesic curvature. These lines minimize the geometric func-
tional describing the system’s energy, consisting of terms proportional to front
line-length and to the inclosed surface area. Front pinning at portions of surface
with the negative Gaussian curvature provides a mechanism of pattern formation
that connects intrinsic surface geometry with the arising pattern, previously char-
acterized by us in 3D case [1]. By considering a system of equations modeling
boundary-volume interaction, we show that polarization of the boundary may in-
duce polarization inside the volume. Finally, we provide a link between dynamics
of traveling fronts and quantum vortices in superfluids [2], allowing to demonstrate
existence of three families of self-similar solutions for front line motion.
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On systems of parabolic equations with unbounded
coefficients (Part I)

In my talk I will consider systems of parabolic equations coupled up to the
first order. The coefficients of the equations will be assumed to be defined in
the whole Rd (d ≥ 1) and to be possibly unbounded. After a motivation for the
study of such systems, I will present some recent results. In particular, I will
address the well posedness of the associated Cauchy problem when the initial
datum belongs to the space of bounded and continuous functions or to the usual
Lp-spaces. Some remarkable properties of the solution of such a Cauchy problem
in these two settings of functions, will be also discussed.
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Nonlinear semigroups in hydrodynamics and their
perturbations. Micropolar meets Newtonian.

We consider the Rayleigh–Bénard problem for two-dimensional Boussinesq
systems, for the micropolar fluid and the Navier–Stokes model, respectively. The
former model can be regarded as a perturbation of the latter which can be ex-
pressed in terms of the associated semigroups.

Our main goal is to compare three important physical characteristics for the
both problems, namely, the values of the critical Rayleigh numbers, estimates of
the Nusselt numbers and the fractal dimensions of global attractors.

Our estimates reveal the stabilizing effects of micropolarity in comparison with
the homogeneous Navier–Stokes fluid.

References:

P. Kalita, J. A. Langa, G.  Lukaszewicz, Micropolar meets Newtonian. The
Rayleigh–Bénard problem, to appear.

1

72



Natalia Manakova
South Ural State University, Russia

Optimal Control Problem for the Sobolev Type Equations

A lot of initial-boundary value problems for the equations and the systems
of equations not resolved with respect to time derivative are considered in the
framework of abstract Sobolev type equations

L
.
x= Mx+Bu+ y, kerL 6= {0}, (1)

and
L

.
x +Mx+N(x) = u, kerL 6= {0}, (2)

that make up the vast field of non-classical equations of mathematical physics.
The Cauchy problem

x(0)− x0 = 0 (3)

for degenerate equations (1) or (2) is unsolvable for arbitrary initial values. We
consider the Showalter – Sidorov problem

L(x(0)− x0) = 0 (4)

for semi-linear equation (2) and the initial-final problem

Pin(x(0)− x0) = 0, Pfin(x(0)− x0) = 0 (5)

for linear equation (1), which is a natural generalization of the Cauchy problem.
Generally, the processes applied in mechanics, engineering and production are

controllable, therefore, within respective applied problems it is usually essential
to control the external actions efficient enough to achieve required results in such
processes. Despite the fact that the research field of optimal control problems
for distributed systems is rather large, the solutions control matters for confluent
semi-linear and linear equations, unresolved for derivative with time, are studied
insufficiently. The optimal control problem

J(x, u)→ inf (6)

for a Sobolev type equation was first considered by G.A. Sviridyuk and A.A. Efre-
mov. This research provided the basis for a branch of optimal control studies
referring to linear and semi-linear Sobolev type equations.

This talk introduces a sufficient conditions for the existence of a solution of the
optimal control problems for linear and semi-linear Sobolev type equations. The
theory is based on the phase space method. The developed scheme of a numerical
method allows one to find an approximate solution to optimal control problems
for considered models. On the basis of abstract results the existence of optimal
control of processes of filtration and deformation are obtained.
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On the Harmonic Extension Approach to Fractional Powers
of Linear Operators

In [2] the authors attracted a lot of attention when describing the action of
the fractional Laplacian (−∆)α, α ∈ (0, 1), on f ∈ L2(Rn) using a solution u of
the ODE

u′′ +
1− 2α

t
u′ = −∆u

in L2(Rn). One has u(0) = f which is why one can consider u as an extension of
f and especially in the case of the Laplacian one may interpret u as a harmonic
function in "Rn+2−2α". Until now many other authors ([1, 3, 4]) contributed by
discussing the approach for general sectorial operators A instead of −∆. Still
it is an open problem whether the approach works for all sectorial operators and
whether the above introduced solution is actually unique. The talk aims for giving
some partial results on these questions.
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Existence of invariant densities for conservative linear
kinetic equations on the torus without spectral gaps

This work is the continuation of a general theory, given in J. Funct. Anal, 266
(11) (2014), on time asymptotics of conservative linear kinetic equations on the
torus exhibiting a spectral gap. We consider neutron transport-like equations on
L1(T n × V ) (n > 1) where T n := Rn/(Z)n is the n-dimensional torus under the
conservativity assumption σ(x, v) =

∫
V
k(x, v′, v)µ(dv′) where σ is the collision

frequency and k is the scattering kernel while µ is a velocity Radon measure on
Rn with support V. The ”collisionless” equation on T n × V is governed by a
weighted shift C0-semigroup (U(t))t≥0 whose type (or growth bound) ω(U) < 0 if
and only if there exist C1 > 0 and C2 > 0 such that

∫ C1

0

σ(x+ sv, v)ds > C2 a.e. on T n × V. (1)

The full dynamics is governed by a stochastic (i.e. mass-preserving on the positive
cone) C0-semigroup (W (t))t≥0. Under very general assumptions, (U(t))t≥0 and
(W (t))t≥0 have the same essential type ωess(W ) = ωess(U). In particular, under
(1) ωess(W ) < 0 = ω(W ) i.e. (W (t))t≥0 exhibits a spectral gap and 0 is an isolated
eigenvalue of T + K with finite algebraic multiplicity. In particular (W (t))t≥0
tends exponentially to the spectral projection associated to the 0 eigenvalue of
the generator. The object of the present work is to consider the critical case
ω(U) = 0, i.e. when σ(., .) vanishes on some characteristic curve. In this case,
(W (t))t≥0 has not a spectral gap. We provide general tools to study the existence
of an invariant density.
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Relative operator bounds for positive operators in ordered
Banach spaces and related topics

It is known that if A : D(A) ⊂ X → X is a semibounded (say bounded
from above) self-adjoint operator in a Hilbert space X and if S : D(A) → X is
A-bounded then the relative A-bound of S is equal to

lim
λ→∞

∥∥S(λ− A)−1
∥∥
L(X)

.

(This result which is still true when A is just α-dissipative is no longer true outside
the realm of Hilbert spaces.) We show that this result remains true in real ordered
Banach spaces X whose duality map is uniformly monotone on the positive cone
(this covers Lp spaces with p ≥ 2) if A generates a positive C0-semigroup on X
and S is positive, i.e. S : D(A) ∩ X+ → X+. This result turns out to be a
consequence of ”contractivity on the positive cone” of I − C for certain positive
contractions C. Related results on ergodic projections are also given.

Ref: Contractivity results in ordered spaces. Applications to relative operator
bounds and projections with norm one. Math. Nachr, 290 (2016).
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Uni-asymptotic linear systems

We consider abstract systems of the form {Us}s∈S, where Us : X −→ X are
bounded linear operators in a norm space X, and S is an arbitrary set. Such a
system can be treated, e.g., as formal form of a dynamical system, describing a
certain real process as follows: S represents the set of “admissible moments of
time”, X — the set of “admissible states”, and if the initial state of the process
is x ∈ X, then Usx is the state of the process at the time moment s ∈ S.

Our goal is to analyze such systems {Us}s∈S, that all their non-trivial trajec-
tories {Usx}s∈S (with x 6= 0) “have the same norm-asymptotic behavior” — we
call them uni-asymptotic. On the other hand, {Us}s∈S is tight, when the operator
norm and the minimal modulus of Us “have the same asymptotic behavior”.

We prove that uni-asymptoticity is equivalent to tightness if dimX < +∞.
We also prove that the finite dimension is essential above. Some other conditions
equivalent to uni-asymptoticity are provided, including asymptotic formulae for
the operator norm and for the trajectories, expressed in terms of determinants
detUs.
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Comparison principles for parabolic equations and
applications to PDEs on networks

If a semi-bounded and symmetric but not essentially self-adjoint operator
drives a PDE and boundary conditions have to be imposed and the corresponding
solutions can often be compared: an efficient variational principle due to Ouhabaz
shows e.g. that the solution to the heat equation with Neumann conditions dom-
inates pointwise and for all times the solution of the heat equation with Dirichlet
conditions and same initial data; whereas no such domination can hold if diffusion
equations driven by two different elliptic operators under, say, Neumann b.c. are
considered.

In this talk I am going to discuss how domination theory can be extended
to study domination patterns that only hold on long time scales: I will present
(purely spectral!) criteria that imply either “eventual domination” or “interwo-
ven behavior” of orbits of semigroups. Our main application will be given by heat
equations on networks: recently obtained results on spectral geometry for quan-
tum graphs turn out to deliver prime examples where such criteria are satisfied.

This is joint work with Gregory Berkolaiko, Jochen Glück, James Kennedy,
and Pavel Kurasov.
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Käıs Ammari
University of Monastir, Tunisia
Serge Nicaise
University of Valenciennes, France

Dispersive effects for the Schrödinger equation on graphs

We consider the free Schrödinger equation on graphs with at least one infi-
nite edge. We first describe explictly the kernel of the resolvent operator with
an appropriate decomposition corresponding to the discrete spectrum and the
continuous one. Then we give sufficient conditions that allow to apply the limit
absorbation principle and deduce the resolvent of the identity. Then with an ad-
ditional assumption and using van der Corput Lemma, the time decay estimates
L1 → L∞ in |t|−1/2 is proved.
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Nonuniform Stability Properties of Coupled Systems

Recent research has demonstrated that polynomial and nonuniform stability
of semigroups appear frequently in the study of coupled systems of linear partial
differential equations. This is especially the case when PDEs of mixed types are
coupled through a shared boundary [3] or inside a common spatial domain [1].

In this presentation we consider a selection of such PDE systems and discuss
how many of them can be viewed as particular cases of composite systems consist-
ing of an unstable and a stable abstract linear differential equation. As our main
results we present new general conditions for proving the polynomial or nonuni-
form stability of coupled PDE systems in this abstract setting [2]. The results
are motivated by and primarily applicable for coupled PDEs on one-dimensional
or geometrically simple spatial domains. We also discuss the degrees of stability
given by the abstract results compared to those obtained by direct approaches.
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Approximation of fractional differential equations in
Banach spaces

In this talk, we present our research on convergence of difference schemes for
fractional differential equations. Using implicit difference scheme and explicit
difference scheme, we have a deal with the full discretization (in space and in
time) of the solutions of fractional differential equations in Banach spaces. A lot
of papers were devoted to the discretization of C0-semigroups in traditional way.
Recently, we considered the discrete approximation of integrated semigroups [1],
where the order of convergence was obtained using ill-posed problems theory.
In this talk we continue our investigations [2] on discretization of differential
equations of fractional order 0 < α < 1 in Banach spaces and get the optimal
[3] order of convergence O(ταn ).

We develop such approach and consider approximation of semilinear equations
in the form

Dαu(t) = Au(t) + f(u(t)), u(0) = u0,

where Dαu(t) is a fractional derivative of u(t) in Caputo sense and function f(·)
is smooth enough. The approximation of such problems is based on the principle
of compact approximation.
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Hard-spheres linear kinetic theories

One of the important features of any kinetic theory is to provide theoretical pre-
dictions of transport coefficients. From the mathematical point of view, this
problem is intrinsically related to the study of the spectrum of the corresponding
linearized kinetic equation (linearized about an absolute maxwellian). Knowledge
of the spectrum of the linearized Boltzmann operator is rather complete. This is
not the case for the hard-spheres linear kinetic theory based on the revised Enskog
equation. I will discuss the spectrum of the linearized revised Enskog operator,
including the connections to hydrodynamic descriptions of a fluid.
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The graph structure impact on a singular limit of the
generalized network transport

In the talk we present the family of perturbed transport problems in which
a domain consists of countable intervals coupled by transition conditions at the
ends. Using the theory of convergence of sequences of semigroups, we present
different convergence results in the case of velocities of transport that accelerates
to infinity being balanced by certain conditions at the boundary. We compare
the structure of graph in primal problems with the properties of a network of the
limit solution.
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Weighted Hardy’s inequalities and Kolmogorov-type
operators

We give general conditions to state the weighted Hardy inequality

c

∫

RN

ϕ2

|x|2dµ ≤
∫

RN

|∇ϕ|2dµ+ C

∫

RN

ϕ2dµ, ϕ ∈ C∞c (RN), c ≤ c0,µ,

with respect to a probability measure dµ. Moreover, the optimality of the constant
c0,µ is given. The inequality is related to the following Kolmogorov equation
perturbed by a singular potential

Lu+ V u =

(
∆u+

∇µ
µ
· ∇u

)
+

c

|x|2u

for which the existence of positive solutions to the corresponding parabolic prob-
lem can be investigated. The hypotheses on dµ allow the drift term to be of type
∇µ
µ

= −|x|m−2x with m > 0.

Joint work with A. Canale, F. Gregorio and C. Tacelli.
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Time asymptotics of structured populations with diffusion

In this talk we will study the following size-structured population model [1]

∂tu(t, s) + ∂s(γ(s)u(t, s)) = ∂s(d(s)∂s(u(t, s))) − µ(s)u(t, s)
+

∫ m
0
β(s, y)u(t, y)dy,

for s ∈ [0,m] and m < ∞. We consider some Feller boundary conditions and
we verify that the problem is well-posed in the sense of the semigroups theory
in L1(0,m)× R2. With Hopf maximum principle we prove that the semigroup is
irreducible. Using weak compactness arguments, we show first a stability result
of the essential type then deduce that the semigroup has a spectral gap and
consequently the asynchronous exponential growth property. Finally [2] we show
how to extend this theory to models with arbitrary sizes and give a theoretical
condition to get the asynchronous behavior.
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On the micro-to-macro limit for 1D scalar conservation
laws

We provide an overview of results on the derivation of 1D scalar conservation
laws via ODEs systems of deterministic particles interacting via follow-the-leader
interactions. The main motivation behind this problem arises in traffic flow mod-
elling. We present results on the derivation of entropy solutions of the Cauchy
problem of the LWR model [1, 3] and later extensions of this result on problems
with Dirichlet boundary data [2] and on similar models such as the ARZ model [4]
for traffic flow and the Hughes model [5] for pedestrians. The results are joint
with S. Fagioli, M. Di Francesco and G. Russo.
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Sharp growth rates for semigroups using resolvent bounds

In this talk I will discuss some recent results from [1], concerning growth
rates for strongly continuous semigroups. These results show that a growth rate
for the resolvent bounds of a semigroup generator on imaginary lines implies a
corresponding growth rate for the semigroup (T (t))t≥0 if either the underlying
space X is a Hilbert space, or the semigroup is asymptotically analytic, or if the
semigroup is positive and X is an Lp-space or a space of continuous functions. I
will also discuss variations of the main results on fractional domains; these are
valid on more general Banach spaces. Finally, the main theorem can be applied to
obtain optimality in a classical example by Renardy of a perturbed wave equation
with unusual spectral behavior.

This is joint work with Mark Veraar (Delft University of Technology).
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Stochastic semigroups and their applications to Stein’s
neural model

We start with some results concerning asymptotic decomposition of substochas-
tic operators and semigroups [1, 2] Then we present corollaries useful in studying
of piecewise deterministic Markov processes [4]. We recall Stein’s description of
activity of neuronal cells and we take notice of problems which appear in its for-
mulation in terms of stochastic semigroups. Finally, we apply results concerning
stochastic semigroups to this model [3].
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Regularity of solutions to partial differential delay
equations

In the context of the partial differential delay equation u̇(t) + Bu(t) = F (ut)
for t ≥ 0, with u|I = ϕ ∈ E = BUC(I,X), with B : D(B) ⊂ X → X

linear ω−m-accretive, X Banach, F : Ê ⊂ E → X (history control), and
I ∈ {[−R, 0], (−∞, 0]}, we consider the problem under which ’smoothness’ as-
sumptions on the history-operator F and the initial history ϕ a) the mild solution
to the equation is actually a classical solution, and b) its time-derivative is a mild
solution to a linearisation of the original equation. The proof of the result is
carried out by inspecting differentiability of (a motion of) the (nonlinear) solu-
tion semigroup associated to the equation in the initial history space E. Typical
applications for the abstract equation are models of population dynamics.
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The Dirichlet problem for nonlocal Lévy-type operators

We consider nonlocal operators of the form

Lu(x) = PV

∫

Rd

(u(x)− u(x+ y))ν(dy),

where ν is a Lévy measure. Such operators are the generators of the semigroup
corresponding to a Lévy process with jump intensity ν.

For symmetric Lévy measures ν, and bounded open sets D we show that the
Dirichlet problem {

Lu = f in D,

u = g on Dc,

has a weak solution whenever f ∈ L2(D) and g can be extended to a function
from a certain Sobolev space.

We also discuss, under some assumptions, the sufficient and necessary condi-
tions under which g possesses such an extension.

The talk is based on joint works with Krzysztof Bogdan, Tomasz Grzywny,
and Katarzyna Pietruska-Pa luba [1, 2, 3].
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Perturbations of positive semigroups with applications to
Dirichlet forms perturbed by jump parts

In [1] the authors proved the upper bound

pt(x, y) ≤ p0t (x, y) + t‖j‖∞ (1)

for the heat kernel for jump processes by means of splitting the jump density into
a bounded part called j and the remaining part, whose heat kernel is (p0t )t. This
procedure is sometimes called Meyer decomposition. The talk will describe the
functional analytic variant of the result, namely a perturbation result for positive
C0-semigroups on Lp-spaces, where the perturbation may act on a different Lq-
space. In the special case of Dirichlet forms perturbed by jump parts with bounded
jump density we thus recover (1), however the semigroup approach let us allow for
more general jump densities. It turns out that the perturbation result is essentially
a consequence of positivity, so the contractivity properties of the submarkovian
semigroups associated with the Dirichlet forms do not play a role here.

The talk is based on joint works with H. Vogt, M. Waurick and D. Wingert
[2, 3, 4].

References

[1] M.T. Barlow, A. Grigor’yan, and T. Kumagai, Heat kernel upper bounds for
jump processes and the first exit time, J. Reine Angew. Math. 626 (2009),
135–157.

[2] C. Seifert, H. Vogt, and M. Waurick, A note on perturbations of C0-semigroups,
arXiv Preprint: 1802.00335, 2018.

[3] C. Seifert and M. Waurick, Perturbations of positive semigroups on Lp-spaces,
Positivity 20 (2016), no. 2, 467–481.

[4] C. Seifert and D. Wingert, On the perturbation of positive semigroups, Semi-
group Forum 91 (2015), no. 2, 495–501.

1

91



Christian Seifert
Hamburg University of Technology, Germany

The linearized KdV equation on metric graphs

The Korteweg-de Vries equation

∂tu = ∂3xu+ c∂xu− 6u∂xu

with some constant c ∈ R describes waves in shallow water channels. Linearizing
around the stationary solution u = 0 yields the so-called Airy equation, which is
of the form

∂tu = α∂3xu+ β∂xu,

where α, β are constants. We will study this linearized KdV equation on metric
graphs by means of semigroup methods. The main aim is to characterize coupling
conditions at the vertices of the metric graph such that the equation becomes
well-posed and has “nice” properties.

This talk is based on a joint work with D. Mugnolo and D. Noja, see [1], [2].
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Optimal rates of decay for semigroups on Hilbert spaces

We discuss the quantitative asymptotic behaviour of operator semigroups. In
[2] Batty and Duyckaerts obtained upper and lower bounds on the rate of decay
of a semigroup given bounds on the resolvent growth of the semigroup generator.
They conjectured that in the Hilbert space setting and for the special case of
polynomial resolvent growth it is possible to improve the upper bound so as to
yield the exact rate of decay up to constants. This conjecture was proved to
be correct by Borichev and Tomilov in [3], and the conclusion was extended by
Batty, Chill and Tomilov in [1] to certain cases in which the resolvent growth is
not exactly polynomial but almost. In this talk we extend their result by showing
that one can improve the upper bound under a significantly milder assumption
on the resolvent growth. This result is optimal in a certain sense. We also discuss
how this improved result can be used to obtain sharper estimates on the rate of
energy decay for a wave equation subject to viscoelastic damping at the boundary.
The talk is based on joint work with J. Rozendaal and R. Stahn.
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Nonclassical Conditions for Linear Sobolev Type
Equations

Mathematical model whose prototypes are Barenblatt–Zheltov–Kochina equa-
tion and Hoff equation has been considered in the sequence spaces which are
analogues of Sobolev function spaces.

The peculiarities of our approach are, firstly, the active use of the theory of
bounded operators and the degenerate holomorphic groups of operators generated
by them. Secondly, it is also the theory of positive groups of operators, defined on
Banach lattices, to lay the basis of the theory of positive degenerate holomorphic
groups of operators which phase spaces are Banach lattices. Thirdly, we research
the concrete mathematical model which has been considered in Sobolev sequence
spaces, that can be interpreted as the space of Fourier coefficients of solutions
of initial-boundary value problems for Barenblatt–Zheltov–Kochina equation or
Hoff equation.

The sufficient conditions have been described for positive solution in this math-
ematical model. It is noted that the Barenblatt–Zheltov–Kochina equation satis-
fies the found sufficient conditions, and therefore the initial-boundary value prob-
lem can have non-negative solutions. The basis of our research is the theory of the
positive semigroups of operators and the theory of degenerate holomorphic groups
of operators. As a result of the merging of these theories a new theory of degen-
erate positive holomorphic groups of operators has been obtained. At present,
the main results have already been obtained, based not on the Ito–Stratonovich–
Skorokhod approach, but on the Nelson–Glickich derivative. Further consider
both various generalizations of the Showalter–Sidorov condition and the relation
between the powers of the polinomials of operators. The results of a new theory
can be applied in economic and engineering problems.
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Joint work with Giorgio Metafune, Luigi Negro and Motohoro Sobajima.

Rellich and Calderón-Zygmund inequalities for operators
with discontinuous and singular coefficients

We give necessary and sufficient conditions for the validity of Rellich and
Calderón-Zygmund inequalities in Lp(RN) and in Lp(B), where B is the unitary
ball of RN , for the operator

L = ∆ + (a− 1)
N∑

i,j=1

xixj
|x|2 Dij + c

x

|x|2 · ∇ − b|x|
−2,

with a > 0, b, c ∈ R. Note that the condition a > 0 is equivalent to the ellipticity
of the principal part of L.
More specifically, in the case of Lp(RN), set

γp(a, c) :=

(
N

p
− 2

)(
N − 1 + c+ a

(
1− N

p

))

and considered the parabola

Pp,a,c :=

{
λ = −aξ2 + iξ

(
N − 1 + c+ a

(
3− 2N

p

))
− γp(a, c) ; ξ ∈ R

}
,

we prove that for N ≥ 2, a > 0, b, c ∈ R, 1 ≤ p ≤ ∞, there exists a positive
constant C = C(N, a, p, c, b) such that the inequality

∫

RN

|x|αp|Lu|p dx ≥ C

∫

RN

|x|p(α−2)|u|p dx‖Lu‖p ≥ C‖|x|−2|u|‖p

holds for every u ∈ C∞c (RN \ {0}), if and only if b + λj 6∈ Pp,a,c for every j ∈
N, where λj are the eigenvalues of Laplace-Beltrami operator. The situation is
more involved for the bounded domain B. However, also in this case, we give
necessary and sufficient conditions for the validity of Rellich inequalities. As work
in progress, we are investigating the validity of Rellich type inequalities with
some correction terms in the cases where they fail in the form above written.
Some partial results have been obtained.

Moreover we find necessary and sufficient conditions for the validity of the
estimate ∫

RN

|D2u|p dx ≤ C

∫

RN

|Lu|p dx,

where u ∈ W 2,p(RN), 1 < p <∞.
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We point out that Rellich and Calderón-Zygmund inequalities have been widely
studied in literature for the Laplacian and more general operators. Firstly Rellich
inequalities for the Laplacian in L2 spaces (according to our notations a = 1, b =
c = 0) (

N(N − 4)

4

)2 ∫

RN

|x|−4|u|2 dx ≤
∫

RN

|∆u|2 dx,

for N 6= 2 and for every u ∈ C∞c (RN \ {0}), have been proved by Rellich in 1956
and then extended to Lp-norms for 1 < p < N

2
.

Rellich inequalities with respect to the weight |x|α have been also studied.
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Sobolev Type Equations. Degenerate Semigroups of
Operators and Degenerate Propagators

Sobolev type equations were firstly studied in the works of A. Poincare. Then
they appeared in the works of S.V. Oseen, J.V. Boussinesq, S.G. Rossby and
other researchers, that were dedicated to the investigation of some hydrodynam-
ics problems. Their systematical study started in the middle of the XX century
with the works of S.L. Sobolev. The first monograph devoted to the study of
such equations appeared in 1999. Nowadays the number of works devoted to such
equations is increasing extensively. Sometimes such equations are called equations
that are not of Cauchy–Kovalevskaya type, pseudoparabolic equations, degener-
ate equations or equations unsolvable with respect to the highest derivative. The
term ”Sobolev type equations” was firstly proposed in the works of R. Showalter.
Nowadays Sobolev type equations constitute the vast area in nonclassical equa-
tions of mathematical physics. The proposed theory of degenerate semigroups of
operators is a suitable mathematical tool for the study of such equations. The
theory is developing in different directions: optimal control problems, initial-final
value problems, equations of high order, and finds applications in elasticity theory,
fluid dynamics, oil production, economics, biology, and in the solution of many
technical problems, for example in the theory of dynamic measurements.

1

97



Karol Szczypkowski
Wroc law University of Science and Technology, Poland

Fundamental solution for super-critical non-symmetric
Lévy-type operators

In the talk I will present the results of the paper [4], which is a sequel to [2].
The aim is to construct the fundamental solution pκ to the equation ∂t = Lκ,
where under certain assumptions the operator Lκ takes the form,

Lκf(x) :=

∫

Rd

(f(x+ z)− f(x)− 1|z|<1 〈z,∇f(x)〉)κ(x, z)J(z) dz .

In particular, J : Rd → [0,∞] is a Lévy density, i.e.,
∫
Rd(1 ∧ |x|2)J(x)dx < ∞.

The function κ(x, z) is assumed to be Borel measurable on Rd × Rd satisfying
0 < κ0 ≤ κ(x, z) ≤ κ1, and |κ(x, z)− κ(y, z)| ≤ κ2|x− y|β for some β ∈ (0, 1).

We concentrate on the case when the order of the operator is positive and
smaller or equal 1 (without excluding higher orders up to 2). The lack of the
symmetry of the Lévy density κ(x, z)J(z) in z variable may cause a non-zero
internal drift, which reveals itself as a gradient term in the decomposition

Lκf(x) =

∫

Rd

(f(x+ z)− f(x)− 1|z|<r 〈z,∇f(x)〉)κ(x, z)J(z)dz

+

(∫

Rd

z
(
1|z|<r − 1|z|<1

)
κ(x, z)J(z)dz

)
· ∇f(x) .

Our approach rests on imposing conditions on the expression
∫

r≤|z|<1

z κ(x, z)J(z)dz.

We prove the uniqueness, estimates, regularity and other qualitative proper-
ties of pκ. The result is new even for 1-stable Lévy measure J(z) = |z|−d−1,
cf. [3] and [1].
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Elliptic operators with unbounded di�usion, drift and
potential terms

We prove that the realization Ap in L
p(RN), 1 < p <∞, of the elliptic operator

A = (1+|x|α)∆+b|x|α−1 x
|x| ·∇−c|x|β with domainD(Ap) = {u ∈ W 2,p(RN) |Au ∈

Lp(RN)} generates a strongly continuous analytic semigroup T (·) provided that
α > 2, β > α− 2 and any constants b ∈ R and c > 0. This generalizes the recent
results in [1] and in [2].

Moreover we prove that the heat kernel k associated to A satis�es

k(t, x, y) ≤ c1e
λ0t+c2t−γ

(
1 + |y|α
1 + |x|α

) b
2α (|x||y|)−N−1

2
− 1

4
(β−α)

1 + |y|α e
−

√
2

β−α+2

(
|x|

β−α+2
2 +|y|

β−α+2
2

)

for t > 0, |x|, |y| ≥ 1, where b ∈ R, c1, c2 are positive constants, λ0 is the
largest eigenvalue of the operator A, and γ = β−α+2

β+α−2 . The proof is based on the
relationship between the log-Sobolev inequality and the ultracontractivity of a
suitable semigroup in a weighted space.

Joint work with S.E. Boutiah, F. Gregorio and A. Rhandi.
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Joint work with Marta Tyran-Kamińska, Michael Mackey and Pawe l Kli-
masara.

Semigroups in biophysics: stochastic Liouville equation

Long time behaviour problem in the model of stochastic gene expression, where
we consider one specific gene (or just a particle) is known and solved [2]. Stochastic
semigroups play important role in mathematical description of such phenomenon.
Here we will discuss new concept introduced by American physicist Paul Bressloff
[1] to investigate the influence of the stochastic environmental input to the whole
population of particles. It appears that stochastic semigroups can be used in
mathematical description of the problem once again.
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A third order (in time) PDE: a view from the boundary,
to control and to observe

We shall consider a third order (in time) PDE that arises in many applica-
tions in different fields. The emphasis is a study of its behavior from the bound-
ary of the bounded domain in which it evolves: optimal interior and boundary
regularity with Dirichlet or Neumann non-homogeneous term (control); corre-
sponding boundary control problems; inverse problems with boundary observa-
tion. Thus, the forcing term/observation is non-invasive. Different problems
dictate different math techniques: semigroups methods for homogeneous BC; en-
ergy methods (differential in the non-homogeneous Dirichlet boundary case and
pseudo-differential/microlocal analysis in the non-homogeneous Neumann bound-
ary case) for optimal interior and boundary regularity; Carleman-type estimates
for boundary control and inverse problems from the boundary.
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Strongly continuous semigroups associated with
evolutionary equations

Evolutionary equations, as they were introduced in [1], are abstract operator
equations of the form

(∂tM + A)u = f,

where ∂t denotes the derivative with respect to time, M is a bounded linear space-
time operator and A is an unbounded spatial operator. In contrast to classical
evolution equations, evolutionary equations are formulated on the whole real line
as time horizon and so, no explicit initial condition is needed to complete the
equation.

Within the framework of evolutionary equations we provide a way to incorpo-
rate initial value problems or, more generally, problems with prescribed history.
The given initial data/history will enter the equation as a distributional right
hand side. The main problem is to determine those data, which allow for a con-
tinuous solution. We define a space of admissible histories which allows us to
associate a strongly continuous semigroup with the given evolutionary problem.
The presented results were obtained in [2].
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Substochastic semigroups and positive perturbations of
boundary conditions

We study well-posedness of linear evolution equations on L1 of the form

u′(t) = Au(t), Ψ0u(t) = Ψu(t), t > 0, u(0) = f, (1)

where Ψ0,Ψ are positive unbounded linear operators and the linear operator A
is such that equation (1) with Ψ = 0 generates a substochastic semigroup on
L1. We provide sufficient conditions for the operator A to be the generator of a
positive semigroup as well as of a stochastic semigroup. This extends the approach
of Greiner [1] by considering unbounded Ψ and positive semigroups. We also
show how to obtain stationary solutions of (1). We illustrate our results with a
two-phase age-size-dependent cell cycle model given by a piecewise deterministic
Markov process.

This talk is based on a joint work with P. Gwiżdż [2, 3].
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Convolution semigroups on quantum groups and
non-commutative Dirichlet forms

We will discuss convolution semigroups of states on locally compact quan-
tum groups. They generalize the families of distributions of Lévy processes from
probability. We are particularly interested in semigroups that are symmetric in a
suitable sense. These are proved to be in one-to-one correspondence with KMS-
symmetric Markov semigroups on the L∞ algebra that satisfy a natural commu-
tation condition, as well as with non-commutative Dirichlet forms on the L2 space
that satisfy a natural translation invariance condition. This Dirichlet forms ma-
chinery turns out to be a powerful tool for analyzing convolution semigroups as
well as proving their existence. We will use it to derive geometric characteriza-
tions of the Haagerup Property and of Property (T) for locally compact quantum
groups, unifying and extending earlier partial results. If time permits, we will
also show how examples of convolution semigroups can be obtained via a cocycle
twisting procedure. Based on [1].
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Perturbation theory for accretive operators in Lp

We present a perturbation theorem for m-accretive operators in Lp, where
1 < p < ∞, that resembles the KLMN theorem for perturbation of self-adjoint
operator in Hilbert space. Clearly, the advantage of the new theorem is that one
is no longer restricted to the case p = 2. The drawback is that the theorem only
deals with perturbation by multiplication operators.

We explain how the result can be used to associate a quasi-m-accretive operator
in Lp(Ω) with the formal differential expression

L = −∇ · (a∇) + b1 · ∇+∇ · b2 +Q

on an open set Ω ⊆ RN , with complex measurable coefficients a : Ω → CN×N ,
b1, b2 : Ω→ CN und Q : Ω→ C.
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On “monotone” convergence of sectorial forms

Let H be a complex Hilbert space, and let (an) be a sequence of closed sectorial
forms. Suppose that (an) is “increasing” in the sense that the sequence (dom(an))
is decreasing, and that there exists θ ∈ [0, π/2) such that an+1−an is sectorial with
vertex 0 and angle θ for all n ∈ N. Then there exists a limiting form a such that
the sequence (An) of operators An associated with an converges to the operator A
associated with a, in the strong resolvent sense. This result – a generalisation of
[3, Theorems 3.1 and 4.1] – is due to Batty and ter Elst [1]. We present a proof
along the lines of a proof given in [2, proof of Theorem 5] and also show that
Ouhabaz’ result follows from [1].

The talk is based on joint work with H. Vogt.

References

[1] C. J. K. Batty and A. F. M. ter Elst, On series of sectorial forms, J. Evol.
Equ. 14 (2014), 29–47.

[2] E.-M. Ouhabaz, Second order elliptic operators with essential spectrum [0,∞)
on Lp, Comm. Partial Differential Equations 20 (1995), 763–773.

[3] B. Simon, A canonical decomposition for quadratic forms with applications to
monotone convergence theorems, J. Funct. Anal. 28 (1978), 377–385.

1

106



Rados law Wieczorek
University of Silesia, Poland

Clustering in a model of yeast cell cycle

Autonomous oscillation and clustering of cell cycle in yeast cultures attracted
recently a significant interest. The Response/Signaling feedback models have been
proposed to explain this phenomenon [2]. We apply a non-linear physiologically-
structured PDE model of cell population to describe clusterinig in yeast cultures.
The linear stability of stationary states will be discussed. We will present some re-
sults about clustering have been proven. In particular, in some cases the solutions
of PDEc converge to traveling delta measures [1].
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Newton’s method for the McKendrick equation

We consider the initial value problem for the McKendrick equation with
renewal

du

dt
+A(t)u = u Λ(t,u), t ∈ [0, T ],

u(0) = u0

(1)

where

A(t) = c(t, x)
∂

∂x
,

D(A(t)) = {u(t, ·) ∈ C1 ∩ L1 ∩ L∞ : u(t, 0) = Ku},

Ku =

∫ ∞

0

k(y)u(t, y) dy.

We formulate the Newton scheme for (1) and prove its second order convergence.
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Markovian models of short rates

In the theory of the bond market an important role play Markov processes R
modelling the evolution of the short rate. They are nonnegative with the transition
semigroup mapping the set of exponential functions e−λx−a, λ, γ ≥ 0, into itslf.
If, in addition, the process R has continuous trajectories, then it is a solution of
the stochastic equation

dR(t) = (aR(t) + b)dt+
√
R(t)dW (t), R(0) ≥ 0.

In the equtiona, W is a Wiener process and a, b are constants, b ≥ 0.

In the talk, based on a joint research with M. Barski, we describe known
as well as some new results on the general case when the process R can have
discontinuous trajectories. We will start from the discrete time situation.
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Sobolev Type Equations of Higher Order. Theory and
Applications

This report surveys the author’s results concerning Sobolev type equations of
higher order. The theory is constructed using the available facts on the solvability
of initial (initial-final) problems for the first-order Sobolev type equations. The
main idea is a generalization of the theory of degenerate (semi)groups of operators
to the case of higher-order equations: decomposition of spaces and actions of the
operators, construction of the propagators and the phase space for the homoge-
neous equation, as well as the set of valid initial values for the inhomogeneous
equation. We use the phase space method, which is quite useful for solving the
Sobolev type equations and consists in a reduction of a singular equation to a reg-
ular one defined on a certain subspace of the original space. As an application we
reduce several mathematical models to initial (initial-final) problems for abstract
Sobolev-type equations of higher order. The results may find further applications
in the study of optimal control problems, nonlinear mathematical models, and
in the construction of the theory of Sobolev-type equations of higher order in
quasi-Banach spaces and stochastic spaces of noises.
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Goldstein Jerome, 38
Gregorio Federica, 39
Gregosiewicz Adam, 40

Hart Logan, 41
Hussein Amru, 42

Jakubowski Tomasz, 43
Joel Luke, 44

Ka lamajska Agnieszka, 45
Kaplin Michael, 46
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