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First and second order differential operators on L”([0,1],C™)

Gri=c(s)-Z and Gp:=a(s)- i

ds2?
where ¢(s), a(s) € My(C), s € [0,1], are diagonal matrices and
D(G1) == {f € W'P([0,1],C™) | f =0}
D(Gy) := {f € W?P([0,1],C™) | dof =0, d1(f' + Bf) =0}

where ®, &g, ®1: LP([0,1],C™) — C™ are “boundary” functionals
and B a bounded linear operator on LP([0, 1], C™).
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First and second order differential operators on L”([0,1],C™)

Gri=c(s)-Z and Gp:=a(s)- i

ds2?
where ¢(s), a(s) € My(C), s € [0,1], are diagonal matrices and
D(G1) == {f € W'P([0,1],C™) | f =0}
D(Gy) == {f € W?P([0,1],C™) | ®of = 0,®,(f' + Bf) =0}
where ®, &g, ®1: LP([0,1],C™) — C™ are “boundary” functionals
and B a bounded linear operator on LP([0, 1], C™).

Goal
Give conditions implying that Gy and G, generate a Co-semigroup.
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Assumptions [Greiner]

e X and 0X two Banach spaces

Am: D(Am) € X — X a closed, densely defined “maximal”
operator (= diff. operator without bound. cond.)

“boundary” operators L, C € L([D(Am)],0X), ®:=L—-C
A, G C Ap with D(A) := ker(L), D(G) := ker(®)
A generates a Co-semigroup (T(t)),»o on X

Goal
Find the conditions under which G generates a Cy-semigroup on X.

[§ Greiner (1987), Salomon (1987), Weiss (1994), Staffans
(2005), Adler-Bombieri-Engel (2014), Hadd-Manzo-Rhandi
(2015), ... 5
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Let L be surjective. Then for each A € p(A) the operator
Llker(»—A,,) is invertible and

Ly := (Llker(r—an)) " 1 0X — ker(A — Ap) C X is bounded.
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Lemma (Greiner, 1987)
Let L be surjective. Then for each A € p(A) the operator

Llker(»—A,,) is invertible and
Ly := (Llker(r—an)) " 1 0X — ker(A — Ap) C X is bounded.

Corollary
La:=(A—A_1)Ly € L(OX,X_1) is independent of \ € p(A) and

G = (A_1+ Ly - C)|X

Recall

The extrapolated space X_; is the completion of X in the norm
Ix||=1 = [|R(A\, A)x||, T-1(t) € L(X_1) is the unique bounded
extension of T(t) and A_; its generator with D(A_1) = X.



Abstract results

Theorem (Adler-Bombieri-Engel, 2014)
Assume that there exist 1 < p < 400, tg > 0 and M > 0 such that

(i) / T_1(to — s)Lav(s) ds € X for all v € LP(][0, to], 9X),

(ii) / | T(s)x||5y ds < M- ||x||% for all x € D(A),

/ Toa(r = s)Lav(s) os||]dr < M- |lv]g
for all v e Wo’p([O, to], 9X),
(iv) Qy, is invertible, where Qq, € L(LP([0, to], 0X)) is given by
(Quv)(+) = & / T_1(e=s)Lav(s) ds for all v € W2P([0, to], 9X).
0

Then (G, D(G)) generates a Cy-semigroup on X.
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Remark
The stated theorem is a generalization of the Desch-Schappacher
and the Miyadera-Voigt perturbation theorems.

G:(A_1+LA-C)|X
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Lemma (Engel-KF, 2018)

Assumption (i) in previous Theorem is equivalent to:

there exists ty > 0 and a strongly continuous family

(Bt)eefo,0) € L(LP([0, to], 0X), X) such that for every

ue Wg’p([O, to], 0X) the function x : [0, to] — X, x(t) := Bu is a
classical solution of the boundary control problem

x(t) = Amx(t), 0<t <ty,
Lx(t) = u(t), 0<t<ty,
x(0) = 0.

In this case

t
Beu = / T-1(t = s)Lau(s) ds for u € LP([0, o], 9X).
0
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Back to our differential operators

G1 = C(') o %
D(Gy) = {f € WhP([0,1],C™) | &f = 0}

Assumptions and notations
o c(s) = diag(ci(s), - .-, cm(s))
e ¢ () are all non-vanishing, Lipschitz continuous functions

e Let PL € M,,(C) be spectral projections corresponding to the
positive/negative eigenvalues of c(s).

e For all t € [0, tp] and u € WP([0, to], C™) define

Riul(t) i= & (P+ﬁ (t— 1@;) S (!c))

where { is the extension of a function u to R by the value 0. 10
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Back to our differential operators

Theorem (Engel-KF, 2018)

If there exists to > 0 such that the operator Ry, is invertible, then
Gy generates a Cy-semigroup.

Corollary
Let Vo, Vi € M, (C). Operator

G =c() %
D(Gi) = {f € WHP([0,1],C™) | Vof(0) = Vaf(1)}

is a generator if
det(V1P+ + V()P_) =1 ()8

11
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Example (m = 2)
Conditions in the domain:

£(0) = (1), £(0) = f(1).

01 10
V - V =

and G; is a generator if either both ¢i(e) and c(s) are strictly
positive or both are strictly negative.

Then

12



Back to our differential operators

G =a(s) &

D(Gy) = {f € W2P([0,1],C™) | dof = 0, d1(f' + Bf) =0}

Assumptions and notations

13



Back to our differential operators

G =a(s) &

D(Gy) = {f € W2P([0,1],C™) | dof = 0, d1(f' + Bf) =0}

Assumptions and notations

e Yo, Y1 two boundary spaces: Yy & Y1 = C?™

13



Back to our differential operators

G =a(s) &

D(Gy) = {f € W2P([0,1],C™) | dof = 0, d1(f' + Bf) =0}
Assumptions and notations

e Yo, Y1 two boundary spaces: Yy & Y1 = C?™

o &g € L(LP([0,1],C™), Yp), @1 € L(LP([0,1],C™), Y1),
B € L£(LP([0,1],C™))

13



Back to our differential operators

G =a(s) &
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e Yo, Y1 two boundary spaces: Yy & Y1 = C?™
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Back to our differential operators

G =a(s) &

D(Gy) = {f € W2P([0,1],C™) | dof = 0, d1(f' + Bf) =0}

Assumptions and notations

e Yo, Y1 two boundary spaces: Yy & Y1 = C?™
o &g € L(LP([0,1],C™), Yp), @1 € L(LP([0,1],C™), Y1),
B € L£(LP([0,1],C™))
e a(s) positive Lipshitz continuous
e For t € [0, to] and u,v € WyP([0, to], C™) define Ry, (“)(t) as

Po(a(t+3)—0(t—2))+d1(a(t+32)+0(t—32))

a

13
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Back to our differential operators

Theorem (Engel-KF, 2018)

If there exists to > 0 such that the operator Ry, is invertible, then
Gy generates a Co-semigroup on LP([0,1],C™).

Corollary

Take ko, ki1 € N satisfying ko + ki = 2m and matrices
Vo, Vi € Mygxm(C), Wo, Wi € My, xm(C). If

Vi Vo
det 0,
¢ (\/\/1.3(1)—1/2 —Wo-a(O)_1/2> 7

then the operator Gy with conditions in the domain

Vof(0) = VAF(1), Wof'(0) = WAF'(1) + (BF)(1)

generates a Co-semigroup.
14
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Example (a(¢) = Id, m = 1)
Gp, Gp C 5722 on X := LP[0, 1] with domains

D(Gp) := {f € W*P[0,1] | f(0) = f(1) and f'(0) = f'(1)},
D(Gp) := {f € W>P[0,1] | f(0) = f(1) = 0}.

ii5)



Back to our differential operators

Example (a(¢) = Id, m = 1)
Gp, Gp C 5722 on X := LP[0, 1] with domains

D(Gp) := {f € W*P[0,1] | f(0) = f(1) and f'(0) = f'(1)},
D(Gp) := {f € W>P[0,1] | f(0) = f(1) = 0}.

ii5)



Back to our differential operators

Example (a( )=1Id, m=1)
Gp, Gp C 2 on X := LP[0, 1] with domains

D(Gp) := {f € W*P[0,1] | f(0) = f(1) and f'(0) = f'(1)},
D(Gp) := {f € W>P[0,1] | f(0) = f(1) = 0}.

GpZk():kl:].,V1:—1,V0:W0:W1:].,
det('1)#0 = Gp generator

ii5)
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Example (a( )=1Id, m=1)
Gp, Gp C 2 on X := LP[0, 1] with domains

D(Gp) := {f € W*P[0,1] | f(0) = f(1) and f'(0) = f'(1)},
D(Gp) := {f € W>P[0,1] | f(0) = f(1) = 0}.

GpZ k():kl:]., V1:—1, V0:W0:W1:].,
det('1)#0 = Gp generator

GDZk0—2 k1—0 V():(é),\/lz((l)),
det(93)#0 = Gp generator

ii5)



Back to our differential operators

Example (m = 1, nonconstant coefficients)
G == a(+) - & with domain

D(Gy) := {f € W?P[0,1] | £(0) + (1) =0, £(0) — f'(1) = 0}.
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Back to our differential operators

Example (m = 1, nonconstant coefficients)
G == a(+) - & with domain

D(Gy) := {f € W>P[0,1] | £(0) + f(1) =0, f'(0) — =0}.
Taking ko = k1 =1, Vo = Wy = Wi = Vi = 1 we obtain

det ( Vi _%> #0 <+= a(0)#a(l) <= G, generator

16
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