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We consider different types of diff. eq. on Hilbert space H:
o Let My, My € L(H) and A : dom(A) C H — H densely

defined, closed linear.
(0eMo + My + A)u =0 on ]0, o0
u(0+) = ug

o If 0 € p(Mp), then equivalently

(0r + My *(My 4 A))u = 0 on ]0, oo
u(0+) = up

~~ well-posedness, if —My (M, + A) generates Co-sg
o If ker(My) # {0} ~~ Differential-algebraic equation. What are
admissible initial values?
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o Let My, My € L(H) and A : dom(A) C H — H dd, closed,
linear.

(at/\/lo + Myt + A)u =0on ]0, OO[
u(t) = g(t) on [h,0].

What are admissible histrories?
e My, A as above and k € L1(R>o).

(0:Mo + k x +A)u =0 on 0, o0
u(t) = g(t) on ] — o0, 0].

What are admissible histrories?

Common framework: Evolutionary equations.
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The setting

Definition
Let » > 0 and H HS. Define

Lo o(R: H) = {f : R — H; f meas.,/ F(£)|2 exp(=2vt) dt < 0o}
R
Moreover, define

O HYy(R; H) € Loy (R; H) = Loy (R; H), u s of

with
HEXR; H) := {u € Lo ,(R; H); u’ € Lo, (R; H) as distribution}.

Remark
If v > 0, then 0 € p(0,,) with [|0; ;]| = L and

()
O f = / f(s)ds.
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Definition

For ¢ € C.(R; H) define

(Lop)(t) = jz? /R et 0(s)ds (t € R).

Theorem (Plancharel)

L, extends to unitary operator L, : Ly ,(R; H) — L>(R; H).
Moreover

3t’y == Ez(l m +V),Cl,,
where m f = (t — tf(t)) with

dom(m) = {f € LL(R; H); (t — tf(t)) € Lo(R; H)}.
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Definition

Let M : Cresyy — L(H) bdd, analytic. For v > 1q set
M(Gim+v) : Ly(R; H) — La(R; H), u— (t — M(it + v)u(t))

as well as
M(8:,) = L,M(im+v)L,.

Theorem
Let v > vy. Then M(0:,) is causal, that is

sptu C R>, = spt M(0r,)u C R>,.
Moreover, for u € Ly, N Ly ,:

M(atﬂ,)u = M(@tv#)u.
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Theorem (Picard '09, T.'18)

Let M : Cresy, — L(H) analytic, bdd and A : dom(A) C H — H
dd, closed, linear. Assume that

0 Vz € CResy, : 0 € p(zM(2) + A),

0 Cresyy 2 2+ (zM(2) + A)~L € L(H) bdd.
Then

S, = (0ryM(0r,) + A7t € L(Ly(R; H))

for each v > v9. Moreover, S, is causal and S, = S, on
Lg,l, N L2“LL.
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for given g :] — 00, 0] — H.
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Assume well-posedness conditions and consider

(Or,,M(0¢) + A)u =0 on ]0, c0f (1)

u=gon]—o00,0]

for given g :] — 00,0] — H.

Goal: Formulate as a suitable evolutionary eq.

Heuristics: Assume u € HX(R; H) — C(R; H) (Sobolev) and
decompose u = v + g with v = 1gr_,u.

1
02 1p_, (00 M(Br,) + A)u

= ]1R>oat,l/M(at,V)V + Av + 1R>08t’,,/\/l(8t7l,)g

= Ot Ir_oM(0r)v + Av — 60(M (0, )v)(0+) + 1r_ O, M(0r )8

= (0¢,yM(0¢,) + A)v — 60 (M(0%,)v)(0+) +1g_ O, M(0r 1) 8-
—_————
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Evolutionary eq. for v:
(at’yM(aty) + A)V = (SOX — ]1R>08t7yl\/l(at7y)g
and u=v + g € HY(R; H).

Define
His, = {g; Ix € H: S,(dox — 1r_,0:, M(0:,,)8) + & € Hl}}
and

IV, ={g(0—); g € His, }.

RENEILS

If g € His,, then x is uniquely determined and given by

x = (M(9t)1r.,8(0-))(0+)
= (M(9:.,)g)(0—) — (M(9:,,)g)(0+)
=T

&
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T(t)(g(0-),8) = (u(t), Lr,u)-
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For g € His, set v := S, (dox — Lr.,0:,,M(0¢,)g) and u = v +g.

Theorem (T.'18)
Define D,, .= {(g(0—),g); g € His, } and

T(t): D, C 1V, x His, — IV, x His,
for t > 0 with
T(t)(g(0-), &) = (u(t), Ir.,v)-
Then T(t) 29t T(0) =idp, strongly and

T(t+s)=T(t)T(s) (ts>0).

RENEILS

Note: T(t) not bounded and D, not closed!Hille-Yosida condition
yields boundedness of T(t) and extension to Cy-sg on D,,.
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Example (DAEs)

Assume A =0 and M(z) = My + z= 1My for Mo, My € L(H).
Moreover, assume well-posedness condition and ran(Mp) closed.
Then

IV, ={uo € H; Myuy € ran(Mp)}
His, = {g; g(0—) € IV, }.

This coincides with the consistent initial values for DAEs in finite
dimensions.

Theorem (T.'18)

The following are equivalent:

@ His, ={g; g(0—) eIV, },

@ M(z) = My + z My for some My, My € L(H).
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Thank you for your attention!

W T., Exponential Stability and Initial Value Problems for
Evolutionary Equations.
Habilitation Thesis, TU Dresden, 2018.
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