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Chernoff approximation of Markov evolution

@ (&t)¢s0 is a time homogeneous Markov process (= no memory)
= transition kernel P(t,x,dy) :=P(& e dy | {o = x)
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Chernoff approximation of Markov evolution

@ (&t)¢s0 is a time homogeneous Markov process (= no memory)
= transition kernel P(t,x,dy) :=P(& edy | & = x)

@ Then
F(£.x) = [ B)P(e.x,dy) =E[() | §o = x]

solves the following evolution equation:

{ 9t (t,x)
(0, x)

Lf(t,x),
fo(x),

where

Teh(x) = [ B()P(tx.dy) = eh.

(T¢)ts0 is an operator semigroup (i.e. Top=1d, Tyo Tg = Tys).
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Chernoff approximation of Markov evolution

To determine the transition kernel  P(t,x,dy) for a given process (ft)go.\

§

Functional Analysis

To construct the semigroup Ty = et with a given generator L.

i

To solve a (Cauchy problem for a) given PDE of _|If.

ot
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Chernoff approximation of Markov evolution

Example:

@ Heat equation

or _ 1Af, x e RY.
ot 2

@ Heat semigroup

o2
T = 2ne) 2 [ e {-P 2 oy
Rd

@ Transition kernel of Brownian motion

R
P(t,x,dy) = (2mt) ¥ exp {—%} dy.
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Chernoff approximation of Markov evolution

Chernoff approximation: To find (F(t))ss0 (not a SG!!!) such that

Tefo= lim [F(t/n)]"f.
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Chernoff approximation of Markov evolution

Chernoff approximation: To find (F(t))ss0 (not a SG!!!) such that

Tifo = nIergo [F(t/n)]" fo.

= discrete time approximation to the solution f(t,x):

ug := fo, ug = F(t/n)ug_1, k=1,....n, f(t,") ~ up.
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Chernoff approximation of Markov evolution

Chernoff approximation: To find (F(t))¢0 (not a SG!!) such that

Tefo = lim [F(t/m)]"

= discrete time approximation to the solution f(t,x):

up = fo, ug = F(t/n)ug_1, k=1,...,n, f(t,") ~ up.

= Markov chain approximation to (&;):s0 (e.g., Euler scheme),

(€K k=t = ER(EE) [66-1] = F(t/n) (k1)

= E[6(&)|6=x] = lim E[H(E)|&=x]
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Chernoff approximation of Markov evolution

Chernoff approximation: To find (F(t))ss0 (not a SG!!!) such that

Tefo = lim [F(t/n)]" fo.
n—oo
= discrete time approximation to the solution f(t,x):
up = fo, ug = F(t/n)ug_1, k=1,...,n, f(t,") ~ up.
= Markov chain approximation to (&;)¢s0 (e.g., Euler scheme),
Dkt s ELBED 6] = F/m)(EL)

= E[fo(&)[&o=x] = lim E[fo(¢5)[€o = X]

= approximation of path integrals in Feynman-Kac formulae.
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Chernoff approximation of Markov evolution

Chernoff Theorem (1968): Let (T;):>0 be a strongly continuous

semigroup on X with generator (L,Dom(L)). Let (F(t)):s0 be a family of
bounded linear operators on X. Assume that

e F(0)=1Id,
e ||F(t)]| <e" for some weR, and all t >0,

F _
o Gim B2
t—0 t

for all o € D, where D is a core for (L,Dom(L)).
Then it holds
Tep = lim [F(t/m)]"p, VY peX,
n—oo

and the convergence is locally uniform with respect to t > 0.
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Chernoff approximation of Markov evolution

Chernoff Theorem (1968): Let (T;)+0 be a strongly continuous

semigroup on X with generator (L,Dom(L)). Let (F(t))¢s0 be a family of
bounded linear operators on X. Assume that

e F(0)=1Id, (consistency)

e |F(t)| <e" for some weR, and all t >0,

F(t)e-
. Iing) W =Ly (consistency)
t—

(stability)

for all ¢ € D, where D is a core for (L,Dom(L)).
Then it holds
Tep= lim [F(t/m)]"¢, VpeX,
n—oo

and the convergence is locally uniform with respect to t > 0.

Meta-theorem of Numerics: Consistency + stability = convergence
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LEGO principle for Chernoff approximation:
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LEGO principle for Chernoff approximation:

operation

L~ &| % |L*~g&

! !

F(t) | 7?7 | F*(t)
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LEGO principle for Chernoff approximation:

ope;gtion operation *
~ L* ~ t* # ~ C*
L t —— § == L~ &6 ——

FO | P | o [Pt |
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LEGO principle for Chernoff approximation:

Nice processes to start with:
@ & with known P(t,x,dy);
o Feller processes in RY;

@ Brownian motion in a compact Riemannian manifold;
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LEGO principle for Chernoff approximation:

Nice processes to start with:
@ & with known P(t,x,dy);
o Feller processes in RY;

@ Brownian motion in a compact Riemannian manifold;

Chernoff approximations are known for the following operations:
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LEGO principle for Chernoff approximation:

Nice processes to start with:

e & with known P(t,x,dy);
o Feller processes in RY;

@ Brownian motion in a compact Riemannian manifold;

Chernoff approximations are known for the following operations:

@ operator splitting < L*:=L;+...+ Ly,
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LEGO principle for Chernoff approximation:

Nice processes to start with:

e & with known P(t,x,dy);
o Feller processes in RY;

@ Brownian motion in a compact Riemannian manifold;

Chernoff approximations are known for the following operations:

@ operator splitting < L*:=L;+...+ L, on D:= a core for L*;
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LEGO principle for Chernoff approximation:

Nice processes to start with:
@ & with known P(t,x,dy);
o Feller processes in RY;

@ Brownian motion in a compact Riemannian manifold;

Chernoff approximations are known for the following operations:
@ operator splitting < L*:=L;+...+ L, on D:= a core for L*;

If Fi(t) : F(0) =1d, [Fe(t)| <e™, F(0)p=Lep VeD
then
F*(t):= Fi(t)o...0 Fm(t) ~ et
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LEGO principle for Chernoff approximation:

Nice processes to start with:
@ & with known P(t,x,dy);
o Feller processes in RY;
@ Brownian motion in a compact Riemannian manifold;

Chernoff approximations are known for the following operations:
@ operator splitting < L*:=L;+...+ L, on D:= a core for L*;
If Fk(t) : Fk(O) =1d, ”Fk(t)“ < et""k, FL(O)QO = Lk(p Ve D
then
F*(t):=Fi(t)o...0Fn(t) ~ et

Corollary (Trotter formula):

n
etLl o etL2 ~ et(L1+L2) |e et(L1+L2) — ||m [etLl/no etLg/n:I

n—oo
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LEGO principle for Chernoff approximation:

Nice processes to start with:
@ & with known P(t,x,dy);
o Feller processes in RY;

@ Brownian motion in a compact Riemannian manifold;

Chernoff approximations are known for the following operations:
@ operator splitting < L*:=L;+...+L,;
@ multiplicative perturbations of L <« L[":=al <«
random time change of &; via an additive functional,
o killing of & upon leaving a domain G cRY <
L* := L+ Dirichlet boundary / external conditions;
@ subordination <« L[":=-f(-L), & =&,
o “rotation” <« L*:=il (F(t)~et = F*(t):=/(FO-1d) L oithy.
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Chernoff approximation for Feller processes
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Chernoff approximation for Feller processes

Feller process &« Ty=eft  on Co(RY)  with L= -H:

Ap(x) = 2m) @ [ [ ePCDH(x, p)o(q)dadp,
Rd ]Rd

where H(x,-) is given by the Lévy—Khintchine formula

H(x,p) = C(x)+iB(x)-p+p-A(x)p +y£ (1 —eVP 4 113_/ |}I/7|2) N(x,dy).

Yana A. Butko Chernoff approximation SOTA 2018, 04.10.2018 24 / 56



Chernoff approximation for Feller processes

Feller process &« Ty=et  on Cu(RY) with L=-H:

Ap(x) = 2m) [ [ P9 H(x, p)o(a)dadp,
Rd Rd

where H(x,-) is given by the Lévy—Khintchine formula

H(x,p) = C(x)+iB(x)-p+p-A(x)p +y;£ (1 —eVP 4 1?: |)i)|2) N(x,dy).

Remark: If H=H(x,p) then

e~tH + e tH
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Chernoff approximation for Feller processes

Feller process &« Ty=efl  on Coo(Rd) with L= —H:

Aie(x) = @) [ [ €D H(x, p)o(q)dadp.
Rd R

where H(x,-) is given by the Lévy—Khintchine formula

H(X,p)zC(x)+iB(x)-p+p-A(x)p+[(1—eiy'p+ P )N(x,dy),

2
2 1+]yl
Remark: If H = H(x,p) then
eiTH * eftﬁ
Theorem:
- i -tH . -tH _ | “tH/n|"
F(t):=e ~ et ie. e "= lim [e ]
n—oo
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Chernoff approximation for Feller processes

Feller process &« Ty=efl  on Coo(Rd) with L= —H:
Ap(x) = 2m) @ [ [ ePCDH(x, p)o(q)dadp,
RY Rd

where H(x,-) is given by the Lévy—Khintchine formula

H(X,p):C(x)+iB(x)-p+p-A(x)p+/(1—eiy'p+ P )N(x,dy).

1+]yl?
A vl
Theorem:
— I} ] ———n
F(t):=etH ~ etH i.e. e tH = lim [e*t"’/"]
n—oo

Remark: Let PX : F[PX](p) = e tH(*P) Then

F(e)p(x) = @m) [ [ ePone ™)y (q)dadp = (o« PY) ().
Rd Rd

Yana A. Butko Chernoff approximation SOTA 2018, 04.10.2018 27 / 56



Chernoff approximation for Feller processes

—

Feller process &« Ty=zeft  on Co(RY)  with L= -H:
Ae(x) = @m) ¢ [ [ P9 H(x,p)o()dadp
Rd Rd

where H(x,-) is given by the Lévy—Khintchine formula

H(X,p):C(x)+iB(x)-p+p-A(x)p+/(1—eiy'p+ P )N(x,dy).

1+]yl?
A vl
Theorem:
— I} ] ———n
F(t):=etH ~ etH i.e. e tH = lim [e*”"/"]
n—oo

Remark: Let ;i : F[pf] (p) = e tH=P)=iPX  Then

F(e)p(x) = @m [ [ ePtne W”wwmw~[¢wmm>

R4 R4
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Chernoff approximation for Feller processes

Feller process & « Ty=et  on Cu(RY)  with L=-H,
where H(x,-) is given by the Lévy—Khintchine formula

H(x,p) = C(x) +iB(x)-p+p-A(x)p +y£ (1 —eVP 4 1%: |;|2) N(x,dy)

Theorem:
—_— I 7 ——n
F(t)y=etH ~ etH i.e. e tH = lim [e*t"’/"]

n—oo

Remark: Let ;% : F ] (p) = e tH=P)=iPX  Then
F(t)p(x) = 2m)@ [ [ e#Coe il yqydadp = [ p(q)us(da).
Rd RY Rd
Example: non-degenerate diffusion:

e tC(x) (g tB(0) A () (x-g-tB(x))
F(t)o(x) - [ elae " dq
]Rd

V(47t)d det A(x)
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Chernoff approximation for Feller processes

Feller process & « Ty=et  on Cu(RY)  with L=-H,
Theorem:

— ] ———n
F(t):=etH ~ ¢tH i.e. et = |im [e‘t""/”]

n—oo

Remark: Let ;X : F ] (p) = e tH=P)=iPX  Then

F(e)p(x) = (2m)@ [ [ e#Coetnlqydadp = [ p(q)us(da).

R4 Rd Rd

Example: H(x,p):=a(x)|p] = L : Lp(x)=a(x) (—(—A)l/z)ap(x)

Fp(x) = @m) [ [ ePtoe Py (q)dgdp

RY Rd
=r(d;1)f90(q) a(x)t
Rd

d+1
(mlx = gP? +a*(x)t?) =

Yana A. Butko

Chernoff approximation SOTA 2018, 04.10.2018 30 / 56



Chernoff approximation for Killed Feller processes
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Chernoff approximation for Killed Feller processes

I)

Feller process &« Ty=efl  on Coo(Rd) with L= -
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Chernoff approximation for Killed Feller processes

Feller process &« Ty=zeft  on Coo(RY)  with L= -H

Consider G c R? bdd, regular, 7g:=inf{t>0: & ¢ G} and

gt(:)::{ §t7 t<7—G

0, tz7g.

Hence
TP+ TPo(x)=E[p(&) | &5 =x]

is a Feller SG on Coo(G); TP = e’

Dom(L°):={p e Cu(G) : Lp° € Co(G)}, L°p(x):=Lp°(x), xe€G
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Chernoff approximation for Killed Feller processes

Feller process &« Ty=zeft  on Coo(RY)  with L= -H

Consider G c R? bdd, regular, 7¢ := inf{t>0: &&¢G} and

go::{ §t7 t<7—G

t 0, tx7g.

Hence

Y+ TPe(x) =E[p(&) | & = x]
is a Feller SG on Coo(G); TP = e’

Dom(L°):={p e Cu(G) : Lp° € Cs(G)}, L°p(x):=Lp°(x), x€G

Aim:  F(t)~Ti=eh on Co(RY) = FO(t)~ T2 = e’ on Cu(G)
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Aim:  F(t)~Ti=eton Co(RY) = FO(t)~ T2 =€’ on Cu(G)
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Aim:  F(t)~Ti=e on Co(RY) = FO(t)~ T2 =€’ on Cu(G)

Wish:
Fo(t) : Fo(t)p(x) =1a(x) (F(t)¥°) (x)
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Aim:  F(t)~Ti=eton Co(RY) = Fo(t)~ T2 =€’ on Cou(G)

Wish:
Fo(t) = Fo(t)e(x) =1c(x) (F(£)¢?) (x)
Problems:
o F°(t) : Cu(G)— Cx(G)
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Aim:  F(t)~Ti=eton Co(RY) = FO(t)~ T2 =€ on Cu(G)

Wish:
Fo(t) = Fo(t)e(x) =1c(x) (F(£)¢?) (x)
Problems:
e F°(t) : Cu(G)— Cx(G)
Hence

Fo(t) = F2(D)e(x) = x:(x) (F(£)¢°) (x)
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Aim:  F(t)~Tr=etton Cu(RY) = FOo(t) ~ T2 = e on Cu(G)
Wish:
Fo(t) = Fo()p(x) = 1e(x) (F(£)¢°®) (x)
Problems:
o Fot) : Co(G) > C(G)
e Dom(L°) <~ Dom(L) or core(L®) < core(L)
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Aim:  F(t)~Tr=etton Cu(RY) = FOo(t) ~ T2 = e on Cu(G)

Wish:
Fo(t) = Fo(t)p(x) = 16(x) (F(1)¢?) (x)
Problems:
o Fot) : Co(G) > Cx(G)
e Dom(L°) <~ Dom(L) or core(L®) < core(L)
Hence

Fo(t) = Fo(D)p(x) = x:(x) (F()E(p)) (x)
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Aim: F(t)~Ti=eh on Co(RY) = FO(t)~ T2 =€’ on Cu(G)

Wish:
Fo(t) = FP()p(x) = 1e(x) (F(£)¢®) (x)
Problems:
o Fot) : Cu(G) —» Cx(G)
e Dom(L°) - Dom(L) or  core(L°)— core(L)
Hence
Fo(t) = Fo(D)e(x) = x:(x) (F()E(p)) ()

Hence additional assumptions on &;.
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Aim:  F(t)~Ti=eton Co(RY) = Fo(t)~ T2 =€’ on Cou(G)

Wish:
Fo(t) = Fo(t)p(x) =16 (x) (F(1)¥?) (x)
Problems:
o F°(t) : Cu(G)— Cx(G)
e Dom(L°) - Dom(L) or  core(L°)— core(L)
Hence
Fo(t) = Fo()e(x) = x:(x) (F()E(p)) ()

Hence additional assumptions on &;.
Theorem:

Fo(t) ~ T2, e TPps= lim [FO(t/n)]"
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Aim:  F(t)~Ti=eon Co(RY) = FO(t)~ T2 =€’ on Cu(G)

Wish:
Fo(t) + Fo(t)e(x) =16(x) (F(t)¥?) (x)
Problems:
e F°(t) : Cu(G)—~ Cx(G)
e Dom(L°) = Dom(L) or core(L°)— core(L)
Hence
Fo(t) = Fo(t)e(x) = x:(x) (F(1)E(p)) (x)
Hence additional assumptions on &;.

Theorem:
Fo(t) ~ TS, ie. T2p=lim [F°(t/n)]"
n—oo

Remark: If He C(R?) then loc. unif. w.rt. xe G and t>0

Top(x) = lim [F(t/m]"p(x) with  F2(£)p(x) = L (x) (F(£)¢?) (x)

:JLrgof/f@(Xn Mt/nl(dxn)ﬂt/,f(dxn 1) :ut/n(dxl)
G G G
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Aim:  F(t)~Ti=ett on Co(RY) = FO(t)~ T2 = e’ on Cu(G)
Theorem:

Fo(t) ~ Tg, e Tep=lim [Fo(t/m)]",

Fo(t) = Fo(t)p(x) = xe(x) (F(£)E(p)) (x)
Remark: If H e C(R??) then loc. unif. w.rt. xe G and t>0

Tow(x)

lim [Fo(t/m)]"p(x) with FO(t)p(x) = 16(x) (F()¢°) (x)
lim [ [ [ el () (dna) 1)
G G G

Example: non-deg. diffusion:

e—tC(x)

V(47t)d det A(x) /

Fo(t)e(x) =

_(x=q- rB(x))A‘Hx)(x g-tB(x))
f v(q)e” dq
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Approximation of non-Markovian evolution
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Approximation of non-Markovian evolution

Some physical, chemical, biological phenomena can be modelled via
evolution equations of the form

Of=Lf, Be(0,1),

where 8? is the Caputo derivative of order 5:

1 d rt u(r) d

t
F1-pB)dtJo (t-r)B" T(1- ﬁ)”(o)

u(t) =

and (L,Dom(L)) generates a unif. bdd Cp-SG (T;)s0 (on a BS X).

46 / 56
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Approximation of non-Markovian evolution

Some physical, chemical, biological phenomena can be modelled via
evolution equations of the form

0L f = LF, Be(0,1),
where 6? is the Caputo derivative of order [:

1 d rt u(r) th
F(1-3)dt Jo (t—r)ﬁd r(1- /3)”(0)

and (L,Dom(L)) generates a unif. bdd Cp-SG (T:)s0 (on a BS X).

Pu(t) =

More general: We consider equations of the form:
Dyf(t) = L (1),

where DY is the Caputo derivative of distributed order given by a finite
Borel measure x on (0,1):

Diu(t)= [ ofu(tn(dp).
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Approximation of non-Markovian evolution

Consider "inverse subordinator” (E}"):o (inverse to (£1)ts0):
El'=inf{r >0 : &>t}

where £/ is a mixture of 3—stable subordinators given by the measure .
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Approximation of non-Markovian evolution

Consider "inverse subordinator” (E}');o (inverse to (£1)ts0):
El' =inf{r >0 : &>t}

where &1’ is a mixture of 3—stable subordinators given by the measure p.

Then  EF

@ has a.s. non-decreasing paths;
@ is non-Markovian!!!:
@ has a smooth PDF p#(t,x).
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Approximation of non-Markovian evolution

We consider equations of the form:
Dyf(t) = Lf(t),

where (L,Dom(L)) generates a unif. bdd Co-SG (T¢)¢0 (on a BS X).
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Approximation of non-Markovian evolution

We consider equations of the form:
Dyf(t) = Lf(t),
where (L,Dom(L)) generates a unif. bdd Co-SG (T¢)¢0 (on a BS X).

Theorem (Hahn, Kobayashi, Umarov, Mijena, Nane, 2012-2014):
Consider the family (7¢)¢s0 of linear operators on X such that

Tts£>:=f0 Tspp'(t,s)ds,  peX.

Then (7¢)ts0 is a strongly continuous family (not a SG!!!) and, for
V fo € Dom(L), the function

f(t):="Tefo
solves the Cauchy problem

DIF(t) = LF(t),  £(0) = fo.
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Approximation of non-Markovian evolution

We consider equations of the form:
Dyf(t) = Lf(1),
where (L,Dom(L)) generates a unif. bdd Co-SG (T¢)¢0 (on a BS X).

Theorem (Hahn, Kobayashi, Umarov, Mijena, Nane, 2012-2014):
Consider the family (7¢):s0 of linear operators on X such that

Tep ::jO‘ Tswp“(t,s)ds, peX.

Then (7¢)ts0 is a strongly continuous family (not a SG!!!) and, for
V fo € Dom(L), the function

F(t)=Tef =E[f(e) | &g =x]. &L
solves the Cauchy problem

DYf(t) = Lf(t), f(0) = fy.
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Approximation of non-Markovian evolution

Theorem (Hahn, Kobayashi, Umarov, Mijena, Nane, 2012-2014):

Consider the family (7¢)¢s0 of linear operators on X such that
Tep ::A Ts@P“(tas)dsa peX.

Then (7¢)ts0 is a strongly continuous family (not a SG!!!) and, for
V fo € Dom(L), the function f(t):=T:fy solves the Cauchy problem

DIF(t) = LF(t),  £(0) = fo.
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Approximation of non-Markovian evolution

Theorem (Hahn, Kobayashi, Umarov, Mijena, Nane, 2012-2014):
Consider the family (7¢):s0 of linear operators on X such that

7}<p::f0 Tspp'(t,s)ds,  peX.

Then (7¢)ts0 is a strongly continuous family (not a SG!!!) and, for
V fo € Dom(L), the function f(t) :=T¢fy solves the Cauchy problem

DLf(t) = Lf(t), f(0) = fy.
Theorem: Let F(t) ~ T;. Consider f, : [0,00) - X such that
ft)i= [ F (/) p (2, 5) .
Then, for all V fy € Dom(L),
[f2(t) = F(£)[x =0, n— oo,

locally uniformly w.r.t. t>0.
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Approximation of non-Markovian evolution

Example: time-space-fractional diffusion with 8 = % o= % x e RY:

OM2F (2, x) = a(x) (,(,A)uz) f(t,x), f(0,x) = fo(x).
Then

1 2
V2(t,7)= ——e &
p ( 9 ) \/ﬁ )

and  F(t)~ T,z etlCEOY)] where
Foet) =1 (422) [ ola)— 20
Rd

d+1
(mlx = gP? +a*(x)t?) =

Hence for any xp € RY :
d+ 1)
X

f(t,xo) = Iim r"(

3(Xk-1)7/n ]fo(xn)e‘hdx -dxpdT.
S0 [ (@l rmn® | VA

0 gno LA=1 (7] — xp1]?
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