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Introduction and Overview

Noncommutative geometry asks: “What is the geometry of the Quantum World?”
Quantum field theory considers aggregates of “particles”, which are of two general species,
“bosons” and “fermions”. These are described by solutions of (relativistic) wave equations:

e Bosons: Klein-Gordon equation, (O + m?)¢(z) = pp(z) — “source term”;

e Fermions: Dirac equation, (i — m)y(z) = ps(z) — “source term”;
where z = (t,7) = (20,21, 22,2%); O = —0%/0t> + 9?/07?; and § = Zi:[)'y“@/ax“. In
order that @ be a “square root of (0", we need (7°)? = —1, (/)% = +1 for j = 1,2,3 and
YAV = —AY4H for pu # v. Thus, the v* must be matrices; in fact there are four (4 x 4)
matrices satisfying these relations.

Point-like measurements are often ruled out by quantum mechanics; thus we replace points
x € M by coordinates f € C'(M). The metric distance on a Riemannian manifold (M, g) can
be computed in two ways:

dg(p, q) := inf{length(vy: [0,1] — M) : v(0) = p, ¥(1) = ¢}
=sup{|f(p) — f(q)| : f € C(M),|| D, f|| <1},

where I) is a Dirac operator with positive-definite signature (all (v*)? = +1) if it exists, so
the Dirac operator specifies the metric. ) is an (unbounded) operator on a Hilbert space
H = L*(M,S) of “square-integrable spinors” and C°°(M) also acts on H by multiplication
operators with [|[12, f]|| = || grad f|cc-

Noncommutative geometry generalizes (C°°(M), L?>(M, S), D) to a spectral triple of
the form (A, H, D), where A is a “smooth” algebra acting on a Hilbert space H, D is an
(unbounded) selfadjoint operator on H, subject to certain conditions: in particular that [D, a)
be a bounded operator for each a € A. The tasks of the geometer are then:

1. To describe (metric) differential geometry in an operator language.
2. To reconstruct (ordinary) geometry in the operator framework.

3. To develop new geometries with noncommutative coordinate algebras.

The long-term goal is to geometrize quantum physics at very high energy scales, but we
are still a long way from there.

The general program of these lectures is as follows.
(A) The classical theory of spinors and Dirac operators in the Riemannian case.
(B
(
(

) The operational toolkit for noncommutative generalization.
C) Reconstruction: how to recover differential geometry from the operator framework.
)

Examples of spectral triples with noncommutative coordinate algebras.



Chapter 1

Clifford algebras and spinor
representations

Here are a few general references on Clifford algebras, in reverse chronological order: [GVF,
2001], [Fri, 1997/2000], [BGV, 1992], [LM, 1989] and [ABS, 1964]. (See the bibliography for
details.)

1.1 Clifford algebras

We start with (V, g), where V' ~ R™ and ¢ is a nondegenerate symmetric bilinear form.
If q(v) = g(v,v), then 2g(u,v) = gq(u + v) — q(u) — g(v). Thus g is determined by the
corresponding “quadratic form” gq.

Definition 1.1. The Clifford algebra CI1(V,g) is an algebra (over R) generated by the
vectors v € V' subject to the relations uv + vu = 2g(u,v)1 for u,v € V.

The existence of this algebra can be seen in two ways. First of all, let 7 (V') be the tensor
algebra on V, that is, T(V) := @, V¥". Then

Cl(V,g9) =T(V)/Ideal{u®@ v +v®u —2g(u,v) 1 : u,v € V). (1.1)

Since the relations are not homogeneous, the Z-grading of 7 (V') is lost, only a Zo-grading
remains:

CLV,g) = CI°(V,g) & CI'(V, g).
The second option is to define CI(V,g) as a subalgebra of Endgr(A®V) generated by all

expressions ¢(v) = e(v) + ¢(v) for v € V, where

e(W):ug A Aug — v Aug A Aug
k

) ur A Aug = > (=1 g(oug)un A AT A A g
j=1

Note that e(v)? =0, t(v)? =0, and £(v)e(u) + ¢(u)e(v) = g(v,u) 1. Thus

c(v)? = g(v,v)1 forall wveV,
c(u)e(v) + c(v)e(u) = 2g(u,v) 1 for all w,v e V.

Thus these operators on A®*V do provide a representation of the algebra (1.1).



Dimension count: suppose {eq,...,e,} is an orthonormal basis for (V, g), i.e., g(eg, ex) =
+1 and g(ej,ex) = 0 for j # k. Then the c(e;) anticommute and thus a basis for CI(V,g)
is {c(eg,)...cler,) : 1 < ky < --- < kp < n}, labelled by K = {k1,...,k-} C {1,...,n}.
Indeed,

cleg,)...clex,): 1—ep AN---Neg, =ex € A°V

and these are linearly independent. Thus the dimension of the subalgebra of Endg(A°®V)
generated by all ¢(v) is just dim A*V = 2". Now, a moment’s thought shows that in the
abstract presentation (1.1), the algebra CI(V,g) is generated as a vector space by the 2"
products e, €, - . - €k,., and these are linearly independent since the operators c(eg, ) ... c(e,.)
are linearly independent in Endg(A®V'). Therefore, this representation of Cl(V,g) is faithful,
and dim Cl(V, g) = 2™.

The so-called “symbol map”:

o:aw—a(l):Cl(V,g) — A*V
is inverted by a “quantization map”:
1 T
Q:ur Aug A+ Ny — ] Z (=1)7 c(urr))c(try) - - - c(tr(y)- (1.2)
TES,

To see that it is an inverse to o, one only needs to check it on the products of elements of an
orthonormal basis of (V, g).
From now, we write uv instead of c(u)c(v), etc., in CI(V, g).

1.2 The universality property

Chevalley [Che] has pointed out the usefulness of the following property of Clifford algebras,
which is an immediate consequence of their definition.

Lemma 1.2. Any R-linear map f: V — A (an R-algebra) that satisfies
f()?=g(v,v)1a forall veV
extends to an unique unital R-algebra homomorphism f: Cl(V,g) — A.

Proof. There is really nothing to prove: f(vivy...v,) := f(v1)f(va) ... f(v,) gives the unique-
ness, provided only that this recipe is well-defined. But observe that

Fluv + vu — 2g(u,v)1) = f((u+v)* —u® = v®) — 2g(u,v) f(1)
= [q(u +v) — q(u) — q(v) — 2g(u,v)] 14 = 0. O

Here are a few applications of universality that yield several useful operations on the
Clifford algebra.

1. Grading: take A = CI(V, g) itself; the linear map v — —v on V extends to an automor-
phism x € Aut(C1(V, g)) satisfying x? = id, given by

X(v1...vp) = (=1)"v1...0p.
This operator gives the Zo-grading
CLV, g) =: CI°(V, g) & CI'(V. 9).



2. Reversal: take A = CI(V, g)°, the opposite algebra. Then the map v — v, considered
as the inclusion V < A, extends to an antiautomorphism a — a' of C1(V, g), given by
(v1v2 ... v) = v .. vy,

3. Complex conjugation: the complexification of C1(V, g) is CI(V, g) ®r C, which is iso-
morphic to CI(VC, g©) as a C-algebra. Now take A to be Cl(V,g) ®gr C and define
frv—9:VC = VC < A (areal-linear map). It extends to an antilinear automor-
phism of A. Note that Lemma 1.2 guarantees R-linearity, but not C-linearity, of the
extension even when A is a C-algebra.

4. Adjoint: Also, a* := (a)' is an antilinear involution on C1(V,g) ®g C.

5. Charge conjugation: k(a) := x(a):vy...v, — (=1)"01...7, is an antilinear automor-
phism of CI(V, g) ®g C.

Notation. We write C1(V) := C1l(V, g) ®r C to denote the complexified Clifford algebra. Up to
isomorphism, this is independent of the signature of the symmetric bilinear form g, because
all complex nondegenerate bilinear forms are congruent.

1.3 The trace

Proposition 1.3. There is an unique trace 7: CI(V) — C such that 7(1) =1 and 7(a) =0
for a odd.

Proof. If {e1,...,e,} is an orthonormal basis for (V, g), then

T(€ky - - €hy) = T(—€hy -+ €hy, Chy) = —T(€ky - - - Eky, ) = 0.

(Here we have moved ey, to the right by anticommutation, and returned it to the left with the
trace property.) Thus, if @ = Y ¢ von @1 kar €k - - - €ky, lies in C1°(V), then 7(a) = ay. We
will check that ay does not depend on the orthonormal basis used. Suppose e} = hijej,
with H'H = 1,,, is another orthonormal basis. Then

1t rr kl
e;e; = (hi-hj) 1+ Z Cij kel
k<l

but h; - Ej = [H'H];; = 0 for i # j. Next, the matrix of eye; — eie is H N\ H, of size (%)

1
3 NN N 3 ] . .
that is also orthogonal, so €;€,€,€; has zero scalar part in the ereje e -expansion; and so on:

the same is true for expressions €/, e’ by induction. Thus 7(a) = ay does not depend on
{e1,...,en}. O

e €
Remark 1.4. At this point, it was remarked that for existence of the trace, one could use the
restriction of the (normalized) trace on Endg(A*V) ®g C = Endc(A*VC), in which CI(V) is
embedded. True enough: although one must see why odd elements must have trace zero. For
that, it is enough to note that if a € CI*(V), then c(a) takes even [respectively, odd] elements
of the Z-graded algebra Endc(V®) to odd [respectively, even] elements; thus, in any basis,
the matrix of ¢(a) will have only zeroes on the diagonal, so that tr(c(a)) = 0. Nonetheless,
Proposition 1.3 is useful in that it establishes the uniqueness of the trace.

Now CI(V) is a Hilbert space with scalar product

(a|b) := 7(a*b).



1.4 Periodicity

Write Cl,, := CI(RP'Y, g), where g has signature (p, ¢), and the orthonormal basis is written

as {e1,...,€p,€1,---,E4}, Where e :"'26127: 1 and €2 :-~-:53 = —1. For example,

Cllo =R® R;
C]01 = C, with &1 = i;

. 0 1 1 0 0 -1
Cly = MQ(R), with e = <1 0) , €g = <0 _1> , eleg = (1 0 > ;

Clpe =H, with &1 =1, g0 =7, €160 = k.
Lemma 1.5 (“(1,1)-periodicity”). Cly41,g4+1 =~ Cl,g @ Ma(R).
Proof. Take V = RPT4+2 A = Cl,, ®M>(R). Define f: V — A on basic vectors by

f(eT)::eT®<é _01>’ T:L"',p)
f(gs)::€S®<(1) _01)7 <9:17"'7q7
fep =19 (3 g).

ﬂ%ﬂy:1®<g'§>. (1.3)

Thus f(ex)? = +1, f(g/)®> = —1 in all cases, and all f(ey), f(g;) anticommute. This entails
that f extends by linearity to a linear map satisfying f(v)? = g(v,v)1 for all v € V. Hence
there exists a homomorphism f : Clpy1,4+1 — A, which is surjective since the right hand
sides of (1.3) generate A as an R-algebra. It is an isomorphism, because the dimensions over
R are equal. ]

Lemma 1.6. Clgﬂg ~ Clgp.

Proof. Define f: RITP — Clg 41, ON basic vectors by

f(e’r‘) = €rp+1, TZIa"'va
fles) == eseptr, s=1,...,p.
Then
f(er)” = erepriereppn = —e?ezﬂ = —e2 =1,
f(es)” = esepricsepr1 = —63612,+1 = —53 = +1,

and all f(e,), f(es) anticommute. The rest of the proof is like that of the previous Lemma. [

Lemma 1.7. Cly4,4 >~ Clyy @ Ma(H) ~ Clp, g44.

Proof. We will prove the first isomorphism. Take A = Cl,, @ M>(H); define f: RPT4Ha — A
by

0 -k
f(eT)'_€T®<k, 0)7 T_lv"'vpv

0 —k
ﬂ&%—%@(k o>’ s=1,...,q,



and on the remaining four basic vectors, define

fem =10 (7 ). ey =10 (] 7).

e =15 () femn =10 (3 °)). n

Corollary 1.8 (“(+8)-periodicity”). Cl,1g84 =~ Clpg @Mi6(R) =~ Cl, 4.

Proof. This reduces to Ma(H) ®@r Ma(H) ~ M;g(R), that in turn reduces to Heg H ~ My (R),
which is left as an exercise. O

All Cl,, are given, up to My (R) tensor factors, by Cl, for p=1,...,8:

Cly=R&R

Clog = Ma(R)

Clyy = My(C)

Clio = My(H)

Clso = Mz (H) ® Mo (H)

Cloo = My(H)

Clzo = Mg(C)

Clgo = Myg(R) (1.4)

Two algebras Cljg and Clsq are direct sums of simple algebras, and the others are simple. We
could also define Clpg = R (the base field), so that Corollary 1.8 holds even when p = ¢ = 0.

Those eight algebras Cl, can be arranged on a “spinorial clock”, which is taken from
Budinich and Trautman’s book [BT].

N,

E\C/R

If p— ¢ = m mod 8, then Cl,, is of the form A® My (R), where A is the diagram entry at
the head of the arrow labelled m. Moreover, Lemma 1.6 says that the even subalgebra Clgq
is of the same kind, where A is now the diagram entry at the tail of the arrow labelled m.
The matrix size N is easily determined from the real dimension, in each case. In this way,
the spinorial clock displays the full classification of real Clifford algebras.



1.5 Chirality

From now on, n = 2m for n even, n = 2m + 1 for n odd. We take C1(V') ~ CI(V,g) ®@g C
with g always positive definite.

Suppose {e1,...,e,} is an oriented orthonormal basis for (V, g). If e}, = 2?21 h;ji ej with
H'H = 1,, then €} ...€/, = (det H)e; ...e,, and det H = 1. We restrict to the oriented
case det H = +1, so the expression ejey. .. e, is independent of {ej,es,...,e,}. Thus

v = (—i)"erez... e,
is well-defined in CI(V'). Now
V=i ... ege1 = (=) (=)™ (=)D 26 ey ey = (1) (—1)M /24,

and
nn—1) {m(2m —1), neven

= m mod 2,
2 (2m +1)m, n odd }

so v* = ~. But also v*y = (e, ...eze1)(e1€2...€,) = (+1)" = 1, so v is “unitary”. Hence
v2 =1, s0 HTV, 1_77 are “orthogonal projectors” in CI(V).

Since ve; = (—1)""lejv, we get that if n is odd, then v is central in C1(V); and for n
even, vy anticommutes with V', but is central in the even subalgebra CIO(V). Moreover, when

n is even and v € V, then yvy = —wv, so that y(-)y = x € Aut(CL(V)).
Proposition 1.9. The centre of CI(V') is C1 if n is even; and it is C1 ® Cv if n is odd.

Proof. Denote this centre by Z(Cl1(V)).

Even case: a € Z(Cl(V)) implies yay = ay? = a, so a lies in C1°(V).

If a =) oven OK €k; - - - €k,, then 0 = a — ejae; = ZKeven,jeK 2akeg, ...€., 50 ag =0
if j € K. Since this holds for any j, we conclude that a = apl = 7(a)1l. Therefore
Z(Cl(V)) ~ C1 when n is even.

Odd case: If a = ag + a1 (even + odd) lies in Z(C1(V')), then

0 = [a,v] = [a1,v] + [ag,v] forall veV,
—— ——

even odd

[u—

so [ag,v] = [a1,v] = 0 forallv € V. In particular, ag € Z(C1°(V)) ~ C1, and thus ag = 7(a)
Also, a1y is even and central, so a;y = 7(ay)1 and a1 = 7(ay)y. Thus Z(Cl(V)
C1 & Cv when n is odd.

Ol

1.6 Spin® and Spin groups

Let v be a unit vector, g(v,v) = 1. Then v? = 1 in CI(V, g), so v = v* and v*v = vv* = 1 in
CI(V). If w = \v € V€ with |A| = 1, then ww* = w*w = 1 in CI(V) also. Now

(wa | wb) = T(a*w*wb) = 7(a*b) = (a | b),
(aw | bw) = T(w*a*bw) = T(ww*a™b) = 7(a*b) = (a | b),
SO a — wa, a — aw are unitary operators in L(Cl(V)).
[ Exercise: Conversely, if u € CI(V) and a — ua and @ — au are both unitary, then

wru=uu* =1.]

10



If v,z € V, with g(v,v) =1, then

1

—vzv " = —vzv = (2v — 29(v,z))v =z — 2g(v,z)v € V.

This is a reflection of z in the hyperplane orthogonal to v. For w = Av, |A| = 1 we also get
—wrzw !t = —Awzv~! = —vzv~!, which is the same as above. If ¢ = w; ... w, is a product
of unit vectors in VC, then

x(a)za™ = (=) wy ... wezw, L wp

is a product of r reflections of x € V. If r = 2k is even, and a = w; ... way, then aza™ € V
after k rotations. Thus ¢(a): z +— axa™! lies in SO(V) = SO(V, g).

Definition 1.10. The set of all even products of unitary vectors,

Spin(V) :={u=w; ... wy : wj e VC, wiwj =1, k=0,1,...,m},

is a group included in C1°(V), and ¢: Spin®(V') — SO(V) is a group homomorphism.
The inverse of u = wy ... way is ™' = u* = Way, ... W1.
Suppose u € ker ¢, which means that uzu~! = z for all z € V. Thus ker¢ C Z(C1(V))
for n even, and ker¢ C Z(C1°(V)) for n odd; in both cases, u lies in C1. It follows that
ker¢p ~ {A € C: |\ =1} =T = U(1). Therefore, there is a short exact sequence (SES) of
groups:
1T — Spin°(V) 2 SO(V) — 1. (1.5)
If u = wy...we € Spin®(V) with w; = A\ju; where \; € T and v; € V, then u' =
wop . .. wy, and u'u = AA2...)02 € T. Thus, u'u is central, so (ujus)'uiug = U!QU!IU1U2 =
u’luluéug, so that u — v'u is a homomorphism v: Spin®(V) — T, which restricts to T C
Spin®(V) as A +— A%, The combined (¢, v): Spin®(V) — SO(V) x T is a homomorphism with
kernel {£1}.

Definition 1.11. Spin(V) := kerv < Spin®(V).
Indeed Spin(V) is included in (the even part of) the real Clifford algebra C1°(V; g):
vu=1, vu=1 = v =u = G=u = ue Cl%V,yg).

The SES (1.5) now becomes
1 — {£1} — Spin(V) 2 SO(V) — 1, (1.6)
so that ¢ is a double covering of SO(V'). Furthermore, Spin®(V') >~ Spin(V') xz, T.
Ezample 1.12. Case n = 2: We write Spin(n) = Spin(R™). It is easy to check that
Spin(V) = {a+ fBejes: o, BER, a? + 52 =1}

:{u:cosg+sin%eleg:—27r<11)§27r}2']?.

We compute

wequ "' = (cos% + sin %6162)61 (COS% — sin %6162) = (cos®) e; — (sinv)) eg,
(0

uequ "t (cos % + sin %6162> e (cos 5 sin %6162> = (sin®) e1 + (cos ) e,

11



so that

siny  cosy

which is (nontrivial) double covering of the circle.

Ezample 1.13. Spin(3) ~ SU(2) = {unit quaternions} in C1J, ~ Clgo ~ H, and ¢: SU(2) —
SO(3) is the adjoint representation of SU(2).

Ezample 1.14. Spin(4) ~ SU(2) x SU(2) in Clyy ~ Clps ~ H@® H. If u = (q,p) with
q,p € SU(2), then ¢(u) becomes z + grp~! for z € H ~ R*, and this map lies in SO(4). If
é(u) = 1y, then 1+ gp~1, so p = ¢, and = — qrqg~! = z, so ¢ is central; hence p = ¢ = +1
and ¢ is indeed a double covering of SO(4).

o) = (Soty o) e so2)

1.7 The Lie algebra of Spin(V)

Recall the linear isomorphism @Q: A*V — CI(V, g), inverse to o: a +— c(a)l. Write
b=Q(uAv)=3(uww —vu) =w + g(u,v) 1 € CI°(V, g).

Note in passing that b' = J(vu — uv) = —b.

Although the algebra Cl(V,g) is not Z-graded, it is Z-filtered: we may write C15%(V, g)
to denote the vector subspace generated by products of at most k vectors from V. With
that notation, the subspace Q(A?V) may also be described as the set of all even elements
b e CI=%(V, g) with 7(b) = 0.

For x € V', we compute

[b, x] = [uv, x| = wvx + urv — v — TUV = 29(v, x)u — 29(u, x)v €V,

soadb: V — V. Also
[b,0'] = 2b,u'v" —v'u'] = S[b, w0 + 30/ [b,0'] — 3[b, 0]’ — $0'[b, /]

so that [b, 0] € CI=2(V, g) with 7([b,b']) = 0. Hence [b, 1] € Q(A%V), and this is a Lie algebra.
Next,

9(y, [b,z]) = 2g(v, v)g(y, u) — 29(u, 2)g(y,v) = —g([b, yl, v),

so that ad b is skewsymmetric: thus adb € so(V'). By the Jacobi identity,
[6,8), 2] = [b, [0, )] — [V, [b,2]) forall zeV,

and so ad([b,b']) = [adb,ad b']. Thus, ad: Q(A%V) — so(V) is a Lie algebra homomorphism.
If adb = 0, so that [b,2] = 0 for all z € V, then b € Z(C1°(V)) ~ C1. But 7(b) = 0
then implies b = 0, so ad is injective. Since dim AV = n(n — 1)/2 = dimso(V), we see that
ad: Q(A%V) — s0(V) is a Lie algebra isomorphism.
There is an important formula for the inverse of ad. For A € so(V'), define

1 n
1 g g(ej, Aey) ejer, = g g(ej, Aey) ejey,. (1.7)
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Since 7(j1(A)) = 0, we get j1(A) € Q(A%V). Also

(A), ] = 3 S gles, Aew) (e {en e} — fegrer) ex)

j7k ékr 6]'7“
1 1
= §Zg(€j,x4€r) ej - 2§Q(€T,Aek) ek’ :Zg(ej7Ae7‘) ej
J j
= Ae,,

where we have used the anticommutator notation {X,Y} := XY + Y X. Hence ad((4)) =
Aeso(V).
Now consider u =expb =1+ HbF e Cl°(V, g) for b € Q(A%V). Then u*u = u'u =

exp(—b)expb = 1 since b' = —b. Also, u is unitary and even, and if z € V then
_ 1
uru~t = T b (—b)!
k>0
L& (r k r—k

=35 (1)atn
r>0 k=0

=> —(adb)"(x) €V,
r>0

and thus u = exp(b) lies in Spin(V'). When b = j1(A), we get ¢(exp(b)) = exp(ad b) = exp(A),
and it is known that exp: so(V) — SO(V) is surjective (a property of compact connected
matrix groups).

Now exp(Q(A2V)) is a subset of Spin(V') covering all of SO(V). If we can show that —1 =
exp ¢ for some ¢, then —expb = (expb)(expc) = exp(b + ¢), provided that ¢,b commute. If
b = 1(A), we can express the skewsymmetric matrix A as a direct sum of 2 x 2 skewsymmetric
blocks in a suitable orthonormal basis:

0 =
* 0
0 =x
* 0
A=
0 =
x 0
That is, we can choose the (oriented) orthonormal basis {eq,...,e,} so that

b= %9(61, Aeg) erea + 59(63, Aey)ezeq + - + %9(627“71, Aear) e2r 162y

with 7 < m. Now this particular ejes commutes with b: (eje2)b = b(ejez); take ¢ := mwejes.
Then expc = exp(meies) = cosm + sinmejea = —1. We have shown that exp: Q(A?V) —
Spin(V') is surjective.

Note that ¢t — exp(tejes), for 0 < ¢t < 7, is a path in Spin(V) from +1 to —1. Since
m1(SO(V)) ~ Zg for n > 3, the double covering Spin(V) — SO(V') is nontrivial. We get an
important consequence.

Corollary 1.15. Spin(n) is simply connected, for n > 3. O

13



1.8 Orthogonal complex structures

Suppose that n = 2m is even, V ~ R?”. Then V can be identified with C™, but not
canonically.

Definition 1.16. An operator J € Endgr V' is called an orthogonal complex structure,
written J € J(V,g), if

(a) J>=—1 inEndgV;
(b) g(Ju, Jv) = g(u,v) for allu,v € V.

Then also g(Ju,v) = —g(Ju, J?v) = —g(u, Jv), so that J is skewsymmetric with respect
to g: J! = —J. Note that (b) says that J'J = 1.
We can now make V a C-module by setting iv := Juv, that is,

(a+if)v:=av+ pJv forall a,8€cR.
We define a hermitian scalar product on V by
(ulv)y=g(u,v) +ig(Ju,v)

Note that (Ju|v); = —i{u|v)y and (u|Jv); = +i{u|v) s (check it!). We denote the resulting
m-~dimensional complex Hilbert space by V.

If {ui, ..., up} is an orthonormal basis for V; := (V, (-|-) ), then {u1, Juy, ..., um, Jun} is
an orthonormal oriented basis for V' (over R). The orientation may or may not be compatible
with the given one on V.

Exercise 1.17. If 2m = 4, show that all such J can be parametrized by two disjoint copies
of S?, one for each orientation.

If J2=—1, J'J =1 and if h € O(n) = O(V, g) is an orthogonal linear transformation,
then K := hJh™! is also an orthogonal complex structure. In that case,

(hu | )k = g(hu, hv) + i g((RJh™ ) hu, hv)
= g(u,v) +ig(Ju,v) = (ulv),,

so that h: Vj — Vi is unitary. Thus hJh~! = J if and only if h € U(V;) =~ U(m). In short:
O(n) = O(2m) acts transitively on J(V,g) with isotropy subgroups isomorphic to U(m).
Hence, as a manifold,

J(V,g) = O(2m)/ U(m).

Those J which are compatible with orientation on V' form one component (of two), homeo-
morphic to SO(2m)/ U(m).
We may complexify V to get VC =V @ C =V @iV. Take

Wy={v—iJveVC:iveV}=Li1-iJ)V =P,V
This is an isotropic subspace for the symmetric billinear form ¢ on VC.
g(u —iJu,v —iJv) = g(u,v) —ig(u, Jv) —ig(Ju,v) — g(Ju, Jv) = 0.
The conjugate subspace

Wy={v+iJviveV}=L11+iJ)V =PV
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satisfies W; @ W ~ VC, an orthogonal direct sum for the hermitian scalar product
(w]z) :=2g(w,z) for w,ze VC.

Note that P; = P; and P; = Pj with respect to this product. We say that W; is a
polarization of VC. Also P;: V; — Wy is an unitary isomorphism.

Conversely: given a splitting V' = W @ W, orthogonal with respect to (- | -)), write
w =: u—iv for w € W, with u,v € V; then Jy: v — v lies in J(V,g), and Wy, =W
(exercise). Thus the correspondence J < W) is bijective.

1.9 Irreducible representations of CI(V)

We continue to suppose that n = 2m is even.

Definition 1.18. The (fermionic) Fock space corresponding to J € J(V,g) is defined as
Fr(V) = AWy,
with hermitian scalar product given by
(wi A Awg | 21 A Az i= S det [(w; | 25)] (1.8)

This is a complex Hilbert space of dimension 2™. Choose and fix a unit vector 2 € AYW:
it is unique up to a factor A € T. For w € W (so that w € W; = W7 ), we write

e(w )'zl/\---/\zkr—>w/\zl/\---/\zk,

(w):z1 A+ /\zkr—>z Yoz za Ao ANZjA - A 2.

For v € V, write w = %(v —iJv) = Pyv € Wy and define
cy(v) == e(w) + 1(w) = e(Pyv) + t(P_jv).

Then
() == (ww) 1= (v]v);1=g(v,0)1,

so that c¢j: V' — Endc(F;V) = L(F;V). That is to say, ¢ is a representation of C1(V') on
the Hilbert space F;V.
Note that we complexify the representation of Cl(V,g), given by universality. One can
check that
ci(w) =ce(w) if weW;; cy(z)=1u(2) if zeW,.

From (1.8) and the properties of determinants, it is easy to check that the operators e(w) and
1(w) are adjoint to one another, that is, e(w)" = (@) for w € Wy; in particular, c¢;(v)" = ¢;(v)
for v € V. (This is a consequence of our choice of g to have positive definite signature: were
we to have taken g to be negative definite, as in done in many books, then the operators c;(v)
would have been skewadjoint.) More generally, we get c;(a)’ = c;(a*) for a € CI(V): we say
that ¢y is a selfadjoint representation of the x-algebra CI1(V') on the Fock space F;(V).

Now, if T € L(F;(V)) commutes with c¢;(V®), then in particular +(2)TQ = Tw(2)Q =
T(0) =0 for z € W . Therefore T2 € A°W,, i.e., TQ = ¢ for some t € C. Now

T(wi A ANwg) =Te(wy) ...e(wg)Q =ce(wr)...e(wg) TR =twy A--- ANwy,
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for wy,...,wx € Wy. Thus T =t1 € L(A*W;). By Schur’s lemma, the representation cy is
irreductble.

Suppose K € J(V,g) with K = hJh~! for h € O(2m). Then hJ = Kh, hP+j = Pyih,
and so cx (hv) = (A®h) c¢;(v). By universality again, we get cx o A*h = A®h o ¢y, so that the
irreducible representations cx and cjy are equivalent.

The Fock space is Zo-graded as A" W @ A°4W ;. ;What operator determines its Zo-
grading? In fact, this operator is cs(vy). To see that, write v = (—1)"ejez... e, where
egj = Jegj_1 for j=1,...,m. If 21 := Pye; = %(61 —ieg) we get

Z121 — 2171 = $(e1 +ie)(er —iea) — 1(e1 —ies)(e1 + iea) = —eqes.
With z;j := Pyesj_1 = %(62]'_1 — ieg;), this gives
v=(zZ121 — 2121) - . . Zm2Zm — ZmZm) in CIO(V).
Now c;(Zjz; — 2j%;) = t(Zj)e(2;) — €(2)t(Z;) is the operator

—2p, NNz ifjeK
AN A o
+zp, N Az, ifj ¢ K.

Thus c;(v) acts as (—1)F on A*TW;: this is indeed the Zs-grading operator.

Finally, the odd case is treated as follows. Let U := R-span{ei,...,ean} < V. Then
CI(U) ~ C1I%V) via u — i ueem 11, extended to CI(U). Now F;(U) is an irreducible C1°(V)-
module, while Z(Cl(V)) = C1 @ Cy. Since v2 = 1, we can extend the action of CI°(V) on
F;(U) to the full CI(V) by setting either c;(v) := +1 or ¢;(y) := —1 on F;(U).

These representations ¢y, ¢; are inequivalent, since T'(1) = (—1)T is not possible unless
T = 0, using Schur’s lemma again. Thus Cl(V') has two irreducible Fock representations of
dimension 2™ in the odd case.

Proposition 1.19. The Fock representations yield all irreducible representations of CL(V'). If
dimg V' = 2m, the irreducible representation is unique up to equivalence; if dimg V = 2m+41,
there are exactly two such representations.

Proof. We have already described and classified the Fock representations. It remains to show
that this list is complete.

We have seen that up to tensoring with a matrix algebra My (R), the real Clifford algebras
occur in eight species. The periodicity of complex Clifford algebras is much simpler, and may
be obtained from (1.4) by complexifying each algebra found there. Since C g C ~ C @ C
and H ®@r C ~ M5(C), we obtain directly that

CI(R?*™) =~ Mym(C) and CIR?*™ ) ~ Mym (C) @ Mam (C). (1.9)

From this it is clear that, when dim V' is even, CI(V') is a simple matrix algebra and therefore
all irreducible representations are equivalent and arise from matrix multiplication on a mini-
mal left ideal, whose dimension is 2™. Similar arguments in the odd case show that there are
at most two inequivalent representations of CI(V'). Thus the Fock representations we have
constructed account for all of them: there are no others. O
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1.10 Representations of Spin®(V)

We obtain representations of the group Spin®(V') by restriction of the irreducible representa-
tions of CI(V').
Spin(V) = {wiwy .. .way, : w; € VE, wiw; =1}.

We have to check whether these restrictions are irreducible or not.

Even case, n = 2m: v belongs to Spin®(V') and is central there, so c¢s(v) commutes with
c7(Spin®(V)). Thus the group representation reduces over A*Wy = AW ;@AW ;: there
are two subrepresentations. Since

w1 A Awgg = e(wy) ... e(wag) = cy(wy) ... cy(wa) £,

we get at once that ¢;(Spin®(V)) Q = A"V ;: the “even” subrepresentation is irreducible.
If wy,wy € Wj are unit vectors, then

cj(wawr) wy = e(wa)e(wr) wy = e(wz) Q = ws.

From there we soon conclude that c¢;(Spin®(V))w; = A°W;: the “odd” subrepresentation
is also irreducible.

JAre these subrepresentations equivalent? No: for suppose R: A" W; — A°W; inter-
twines both subrepresentations. Then in particular Rcj(y) = c¢j(v)R means that R(+1) =
(—=1)R: A®"W; — AW so that R = 0.

Conclusion: The algebra representation c; of CI(V') restricts to a group representation
¢y of Spin®(V') which is the direct sum of two inequivalent irreducible subrepresentations, if
dim V is even.

Odd case, n = 2m + 1: There are two irreducible representations c; and ¢; of CI(V') on
F(U), but they coincide on C1°(V): in this case, v is odd. Declaring ¢;(7) to be, say, +1
on F(U), we get for wy, ..., wopr1 € Wy

wl/\.../\w2k:Cj(w1---w2k)Q7

wy A A Wogyt :CJ(wl.--w2k+1'7)Q7

so that in this case, A*Wj is an irreducible representation if dim V is odd.
Conclusion: The two algebra representations c¢; and ¢; of CI(V) restrict to the same
group representation ¢y of Spin®(V') which is already irreducible, if dim V' is odd.

17



Chapter 2

Spinor modules over compact
Riemannian manifolds

2.1 Remarks on Riemannian geometry

Let M be a compact C*° manifold without boundary, of dimension n. Compactness is not
crucial for some of our arguments (although it may be for others), but is very convenient, since
it means that the algebras C(M) and C°°(M) are unital: the unit is the constant function 1.
For convenience we use the function algebra A = C(M) —a commutative C*-algebra— at
the beginning. We will change to A = C°° (M) later, when the differential structure becomes
important.

Any A-module (or more precisely, a “symmetric A-bimodule”) which is finitely generated
and projective is of the form & = I'(M, E) for E — M a (complex) vector bundle. Two
important cases are

X(M)=T(M,TcM) = (continuous) vector fields on M;
AN M) =T(M,TEM) = (continuous) 1-forms on M.

These are dual to each other: A'(M) ~ Hom(X(M), A), where Hom4 means “A-module
maps” commuting with the action of A (by multiplication).

Definition 2.1. A Riemannian metric on M is a symmetric bilinear form
g: X(M) x X(M) — C(M)
such that:
1. g(X,Y) is a real function if X, Y are real vector fields;
2. g is C(M)-bilinear: g¢(fX,Y)=g(X,fY)=fg(X,Y), if fe C(M);
3. g(X,X) > for X real, with ¢(X,X)=0 = X =0 1in X(M).

The second condition entails that g is given by a continuous family of symmetric bilinear
maps gy : T;cM X T;cM — C or gy: Ty M x T, M — R; the latter version is positive definite.

Fact 2.2. Riemannian metrics always exist (in abundance).
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Since each g, is positive definite, there are “musical isomorphisms” between X(M) and
AL(M), as A-modules

X—X X(Y) =g(X,Y)

aY) =:g(at)Y).

x(M)

A (M), given by {

aﬁ<—a

They are mutually inverse, of course. In fact, they can be used to transfer the metric form
X(M) to AL(M):
g(a, 8) = g(of, §%), for @, B € A'(M).

One should perhaps write g~!(a, 3) —as is done in [GVF]— since in local coordinates g;; :=
g(0/02",0/027) and g"* := g(dx",dz*) have inverse matrices: [¢"%] = [g;;] .
If f € CY(M), the gradient of f is grad f := (df)*, so that

glgrad f,Y) = df(Y) := Y f.

2.2 Clifford algebra bundles

More generally a real vector bundle £ — M is a Euclidean bundle if, with £ = I'(M, EC),
there is a symmetric A-bilinear form g: £ x £ — A = C(M) such that

1. g(s,t) € C(M;R) when s,t lie in T'(M, E') —the real sections;
2. g(s,s) >0 for s e I'(M, E), with ¢g(s,s) =0 = s=0.

By defining (s|t) := g(s*,t), we get a hermitian pairing with values in A:
e (s|t)is A-linear in t;

(
o (t]s)=(s|t) € 4

e (s|s)>0,with (s]s)=0 = s=01in &;
o (s|ta)=(s|t)a for all s,t € £ and a € A.

These properties make £ a (right) C*-module over A, with C*-norm given by

lIslle .=V I(s|s)||la for s€€&.

For each x € M, we can form CI(E;) := Cl(E;, g-) ®r C. Using the linear isomorphisms
0. Cl(E,) — (A*E,)C, we see that these are fibres of a vector bundle Cl(E) — M, isomor-
phic to (A*E)® — M as C-vector bundles (but not as algebras!). Under (k\)(x) := k(z)A(z),
the sections of CI(E) also form an algebra I'(M, CI(E)). It has an A-valued pairing

(K| A): x— 7(k(z)" A(x)).
By defining [|x|| := sup,eps [|5(2)|lci(s,), this becomes a C*-algebra.

Lemma 2.3. If g, h are two different “metrics” on & = AY(M), the corresponding C*-alge-
bras

By :=T(M,C(T*M,g) ®x C) and By, := (M, Cl(T*M, h) ®g C)

are isomorphic.
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Proof. We compose a — afs: AY(M) — X(M) and X +— X°r: X(M) — A'(M) to get an
A-linear isomorphism p: A'(M) — A'(M). Now

h(a,p(e)) = alab) = g(a,a) >0, forall ae AY(M). (2.1)

At each x € M, the C-vector space Tf(M ) may be regarded as a Hilbert space with scalar
product (o | Be)n := he(@s, Bz), and now (2.1) says that each p, € Endc(TCM) is a pos-
itive operator with a positive square root o,: we thereby obtain an A-linear isomorphism
o: AY(M) — AY(M) such that p = o2. We may regard o as an injective A-linear map from
AY(M) into the algebra Bj,; when a € A'(M) is real, we get

o(a)? = h(o(a),o(a))1 = h(a, p(a)) 1 = gla,a) 1.

By a now familiar argument, applied to each o, separately, we may extend o to an A-
linear unital *-algebra homomorphism &: B, — Bj. Exchanging g and h gives an inverse
homomorphism 6~ 1: By, — By. Since any unital *-homomorphism between C*-algebras is
automatically norm-decreasing and thus continuous, we conclude that ¢: By — Bj, is an
isomorphism of C*-algebras. O

Definition 2.4. A Clifford module over (M, g) is a finitely generated projective A-module,
with A = C(M), of the form € =T(M, E) for E a (complezified) Euclidean bundle, together
with an A-linear homomorphism c¢: B — T'(M,End E), where B := T'(M,Cl(T*M)) is the
Clifford algebra bundle generated by A'(M), such that

(s|c(k)t) = (c(k™)s|t) forall s, t€&, k€ B.

Ezample 2.5. Take & = A*(M) = I'(M, (A*T*M)®) —all differential forms on M— with
c(a): w— e(a@)w + 1(af)w for w € A*(M) and o € A'(M) real. Then & is indeed a Clifford
module, but it is a rather large one: it may have nontrivial submodules. The goal of the next
subsection is top explore how some minimal submodules may be constructed.

2.3 The existence of Spin® structures

Suppose n = 2m + 1 = dim M is odd. Then the fibres of B are semisimple but not simple:
CYT*M) =~ Mayn(C) & Mom(C). We shall restrict to the even subalgebras, CI%(T*M) ~
Msym (C), by demanding that c(vy) act as the identity in all cases. Then we may adopt the
convention that

¢(k) := ¢(ky) when k& is odd.

Notice here that v is even; and c(y) = ¢(y?) = +1 is required for consistency of this rule.
We take A = C(M), but for B we now take

o {F(M, CT*M)), if dim M is even, (2.2)

[(M,CI%T*M)), if dim M is odd.

The fibres of these bundles are central simple algebras of finite dimension 2™ in all cases.
We classify the algebras B as follows. Taking
{B;=ClT;M):xze€ M}, ifdimM iseven
T B, =ClT*M) :z e M}, if dim M is odd

20



to be the collection of fibres, we can say that B is a “continuous field of simple matrix
algebras”, which moreover is locally trivial. There is an invariant

§(B) € H*(M; Z)

for such fields, found by Karrer [Kar] and in more generality —allowing the compact operators
K as an infinite-dimensional simple matrix algebra— by Dixmier and Douady [Dix].

Here is a (rather pedestrian) sketch of how §(B) is constructed:

If x € M, take p, € B, to be a projector of rank one, that is,

Pz = Dy :pg and trp, = 1.

On the left ideal S, := B.p., we introduce a hermitian scalar product

<a$pz ‘ b:ch) = tl‘(PzG;bxpz)- (23)

Notice that the recipe

|axpx><bmpz‘ P CyPx — (axpz)(bmpw)*(cmpm) = (azpmb;xca:pr)

identifies £(S;) —or K(S;) in the infinite-dimensional case— with B, since the two-sided
ideal span{ azp;bk : ay, b, € B, } equals B, by simplicity.

By local triviality, this can be done locally with varying z. If {U;} is a “good” open
cover! of M, we get local fields S; = {S;, : « € U; } with isomorphisms 6,: £(S;) — E‘Ui
of fields of simple C*-algebras. On nonempty intersections U;; := U; N Uj, we get *-algebra
isomorphisms Q;lﬁj: L(S;) — L(S;), so there are fields of unitary maps u;;: S; — S, such
that 6;'60; = u;(-)u;'-

On Uyjy, := U; N U;j N Uy, we see that (Adw;;)(Adu,;,) = Aduy, and so

Ui Usp = Az‘jk@z‘m

where Aijk: Uijr — T are scalar maps. We may now check that Ajklggk}giﬂ = Az‘jk on Ujjk.
Thus A is a Cech 2-cocycle, and its Cech cohomology class lies in H?(M; T) ~ H3(M; Z). We
may go one more step in order to exhibit this isomorphism: if we write \;;;, = exp(2mi ij)
—we can take logarithms since Uy, is simply connected— then

aijit = Ly = Lo Lo = Ly

takes values in Z (and since each Ujjy; is connected, these will be constant functions); thus,
these a;;x; form a Z-valued 3-cocycle, a. Finally, one may check that its class [a] € H*(M;Z)
is independent of all choices made so far. We define §(B) := [a], which is called the Dizmier—
Douady class of B.

Suppose now that the Hilbert spaces S, ~ C2" can be chosen globally for x € M —not
just locally for € U;— that is, they are fibres of a vector bundle S — M (that may b gifted
with a Hermitian metric) such that £(S,) ~ B,, for x € M, via a single field of isomorphisms
0: L(S) — Bsuchthat §, =0 U, for each U;. Then u,; = Qi_le = id over Ujj, and so A, = 1

over Ujjk, and a;ji; = 0 over each Ujjp; hence 6(B) = [a] =0 in H3(M; Z).

!The word good has a precise technical meaning: namely, that all nonempty finite intersections of open
sets of the cover are both connected and simply connected. On Riemannian manifolds, good open covers may
always be formed using geodesically convex balls.
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Conversely if 6(B) = 0, so that [)] is trivial in H2(M;T), i.e., A is a 2-coboundary, then
there are maps v;;: U;; — T such that \;;;, = v, v, on Usjg. Setting v;; := gi_jlgij, we get
local fields of unitaries such that v;;v,, = v;;, on each Ujj. These v;;: S; — 5; are therefore
transition functions for a (Hermitian) vector bundle S — M such that S ‘Ui ~ §, for each
Ui. Let S :=TI'(M,S) denote the A-module of sections of this bundle. Now the pointwise
isomorphisms B, ~ End S,, for each x € M, imply that B ~ End4 S as A-modules, and

indeed as C*-algebras. We summarize all this in the following Proposition.

Proposition 2.6. Let (M, g) be a compact Riemannian manifold. With A = C(M) and B the
algebra of Clifford sections given by (2.2), the Dizmier—Douady class vanishes, i.e., §(B) = 0,
if and only if there is a finitely generated projective A-module S, carrying a selfadjoint action
of B by A-linear operators, such that End4(S) ~ B.

2.4 Morita equivalence for (commutative) unital algebras

Definition 2.7. If A, B are unital C-algebras, we say that they are Morita equivalent if
there is a B-A-bimodule £ and an A-B-bimodule F, such that EQ s F ~ B as B-B-bimodules
and F ®p € ~ A as A-A-bimodules. We say that such an £ is an “equivalence bimodule”.

In general, we may choose F ~ % := Hom (&, A) to be the “dual” right A-module with
a specified action of B. We can then identify End4 £ ~ B.

Fact 2.8. Endy £ ~ B whenever £ is an equivalence B-A-bimodule.
Fact 2.9. Since A, B are unital, each £ is finitely generated and projective (and full).

Remark 2.10. There is a C*-version, due to Rieffel, whereby all bimodules are provided with
compatible A-valued and B-valued Hermitian pairings. This becomes nontrivial in the more
general context of nonunital algebras. The full story is told in [RW]. We shall not need this
machinery in the unital case: remember that M is taken to be compact.

Notation. For isomorphism classes [£] of bimodules, we form the set
Mrt(B, A) := {[€] : £ is a B-A-equivalence bimodule }.
In the case B = A, we write Pic(A) := Mrt(A, A); this is called the “Picard group” of A.

We call an A-bimodule £ symmetric if the left and right actions are the same: a>x = x<a
forx € £ and a € A. When A is commutative, a symmetric A-A-bimodule can be called, more
simply, an “A-module” —as we have already been doing. Even when A is commutative, an
A-A-equivalence bimodule £ need not be symmetric. Indeed, suppose ¢,1 € Aut(A). Then
we define 4&y to be the same vector space £, but with the bi-action of A on £ twisted as
follows:

a1 >ag<ag = ¢(ar) ap(az)

For ¢ = ¢ = id, this is the original A-A-bimodule (when either ¢ = id or ¢ = id, we shall
not write that subscript). In particular, we can apply this twisting to &€ = A itself.

Lemma 2.11. If A is a unital algebra, there exists an A-A-bimodule isomorphism 6: A — 4 A
if and only if ¢ is inner.

Proof. 1f 0: A — 4A is an A-bimodule isomorphism, then
6(a)0(1) = 0(a) = 0(1)a

so that ¢(a) = uau~!, where u = 0(1) is invertible. O
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Thus the “outer automorphism group” Out(A4) := Aut(A)/Inn(A) classifies the asym-
metric A-bimodules. When A is commutative, so that Inn(A) is trivial, this is just Aut(A).
Recall that

Aut(C(M)) ~ Homeo(M), Aut(C*®(M)) ~ Diff (M),

where ¢(f): z +— f(¢~1x) for f € C(M). We shall write Pica(A), following [BW], to denote
the isomorphism classes of symmetric A-bimodules. (This repairs an oversight in [GVF,
Chap. 9], which did not distinguish between Pic(A) and Pic4(A), as was pointed out to me
by Henrique Bursztyn.)

Fact 2.12. Pic(A) ~ Pica(A) x Aut(A) as a semidirect product of groups, with product given
by ([€],9) - ([F|, %) = ([p€p ®a F,d 0 ¢).

The proof is not difficult, but we refer to the paper [BW].
Lemma 2.13. For A= C(M) or C*®(M), Pica(A) ~ H?(M;Z).

Proof. Since invertible A-modules £ are given by £ = I'(M, L) —either continuous or smooth
sections, respectively— where L — M are C-line bundles; and these are classified by the first
Chern class c1(L) € H*(M;Z), obtained from [\] = ;] € fIl(M;T) ~ H3(M;Z). Indeed,
here £ = T'(M, L*), where L* — M is the dual bundle and £ ® £} = T(M,L ® L*) ~
I'(M,M x C) ~ C(M) or C*°(M), respectively.

The group operation in Picg(A) is [£1]-[L2] = [£L1®4 L2]: since L1®4 Ly ~ (M, L1® Ly),
it is again a module of sections for a C-line bundle. O

2.5 Classification of spinor modules

In this section, A = C(M) and as before, B = T'(M,Cl(T*M)) or B = T'(M,CI1°(T*M)),
according as the dimension of M is even or odd.

Consider now the set Mrt(B, A) of isomorphism classes of B-A-bimodules: we have seen
that §(B) = 0 if and only if Mrt(B, A) is nonempty. We shall assume from now on that
indeed 0(B) = 0, so that there exists at least one B-A-bimodule S = I'(M, S) —continuous
sections, for the moment— such that at each x € M, S, is an irreducible representation of
the simple algebra B,. Therefore, any such S has a partner S* = Homa(S, A) such that
S®4 8"~ Band 8 @5 S ~ A: in other words, S is an equivalence B-A-bimodule, and its
isomorphism class [S] is an element of Mrt(B, A).

Since S* ~ I'(M, S*) where S* — M is the dual vector bundle to S — M, we can write
this equivalence fibrewise: S; ®c S = End¢(S;) ~ B, and then S} ®p, S, ~ C, for x € M.

Lemma 2.14. Mrt(B, A) is a principal homogeneous space for the group Pica(A), when
d(B) =0.

Proof. There is a right action of Pics(A) on Mrt(B, A), given by [S] - [£] := [S ®4 L]. We
say that the spinor module § is “twisted” by the invertible A-module L.
IfS®4S*~Band S"®pS ~ A, then for S' := S ®4 L we get

51®A$§:S®AE®A£ﬁ®ASﬁSS®AA®ASﬁZS®ASﬁ2B,
St opS =L 048" @pSOALNL@ANARAL~LE®, L~ A
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Thus &7 is again an equivalence B-A-bimodule. Moreover, under the natural isomorphism
Homp(S',S) @4 L ~ Homp(S',S®@a L) : FRl[s'— F()®l],

we see that Homp(S,S ®4 L) ~ StRpS@4 L~ ARy L = L, so that the right action of
Pica(A) is free. On the other hand, the identification

S ® Homp(S,S") ~ Homp(Enda(S),S") : s® F — [G — (FoG)(s)]
yields, for £ := Homp(S,S’), the isomorphism
S®4 L ~Homp(B,S) ~ 8,
so that the action of Pic4(A) is transitive. O

To proceed, we explain how B acts on S* = Hom4 (S, A). The spinor module S carries an
A-valued hermitian pairing (2.3) given by the local scalar products defined in the construction
of S, that may be written

Wl¢) : z— (s |s), for ze M. (2.4)

We can identify elements of S* with “bra-vectors” (1| using this pairing, namely, we define
(1| to be the map ¢ — (¢|¢) € A. Since A is unital, there is a “Riesz theorem” for A-modules
showing that all elements of S* are of this form. Now the left B-action is defined by

b (Y] == (] o x(b').

Recall that b +— x(b!) is a linear antiautomorphism of B.

Remark 2.15. In these notes, there are many inner products. As a convention, angle brackets
(| -) take values in C —we shall call them scalar products to emphasize this— while round
brackets (- | -) take values in an algebra A —we use the word pairing to signal that.

Lemma 2.16. Let Lg := HomB(Sﬁ,S) be the A-module for which S* @4 Lg ~ S. Then
Lsgr ~ Ls®a L @4 L, so that the twisting [S] — [S ®4 L] on Mrt(B, A) induces a
translation by [L @4 L] = 2[L] on Picas(A).

Proof. First observe that, since £ is an invertible A-module, the dual of S ® 4 L is isomorphic
to St @4 L%, The commutativity of the group Pic4(A) the shows that

(S@RAL)F @4 (LsRALRIAL) > S @4 LED (L D4 Ls DA L)
~ S @4 Ls®aL~S®aL,
and the freeness of the action now implies the result. ]

Thus, the “mod 2 reduction” j,[Ls] € H2(M;Zs,), coming from the short exact sequence

of abelian groups 0 — Z 2 7 % Zs — 0, is independent of [S]. Indeed, it defines an
invariant x[B] € H?(M;Z). This is clear, when one takes into account the corresponding
long exact sequence in Cech cohomology and the governing assumption that 6(B) = 0:

S HY (M Zo) &2 7) U2 W2 7) P B2 (M Z0) S HB (M Z) — - (25)
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Remark 2.17. It can be shown that k(B) = wa(T M) = we(T* M), the familiar second Stiefel-
Whitney class of the tangent (or cotangent) bundle. See, for instance, the original papers of
Karrer [Kar| and Plymen [Ply], and the lecture notes by Schréder [Schd].

What is the meaning of the condition x(B) = 07 It means that, by replacing any original
choice of § by a suitably twisted S ® 4 £, we can arrange that Lg is trivial, i.e. Ls ~ A, or
better yet, that

S*~ S as B-A-bimodules.

We now reformulate this condition in terms of a certain antilinear operator C'; later on, in
the context of spectral triples, we shall rename it to J.

Proposition 2.18. There is a B-A-bimodule isomorphism S* ~ S if and only if there is an
antilinear endomorphism C of § such that

(a) C(vpa)=C)a forpeS, ac A;

(b) C(by) =x(b)C(y) fory €8, be B;

(¢) C is antiunitary in the sense that (Cé | C) = (Y| ¢) € A, for ¢, € S;
(d) C%* = £1 on S whenever M is connected.

Proof. Ad (a): We provisionally define C' by C(¢) := T()|, where T: S — S is the given
B-A-bimodule isomorphism. Now since (¢a| = ()| a because (Y a|p) =a (¢ |p) = (¢ |¢p)a =
(¢ | pa) —since A is commutative— we get C(¢a) =T ((¢|a) =T (Y|a = C(¢)a.

Ad (b): The formula for the B-action on S, and the relation (by) | ¢) = (¢ | b*¢) give

C(by) = T{He] = T(($] 0 b") = T(x(¥) () = x(6) T(].

Ad (c): The pairing (¢ | Cv) is antilinear (and bounded) in both ¢ and 1, and thus of
the form (¢ | x) for some x € S, by the aforementioned “Riesz theorem”. Thus we get an
adjoint map to C, namely the antilinear map CT: ¢ — y —obeying the rule for transposing
antilinear operators, i.e., (| CT¢) = (¢ | C%). Next, notice that CTC is an A-linear bijective
endomorphism of S, that commutes with each b € B:

(¢ ] CTChy) = (Cbyp | Co) = (x(b)C¥ | C9)
= (Cy | x(b)C) = (C | Cb*¢)
= (b*¢ | CTCyp) = (¢ | bCTCH).

Therefore CTC' € Endp(S) ~ A, i.e. there is an invertible a € A such that CTC = als.
If a # 1, we can now redefine C +— a_%C, keeping (a) and (b), so with the redefinition

C(¥) := a~ 2T (], we get CTC =1, L., (Co | C¥) = (| CTCP) = (¢ | §).

Ad (d): Finally, C? is A-linear, and C?b = C x(b) C = bC? for b € B, so C? = uls with
u € A. From the relations

uC = C® = Cu=aC by antilinearity of C,
auls = (C20? = 072C% = 15,

we get u = @ and hence u? = 1. Thus u € A = C(M) takes the values +1 only, so u = +1
when M is connected. (More generally, C? lies in H°(M, Z5).) O
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The antilinear operator C': § — S, which becomes an antiunitary operator on a suitable
Hilbert-space completion of S, is called the charge conjugation. It exists if and only if
k(B) = 0.

,What, then, are spin® and spin structures on M? We choose on M a metric (without
losing generality), and also an orientation £, which organizes the action of B, in that a change
e +— —e induces ¢(y) — —c(7), which either

(i) reverses the Zs-grading of S = ST @& S~ in the even case; or

(ii) changes the action on S of each c(a) to —c(a), for a € A'(M), in the odd case —recall
that ¢(«) := ¢(ay) in the odd case.

Definition 2.19. Let (M,e) be a compact boundaryless orientable manifold, together with a
chosen orientation €. Let A= C(M) and let B be specified as before (in terms of a fixed but
arbitrary Riemannian metric on M ). If §(B) = 0 in H3(M;Z), a spin® structure on (M,¢)
is an isomorphism class [S] of equivalence B-A-bimodules.

If §(B) = 0 and if k(B) = 0 in H2(M;Zs), a pair (S,C) give data for a spin structure,
when S is an equivalence B-A-bimodule such that S* ~ S, and C is a charge conjugation
operator on S. A spin structure on (M, e) is an isomorphism class of such pairs.

Remark 2.20. There is an alternative treatment, given in many books, that defines spin® or
spin structures using principal G-bundles for G = Spin®(R™) or G = Spin(R"™) respectively.
The equivalence of the two approaches is treated in [Ply] and [Schd].

Atiyah, Bott and Shapiro [ABS] called a spin® structure a “K-orientation”, for reasons
which may be obvious to K-theorists. At any rate, it is a finer invariant than the orientation
class [e], provided it exists.

In the long cohomology exact sequence there is a boundary homomorphism
H2(M; Zo) & H3(M; 2).

By examining the definitions of the various Cech cocyles that we have obtained so far, one
can show that 6(B) = d(k(B)).

Remark 2.21. 1t is known that §(B) = 0 for dim M < 4: manifolds of dimensions 1,2,3,4
always carry spin® structures. There are 5-dimensional manifolds for which 6(B) # 0; the
best-known is the homogeneous space SU(3)/SO(3). A homotopy-theoretic proof of the
obstruction for this example in given in [Fri].

A complex manifold has a natural orientation and a natural spin® structure coming from
its complex structure. Thus CP™ come with a spin® structure, for all m. However, it is known
that CP™ admits spin structures if and only if m is odd: therefore, CP? is a 4-dimensional
manifold without spin structures.

2.6 The spin connection

We now leave the topological level and introduce differential structure. Thus we replace
A=C(M) by A= C>(M), and continuous sections I'cont by smooth sections I'gpootn- Thus
S =T'(M, S) will henceforth denote the .A-module of smooth spinors.

Our treatment of Morita equivalence of unital algebras passes without change to the
smooth level. We can go back with the functor — ®@cee(pp) C(M), if desired.
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Definition 2.22. A connection on a (finitely generated projective) A-module € =T (M, E)
is a C-linear map V: & — AA(M)@4E =T (M, T*M®E) = AY(M, E), satisfying the Leibniz
rule

V(fs)=df ® s+ f Vs.

It extends to an odd derivation of degree +1 on A*(M)@4E =T'(M,A*T*MQFE) = A*(M, E)
with grading inherited from that of A*(M), leaving € trivially graded, so that V(w A o) =
do Ao+ (=)W A Vo forwe A(M), 0 € A*(M, E).

Employing the usual contraction of vector fields with forms in A®*(M), namely,
ixw(Yi,. .., V) = w(X,Y1,...,Y;) for we AFTH (M),

extended to A*(M)®@4E as tx ®idg —but still written ¢ x— we get operators Vx on A*(M, E)
of degree 0 by defining
Vx:=txoV+Vourx.

This is A-linear in X. Moreover, if w € A®*(M) and s € &, one can check that Vx(w ® s) =
Lxw®s—+wVxs, where Lx = 1x d+ dix is the Lie derivative of forms with respect to X.

Exercise 2.23. Verify that Vx(tyo) = 1y (Vxo) + i xyjo for o € A*(M, E).
Exercise 2.24. If £ = X(M) =T'(M,TM), then show that
VXy - VYX - [X, Y] = LyLXvQ,

where € AY(M,TM) is the fundamental 1-form defined by 1x0 := X. We say that V is
torsionfree if V0 =0 in A*(M,TM).

Exercise 2.25. Show that tytxV? = VxVy—VyVyx =Vixy) where the degree +2 operator
V2 on A*(M, E) is the curvature of V.

We mention two natural constructions for connections, on tensor products of A-modules
and on dual A-modules. Firstly, if V': F — AY(M) ® 4 F is another connection in another
A-module, then

V(is@t):=Vs@t+sa V't

(extneded by linearity, as usual) makes V a connection on £ @4 F.
Next, if £ = Hom4(&, A), then the dual connection V* on &f is determined by

d(C(s)) =: (VFO)(s) + ¢(Vs) in AY(M); or equivalently
X(¢(s)) = (VAO)(s) +¢(Vxs) in A, for X € X(M),
whenever ¢ € £ and s € €.

Definition 2.26. If £ an A-module equipped with an A-valued Hermitian pairing, we say
that a connection V on £ is Hermitian if

(Vs|t)+ (s|Vt)=d(s|t), or, in other words,
(Vxs|t)+(s|Vxt)=X(s|t), forany real X € X(M).

If V, V' are connections on &, then V/'—V is an A-module map: (V'=V)(fs) = f(V'=V)s,
so that locally, over U C M for which E‘U — U is trivial, we can write

V=d+a, where ac A'(U,EndE).
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Fact 2.27. On X(M) =T'(M,TM) there is, for each Riemannian metric g, a unique torsion-
free connection that is compatible with g:

9g(VX,Y) +g(X,VY) =d(g(X,Y)) for X,Y € X(M), or
9(VzXY)+9(X,VzY) = Z(g(X,Y)) for X,Y,Z € X(M).
The explicit formula for this connection is

29(VxY,Z2)=X(g(Y,2)) +Y(9(X,Z)) — Z(9(X,Y))
+9(Y,[Z,X]) + 9(Z,[X,Y]) — g(X, [V, Z]). (2.6)

It is called Levi-Civita connection associated to g. (The proof of existence consists in
showing that the right hand side of this expression is A-linear in Y and Z, and obeys a
Leibniz rule with respect to X, so it gives a connection; and uniqueness is obtained by
checking that metric compatibility and torsion freedom make the right hand side automatic.)

The dual connection on A'(M) will also be called the “Levi-Civita connection”. At
the risk of some confusion, we shall use the same symbol V for both of these Levi-Civita
connections.

Local formulas From now on, we assume that U C M is an open chart domain over which
the tangent and cotangent bundles are trivial. Local coordinates are functions z!,... 2" €
C>(U), and we denote 0; := 0/0x7 € X(M) ! i for the local basis of vector fields; by definition,

their Lie brackets vanish: [0;,0;] = 0. We define the Christoffel symbols Ffj e C*(U) by

Vo, 0j =: Ffj Oy, or VO;=: Ffj dz' @ Oy,

The explicit expression (2.6) for the Levi-Civita connection reduces to a local formula over U,
namely

I = 2g"(0igj0 + 0j9u — D1955);  here [¢"] = [g;;] . (2.7)

Notice that F;?Z- = Ffj; this is beacuse of torsion freedom.
Dually, the coefficients of the Levi-Civita connection on 1-forms are —Ffj (note the change
of sign):

Vo, (da?) = —Ffj dz?, or V(da*) = —I’fj da' @ da’.

Since the Riemannian metric gives a concept of (fibrewise) orthogonality on the tangent
and cotangent bundles, we can select local orthonormal bases:

{Er, ..., By} for X(M)|, =T(U,TM): g(Ea, Eg) = bap;
{0',...,0"} for AYM)|, =T(UT*M): g(6*6°) =5

We rewrite the Christoffel symbols in these local bases:
VE, =T} di' ® E5, V0’ =-T7 do’ ®6°.
Metric compatibility means that, for each fixed 4, the f;. are skewsymmetric matrices:
[ +T% = —g(V,0°,0%) — g(0°,V5,6%) = —9;(5°°) = 0.
Thus T lies in AU, so(T*M)) ~ AL(U) ®g so(R™).
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Definition 2.28. On a spinor module S = T'(M, S), a spin®-connection is any Hermitian
connection V¥: S — AY (M) ®4 S which is compatible with the action of B in the following
way:

V(e(a)y) = e(Va)y + c(a)VY  for a € AHM), v eS; or

VX (cla)y) = e(Vxa)p + c(a)Vie  for a € AYM), €S, X € X(M), (2.8)
where Va and V xa refer to the Levi-Civita connection on A*(M).

If (S,C) are data for a spin structure, we say V° is a spin connection if, moreover,
each Vx: S — S commutes with C whenever X is real.

Before discussing existence, let us look first at local formulas. We thus write “V = d — r
locally” for the Levi-Civita connection, with an implicit choice of local orthonormal bases of
1-forms. We recall that there are isomorphisms of Lie algebras

fi: 50(TEM) — Q(A*TF M) = spin(T M)

with the property that ad(i(A)) = A for A € so(T;M); in other words, [1(A),v] = Av for
v € TyM —this is a commutator for the Clifford product in CI(7;M,g,). On the chart
domain U, we can apply i to I fibrewise; this means that

[UT), e(@)] = ¢(T o)

for a € AY(M) with support in U, I’ € T(U, End T*M) is mapped to (') € T(U,End ),
and c(a) again denotes the Clifford action action of o on S‘U =I(U,95).
In this way we get the local expression of a connection,

VS :=d— (), acting on S‘U. (2.9)

Suppose we take o € A'(M) with support in U, and 1 € S‘U. Then

V3 (e(a)y) = d(c(a)d) — i(T)e(a)d

(
c(da) v + e(a) dip — uT)e(a)d
c(a)(dyp — if(T)) + (e(da) — [u(T), e(a)]¥)
= ¢(a)VP + e(do — T )y
= ¢(Va)y + ¢(a) V. (2.10)

Thus V° := d — (") provides a local solution to the existence of V°: S — AY(M) @4 S
satisfying the Leibniz rule:

V3 (e(a)p) = c(Va)i + ¢(a) VI,

Physicists like to write 7 := ¢(6%) for a given local orthonormal basis of A(M) —so
that the v are fized matrices. For convenience, we also write v = do37“ also (in the
Euclidean signature, which we are always using here); in other words, vg = ~% but with its
index lowered for use with the Einstein summation convention. Thus the Clifford relations
are just

7eAP 4By =26 for a,B=1,...,n

The formula (1.7) for /i can now be rewritten as
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A more sensible notation arrives by introducing matrix-valued functions wq,...,w, €
I(U,End T* M) as follows:

wi = =415, 7.
Let us look at the calculation (2.10) again, after contracting with a vectorfield X. We get

VX e(@)] ¢ = [Lx = X fi(wi), c(@)] ¢
= (c(Lxa) — X c(wia)) ¥ = c(Vxa) .

Thus the local coefficients of Vi are —%Xifﬁa v%vg, for X € X(M).

(2

Now suppose S comes from a spin structure on M. Since C(va) = (C¢)a for a € A =
C°(M), the operator C acts locally (as a field of antilinear conjugations C: S, — S;); and

since C'(b) = x(b)C for b € B, we get, for o, 5 =1,...,n:
CyAP = Ce(6%)c(0P) = c(6%)c(6%)C = v*4PC.

Thus V}q(C — C’Vi vanishes over U, provided X ‘U is real.
Suppose that V' is another local connection defined on S } , and satisfying the Leibniz
rule (2.10) there. Then
V' -V =p¢c AY(U,End S)

and c(k)By = Be(k)y for all k € B|U. Thus (3, is a scalar matrix in End(S,), for each z € U.
To fix 3, we ask that both V/ and V° be Hermitian connections; this entails that each 3, is
skew-hermitian:

<ﬁx¢x ’ ¢z> + <¢x | ﬁx¢x> =0 for z € U7

so this scalar is purely imaginary. On the other hand, if V', like Vi, commutes with C'
whenever the coefficients X’ of X are real functions, then this scalar must be purely real.
Therefore, g = 0.

Proposition 2.29. If (S,C) are data for a spin structure on M, then there is a unique
Hermitian spin connection V°: S — AY(M) ®4 S, such that

Vo(e(a)p) = c(Va)p + () V3,  for a € AHM), ¢ €,
and such that V.C = CV% for X € X(M) real.

Proof. We have shown that V* exists locally with the recipe (2.9) on any chart domain. This
recipe gives a local Hermitian connection since u(f) is skewadjoint —because the represen-
tation c¢ is selfadjoint— and it commutes with C. Any other local connection with these
properties must coincide with (2.9) over U.

Furthermore, on overlaps U; N Uy of chart domains, we have shown that 3 := V5|y, —
V3|, € AY (U3 NUs, End S) vanishes. Therefore, the local expressions can be assembled into
a globally defined spin connection. O

Remark 2.30. If S is only a spinor module for a spin® structure, then the uniqueness argument
for the local spin connection fails. We can only conclude that V|y, — V|, = i(a; — ag) ®
1End s, where a; € AY(Up) and as € A'(Us) are real 1-forms. We may be able to patch
these “gauge potentials” to get a connection V of a line bundle £# = I'(M, L*). Then one
can show that on S ® £, there is a connection V¢ that satisfies the Leibniz rule above, and
hermiticity. These are “spin® connections” for the twisted spin® structures.
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If V is any connection on an A-module £ =I'(M, E), then
V2(fs) =V(df @ s+ fVs) = (d(df) @ s — df Vs) + (df Vs + f V?s) = f V?s,

for f € A, so that V? is tensorial: Vs = Rs for a certain 2-form R € A?(M,End E), the
curvature of V. For the Levi-Civita connection, a local calculation gives

VZa=(d—T)(do—Ta)=—dla)—Tda+T(Ta)=(—dl + T AT)aq,
which yields the local expression for the Riemannian curvature tensor:
R|, =—dT +T AT € AX(U,s0(T*M)).

Likewise, the curvature R of the spin connection is locally given by

i1(R) = —di(T) + (T) A u(T) € A%(U,End S).
One can check these formulas to get more familiar expressions by computing R(X,Y) =
tytx R and likewise R¥(X,Y), for X,Y € X(M).
2.7 Epilogue: counting the spin structures

A spin structure on (M, €) is an equivalence class of pairs (S, C), but ;jwhat can be said about
the equivalence relation?

First, S has a class [S] € Mrt(B, A): these are classified by H2(M;Z). If (S, C1) is another
spin structure, then C7: Sf — &1 comes from a B-A-bimodule isomorphism T7: S — Si.
But now S; ~ S ® L for some £, where [£] € H3(M;Z) is well defined. Thus we get

— Lt
g —®a Sﬁ®AL’ﬁ: (3®A£)ﬁ

and therefore (S1,C1) ~ (S, C) if this diagram commutes. Now

S1 ~ 8 @4 Homp (S, 81) ~ 8 @4 Homp (St @4 L5, S @4 L)
~ 8 @4 L %4 Homp(SHS) @A L~ St @A LD L,

since Homp(S*%,S) is trivial: the existence of T shows that [Sf] = [S] in Mrt(B, A). The
conclusion is that &; ~ Sljj ®4 L R4 L. Thus &1 is also selfdual if and only if L ®4 L is
trivial: (x2).[£] = 0 in H*(M;Z). But, using the long exact sequence (2.5), we find that
ker(x2), = im{9: HY(M;Zy) — H*(M;Z)}.

Conclusion: Those [S ®4 L] € Mrt(B, A) for which £ ® 4 £ is trivial, but £ is not, i.e.,
the distinct spin structures on (M, ¢), are classified by H!(M, Zs).

Remark 2.31. The group H! (M, Zs) is known to classify real line bundles over M. If a twist by
L exchanges the spinor modules for two spin structures, there is an antilinear automorphism
of £ which matches the two charge conjugation operators, and the part of £ fixed by this
automorphism comprises the sections of the corresponding R-line bundle over M.
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Chapter 3

Dirac operators

Suppose we are given a compact oriented (boundaryless) Riemannian manifold (M,¢e) and
a spinor module with charge conjugation (S,C), together with a Riemannian metric g, so
that the Clifford action ¢: B — End4(S) has been specified. We can also write it as ¢ €
Hom4(B®4 S,S) by setting é(k ® ¢) := ¢(k) 9.

Definition 3.1. Using the inclusion A'(M) — B —where in the odd dimensional case this
is given by c(a) := c(ary), as before— we can form the composition

D=—i¢oV? (3.1)

where < )
s A M)®48 5 S,
so that ID: S — S is C-linear. This is the Dirac operator associated to (S,C) and g.

The (—i) is included in the definition to make I} symmetric (instead of skewsymmetric)
as an operator on a Hilbert space, because we have chosen g to be positive definite, that is,
yOyP 4 APy = 42698 Historically, I) was introduced as —iy*d,, = y*p, where the p, are
components of a 4-momentum, but in the Minkowskian signature.

Using local (coordinate or orthonormal) bases for X(M) and A' (M), we get nicer formulas:

Dy = =i e(VOP) = —ic(da? )V o = =iy Vi, 9. (3.2)
The essential algebraic property of I) is the commutation relation:
[D,a] = —ic(da), forall a€ A= C®(M). (3.3)
Indeed,
[, alyp = =i &(V> (ag))) + ia &(V5)
= —i&(V5(a) — a Vi)
= —ié(da®) = —ic(da)yp, for ¢ €S.
3.1 The metric distance property

As an operator, we can make sense of [ID,a] by conferring on S the structure of a Hilbert
space: if we write det g := det[g;;] for short, then

vy :=+/det gdz* Adx* A - A da™ € A"(M)
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is the Riemannian volume form (for the given orientation ¢ and metric g). In the notation,
we assume that all local charts are consistent with the given orientation, which just means
that det[g;;] > 0 in any local chart. The scalar product on S is then given by

(6] 0) = /Mww)ug for ¢4 €S,

On completion in the norm |[¢|| := /(¥ | ), we get the Hilbert space H := L?(M,S) of
L?-spinors on M.
Using the gradient grad a := (da)* € X(M), we can compute

I, all|* = lle(da)||* = sup ||lez(da(2))]*

reM

= sup g.(da(z),da(z)) with g, on (T M)C
xeM

= sup ¢z (grad &|m,grada‘w) using the dual g, on (T:,:M)(C
zeM

=: supngada‘xH2 =: || grad a|.
xeM

Classically, we compute distances on a (connected) Riemannian manifold by the formula

d(z,y) := inf{length(y) : v: [0,1] — M; 7(0) =z, v(1) =y },

with the infimum taken over all piecewise-smooth paths v in M from z to y. For a € C*°(M),
we then get

1
o) = ofe) = ar(1) ~ ar(0) = [ Flats)]at

1 1 1

= [ 3@l dt = [ aa] it = [ da (30 a
1

:/0 gv(t)(grada‘,y(t),’y(t)) dt,

and we can estimate this difference by

1
) = afe)] < [ Jaradal o [15(0)] d

1
< |l grad allo /O 15(8)] dt = || grad af| oo length(y)
— ||, al|| length(~).

Thus
sup{|a(y) — a(z)| : a € C(M), [P, a]ll <1} < inflength(y) =: d(z,y). (3.4)

In this supremum, we can use a € C'(M) not necessarily smooth; a need only be continuous
with grad a (v-essentially) bounded. Since we have obtained |a(y)—a(z)| < || grad a||eod(z, y),
we see that a need only be Lipschitz on M —with respect to the distance d— with Lipschitz
constant < || grad a||s. In fact, this is the best general Lipschitz constant: fix © € M, and
set ax(y) := d(x,y). This function lies in C'(M), and |az(y) — az(2)| < d(y, z) by the triangle
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inequality for d. Since || grada,||oc = 1 by a local geodesic calculation, we see that a = a,
makes the inequality in (3.4) sharp:

(z) : [|gradallec <1}

(2)] :a € C(M), I[P,a]] <1}, (3.5)

d(z,y) = sup{a(y) —a
= sup{fa(y) —a
so that I) determines the Riemannian distance d, which in turn determines the metric g.
(The Myers—Steenrod theorem of differential geometry says that g is uniquely determined by
its distaqnce function d.)
Ezample 3.2. Take M = S' (n = 1, m = 0, 2" = 1). The trivial line bundle is a spinor
bundle, with S = C*(S!) = A, and C is just the complex conjugation K of functions. With
the flat metric on S' ~ R/Z, we can identify S with the set of smooth 1-periodic functions

on R, so both V and V¥ are trivial since I'}, = 0. Therefore,
. d
D=—i a9

is the Dirac operator in this case. Thus [, f] = —if’ for f € A, and for «, 8 € [0, 1], we get

6 6
1) - sl = | [ f’(@d@]s [ @las < 15—l whenever ] <1.

Using fo(8) := |8 — o for a — % <pfg<a+ % wrapped around R/Z, we get a Lipschitz
function making the inequality sharp. Thus d(a, ) = |5 — «| provided |8 — af < %: this is
just the arc length on the circle of circumference 1.

More generally, the formula for d(z,y) yields the length of the minimal geodesic from z
to y, provided y is closer to x, than the “cut-locus” of z.

3.2 Symmetry of the Dirac operator

We now regard I) as an operator on L?(M,S), defined initially on the dense domain & =
1_‘smooth(]\fa S)

Proposition 3.3. ) is symmetric: that is, whenever ¢, € S, the following equality holds:

(Do | v) = (6| D).

Proof. We compute the pairings (D¢ | ) and (¢ | IPv), which take values in A = C(M).
We need a formula for the divergence of a vector field: Lxv, =: (div X) vy, so that

/ (divX)y, = / Lx(vg) = / tx (dvg) + d(txvy) = / d(exvg) =0
M M M M
by Stokes’ theorem (remember that M has no boundary). This formula is

div X = 9; X7 + T4, X* = da’ (V, X),

as can easily be checked; on the right hand side we use the Levi-Civita connection on X(M).
Now we abbreviate ¢/ := c(dx’/) € T'(U,EndS), for j = 1,...,n. Then we compute the
difference of A-valued pairings:

(@] DY) —i(Do | v) = (6] V3 ¥) + (V5 0| )
= (| V5, %) = (6] c(Vo, d2l)y) + (V5,6 | ¢ ¥)
= 0j(¢| ) — (¢ ] c(Vo, dal ).
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Here we have used the Leibniz rule for V¥, the selfadjointness of ¢/ since dz’? is a real local
1-form, and the hermiticity of V.

By duality, the map o — (¢ | ¢(a)®), which takes 1-forms to functions, defines a vector
field Zyy —because X(M) = Endeeo(apy (A' (M), C°(M))— so the right hand side becomes

0;(dx? (Zyy)) — (Vo, da’ ) (Zgy) = dx? (Vo, Zgy) = div Zsy,

where we have used the Leibniz rule for the dual Levi-Civita connections on A!(M) and on
X(M), respectively. Thus

(@ | D) — (D¢ | ) = —idiv Zyy

which has integral zero. O

3.3 Selfadjointness of the Dirac operator

If T is a densely defined operator on a Hilbert space H, its adjoint T* has domain
DomT* :={¢ € H:Ix € H with (T¢ | p) = (¢ | x) for all v € DomT }

and then T ¢ := y, of course, so that the formula (T|¢) = (Y |T*¢) holds. If T'is symmetric,
then clearly DomT C Dom T™* with 7% =T on Dom T that is, T* is an extension of T to a
larger domain.

The second adjoint T** =: T is called the closure of T (symmetric operators always have
this closure), where the domain of the closure is

DomT := {1 € H:3¢ € H and a sequence {1} C DomT,
such that v, — v and T, — ¢ in H }

In other words, the graph of T in H@®H is the closure of the graph of 7. And then, of course,
we put T := ¢. When T is symmetric, we get

DomT C DomT C Dom T*.

Definition 3.4. We say that T is selfadjoint if T = T*; thus T is symmetric and closed.
Otherwise, we say that T is essentially selfadjoint if it is symmetric and its closure T is
selfadjoint.

Remark 3.5. Selfadjoint operators have real spectra: sp(1') € R. This is crucial: an un-
bounded operator that is merely symmetric may have non-real elements in its spectrum.
Moreover, selfadjoint operators obey the spectral theorem: T = fR AdE7(X), where Er is a
“projector-valued measure” on Borel subsets of R with support in sp(7T').

The main result of this chapter is that the Dirac operator on a compact Riemannian spin
manifold is essentially selfadjoint. This was proved by Wolf in 1973; he actually showed the
result also for noncompact manifolds which are complete with respect to the Riemannian
distance given by the metric [Wolf]. In his proof, completeness is needed to establish that
closed geodesic balls are compact; that proof is also given in the book by Friedrich [Fri]. For
simplicity, we deal here only with the compact case.

Theorem 3.6. Let (M, g) be a compact boundaryless Riemannian spin manifold. The Dirac
operator I is essentially selfadjoint on its original domain S.
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Proof. There is a natural norm on Dom J)*, given by

I* = Nl l1? + (1271

We claim that S = Lot (M, S) is dense in Dom Ip™ for this norm. Using a finite partition of
unity fi+---+ fr = 1 with each f; € A supported in a chart domain U; over which S|y, — U;
is trivial, it is enough to show that any fi$, with ¢ € Dom I, can be approximated in the
[||[|-norm by elements of I'yooth (Ui, S). Thus we can suppose that supp ¢ C U;, and regard
¢ € L*(U;, S) as a 2™-tuple of functions ¢ = {¢y} with each ¢y € L*(U;,v).

Previous formulas now show that

W'61v) =01 90) = [ 019950 = [(o]V50)
M
:/[aj@ww—(vgjc%wﬂ 2
_ /M (o | ) (divay) — (V5 I | )] vy

after an integration by parts, so that )" is given by the formula p* = —(ng +div 9;) e(dz?),
as a vector-valued distribution on Uj; in particular, it is also a differential operator (the
difference p* — Ip will soon be seen to vanish).

Now, if {h,} is a smooth delta-sequence, then for large enough r we can convolve both ¢
and )" ¢ with h,, while remaining supported in U; —the convolution is defined after pulling
back functions on the chart domain U; to an fixed open subset of R™. Thus we find that
¢*hy. — ¢ and P (p*h,) — "¢ in L*(U;, vy)?", so that [|¢ * h, — ¢|| — 0. But the spinors
¢ * h, are smooth since the h, are smooth, so we conclude that S is ||-||-dense in Dom "

But now ]D*(¢* h,) = D(¢*h,.) since S = Dom I, so we have shown that ¢ lies in Dom )
and that D¢ = Q*qb. Thus Dom ) = Dom ]ﬁ*, and it follows that ) = ™" = " : which
establishes that 1P is selfadjoint. O

3.4 The Schrodinger—Lichnerowicz formula

If E — M is any smooth vector bundle with connection V¥ on & = I'(M, E), we can consider
not only V¥: & — A' (M) ®4 &, but also the connection V¥ := V® 1+ 1® VP on the
tensor product bundle & = A'(M) ®4 &; here V is once again the Levi-Civita connection
on A'(M). Their composition is an operator VZ o V¥ from € to AN (M) @4 A' (M) ®4 &;
using the metric g on A'(M) we can take the trace over the first two factors, ending up with
a Laplacian:

AP = T, (VP oVF) £ - €. (3.6)

The minus sign is a convention to yield a positive operator (instead of a negative one) [BGV].
Locally, this means:
E ij (B wF k oF
AP = —gi(VE Vaj - T Vak)-

Definition 3.7. In particular, when E = M x C is the trivial line bundle, we get the “scalar
Laplacian”
A= —g"(9;0; — T}, 0p), (3.7)

also known as the “Laplace—Beltrami operator” on A = C*°(M). Likewise, when E =S, we
get the spinor Laplacian for a spin manifold.
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Before examining the relation between the Dirac operator and the spinor Laplacian, we
collect a few well-known formulas for the Riemann curvature tensor, R. These can be found
in many places, for instance [BGV]; perhaps the best reference is Milnor’s little book [Mil].

The square of the Levi-Civita connection on X(M) is C°°(M)-linear, so it is given by
V2X = R(X), where R € A?(M,End TM). In local coordinates, its components are Ry :=
9(9;, R(O, 91) 0;).

Taking a trace over the first and third indices, we get the Ricci tensor, whose components
are Rj = gikRijkl. The trace of the Ricci tensor is the scalar curvature (or “curvature
scalar”) s := glejl = ¢! gikRijkl € C°(M). Under exchange of indices, R has the following
skewsymmetry and symmetry relations:

Rijri = —Rjitt = — Rijik; Rijri = Ryij-
The (first) Bianchi identity says that the cyclic sum over three indices vanishes:

Rijii + Rijk + Rikij = 0.

Moreover, the Ricci tensor is symmetric: Rj; = Ry;.

The formula in the next Proposition is generally attributed to Lichnerowicz [Lich, 1963],
but was anticipated by Schrédinger in a little-known paper [Schl, 1932].

Proposition 3.8. Let (M, g) be a compact Riemannian spin manifold with spinor module S.
Then
P =A%+ 1 (3.8)

as an operator on S,

Proof. It is enough to prove the equality when applied to spinors v supported in a chart
domain, so we may use local coordinate formulas. Since ) = —i ¢/ Vsj, we get

P = v Vi, = —¢'d V3, Vi — (Vo da®) V3,
i J S S S
= —CZC] (v(gl Vaj - Ffj Vak),
and from Ffj = I‘;?Z- (torsion freedom) and the Clifford relation c'c’ + /¢! = 2¢g%, we get
D = —g"(V3 V3, — T V3,) — 3¢ V3, V3]
AS _ 1ijroS uS
= A" — 5 [V3, V5]
Since [0;, 0j] = 0, the commutator [Vsi, ng] is a spin-curvature term:
V5., V3] = R°(0k, 1) = $Rijia c'cd,
because the curvature R of V¥ is given by ji(R). Hence,
]ﬁz — A% = —%Rijkl el = %Rjikl i, (3.9)

Since Rjj has cyclic sum zero in the indices 4,k,l, we can also skewsymetrize ckdd =

c(dz®) ¢(dx') c(dx?). Tt is a simple exercise to check that
et = Q(daf A dal A dxt) + glidF — gFid + gFle,

37



If we now skewsymmetrize the right hand side of (3.9) in the indices 4, k, I —which does not

change its value— the Q-term contributes zero to the result. Also, the term g*'c'c/ = g'*cicd
contributes zero, while ¢“’c*¢/ and —g* !¢/ contribute equally. Thus,
9 . , . . A
D”— A% = {Riug™dd = JRudd = fRu(ddd + )
~ 1Rt = L. O

One consequence of the formula (3.8) is a famous “vanishing theorem” of Lichnerowicz.

Corollary 3.9. If s(x) > 0 for all x € M, and s(xo) > 0 at some point xo € M, then

ker ) = {0}.
Proof. Suppose that 1) € S satisfies D7) = 0. Then

0= DI = (0| Bw) = (| AS) + /M Lo (| 9) . (3.10)

Now it is easy to check that, after an integration by parts over M and discarding a divergence
term,

(¥ | ASp) = g7 (V5,9 | V3). (3.11)

Since the matrix [¢¥] is positive definite, this (by the way) shows that AS is a positive
operator; and since s > 0, both terms on the right hand side of (3.10) are nonnegative; so
they must both vanish, since their sum is zero.

Moreover, (3.11) shows that (i | A%y) = 0 implies V53 = 0. This in turn implies that
0; (V| v) = (ng@b | ) + (¢ ] ngz/)) vanishes for each j, so that k& := (¢ | ¢) is a constant
function. But now (3.10) reduces to 0 = k fM sy, which entails k = 0 and then ¢ = 0. [

We saw by example (Appendix A.2) that on S?, the Dirac operator for the round metric
has spectrum sp(l)) = N\ {0}: here s = 2 and ker [) = {0}. Thus there are no “harmonic
spinors” on S2.

3.5 The spectral growth of the Dirac operator

Since lﬁQ = A5+ %s, and A% is closely related to the Laplacian A on the (compact, bound-
aryless) Riemannian manifold (M, g), the general features of sp(/?) may be deduced from
those of sp(A).

We require two main properties of Laplacians on compact Riemannian manifolds without
boundary. Recall that

A = —Try (VMM o gT"M) — g1 (9, 0; — T}; 0))

is the local expression for the Laplacian (which depends on g through the Levi-Civita con-
nection and ¢g*). Thus A is a second order differential operator on C*>°(M).

Fact 3.10. The Laplacian A extends to a positive selfadjoint operator on L*(M, vg) —also
denoted by A— and (1 + A) has a compact inverse.

To make A selfadjoint, we must complete C°°(M) to a larger domain, by defining
NP = CF L+ D)) = 117+ 97 (0if 19,0,
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where (f | f) := [y, |f|*vy. Taking DomA := {f € L*(M,v,) : ||f]| < co}, A becomes
selfadjoint and (1 + A)~': L*(M,v,) — (Dom A, ||-||) is bounded. Then one shows that
the inclusion (Dom A, ||-]|) < L?(M, v,) is a compact operator (by Rellich’s theorem); and
(1 +A)~!, as a bounded operator on L?(M, vg), is then the composition of these two, so it
is also compact.

Corollary 3.11. A has discrete (point) spectrum of finite multiplicity.

Proof. Since (1+ A)~! is compact, its spectrum —except for 0— consists only of eigenvalues
of finite multiplicity. Therefore, the same is true of 1 + A, and of A itself. Indeed,

1 1 1
1+A) Y =
p((1+A)Y) {1“0’1“1’1“2’ }

with Ag < Ay < Ay < -+ being the list of eigenvalues of A in increasing order. These are
counted with multiplicity: an eigenvalue of multiplicity r appears exactly r times on the list.
This A\ — oo, since (1+ A\x)~! — 0, as k — oc. O

As a convention, when A is a compact positive operator, we write Ag(A) to denote the
k-th eigenvalue of A in decreasing order (with multiplicity): Ag(A) > A1(A) > --+; on the
other hand, if A is an unbounded positive selfadjoint operator with compact inverse, we write
the eigenvalues in increasing order, as we did for A.

Fact 3.12 (Weyl’s theorem). The counting function for sp(A) is
Na(V) = #{A(A) s M(A) < A},
For large X, the following asymptotic estimate holds:
Na(X) ~ Cy, Vol(M) X2 as A — oo,

where n = dim M, and Vol(M) = [, vy is the total volume of the manifold M. The constant
Ch, that depends only on the dimension n, is
Q, 1

Cn = n2m)r  (4m)nPT(E 4 1)

where Q,, = Vol(S*~1) = 27r”/2/I‘(%),

We shall not prove Weyl’s theorem, in particular why the number of eigenvalues (up to \)
is proportional to Vol(M), but we shall compute the constant by considering an example.
For a simple and clear exposition of the proof, we recommend Higson’s ICTP lectures [Hig].

Ezample 3.13. Take M = T™ = R"/bZ" to be the n-torus with unit volume. Identify C°°(T")
with the smooth periodic functions on the unit cube [0,1]". For the flat metric on T", and
local coordinates ¢t = (t!,...,t"), we get

() ) ()

Thus we find eigenfunctions, labelled by r = (r1,...,r,) € Z"™:

Gy =¥ for t € [0,1]".
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Since { ¢, : 7 € Z"} is an orthonormal basis for L?(T"), these are a complete set of eigen-

functions, and therefore
sp(A) = {4x?|r|? :r € Z" }.

If B(0; R) is the ball of radius R, centered at 0 € R™, then

Na(\) = #{r ez 4x%r|> < )}

n/2
~ Vol(B(0; /\/47r2)):(45;2> Vol(B(0: 1))

n/2
X2, O, \n/2

2m)n n n(27)" ’

as A — oo,

using

1 1
Q
Vol(B(0;1)) _/ dz' A Ada” _/ (/ u)r"—ldr = Qn/ Ty = =2
B(0;1) 0 sn—1 0 n

For the spinor Laplacian A®, a similar estimate holds, but with C,, replaced by 2™C,,
(recall that in the flat torus case with untwisted spin structure, & ~ C*°(T") ® C?"). Now
by Lichnerowicz’ formula, lDQ differs from A® by a bounded multiplication operator is, thus
Nlpz()\) ~ Nps(A) as A — oo, hence

amQ), "
Nlpg()\) ~ @) Vol(M) A=, as X\ — 0.
Consider the positive operator || := (ZD2)1/ 2, remember that p is an eigenvalue for || if

and only if 42 is an eigenvalue for 122 (with the same multiplicity). We arrive at the following
estimate.

Corollary 3.14.
2Mm

m VOI(M) )\n, as A — 00. O

Nip(A) ~

Example 3.15. For M = S?, with n = 2, we have seen (in Appendix A.2) that

sp(P) = {£(l+3):1+1eN+1}, with multiplicities 2/ + 1
={+k:k=1,2,3,...}, with multiplicities 2k.

Therefore

NN = > 4k =2[A(|A +1) ~2A(A +1) ~2)%, as A — oc.
1<k<A
Q9 27 1

1
Now Cy = 2(2m)? =52 1s and 2Cy = or for spinors. Therefore 2Cy Area(S?) A? = 2)2,

1
Area(S?) = — = 4.
rea(S?) G T
In other words, Weyl’s theorem allows us to deduce the area of the 2-sphere S? from (the
knowledge of the circumference of the circle Q29 = 27 and) the growth of the spectrum of the

Dirac operator on S2.
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Chapter 4

Spectral Growth and Dixmier
Traces

4.1 Definition of spectral triples

We start with the definition of the main concept in noncommutative geometry.
Definition 4.1. A (unital) spectral triple (A, H, D) consists of:
e an algebra A with an involution a — a*, equipped with a faithful representation on:
e ¢ Hilbert space H; and also

e ¢ selfadjoint operator D on H, with dense domain Dom D C 'H, such that a(Dom D) C
Dom D for all a € A,

satisfying the following two conditions:

e the operator [D,a), defined initially on Dom D, extends to a bounded operator on H,
for each a € A;

e D has compact resolvent: (D — A\)~! is compact, when \ ¢ sp(D).

For now, and until further notice, all spectral triples will be defined over unital algebras.

The compact-resolvent condition must be modified if 4 is nonunital: as well as enlarging A
to a unital algebra, we require only that the products a(D — \)~!, for a € A and ) ¢ sp(D),
be compact operators.
Ezample 4.2. Let (M, e) be an oriented compact boundaryless manifold which is spin, i.e.
admits spin structures, and (S,C) be data for a specific spin structure. Choose a Rie-
mannian metric g on M (which allows us to define V and V°) and let ) = —iéo V°
be the corresponding Dirac operator, extended to be a selfadjoint operator on L?(M,S).
Then (C*°(M), L*(M, S), D) is a spectral triple. Here [ID,a] = —ic(da) is a bounded op-
erator on spinors, with ||[D,a]|| = ||gradalleo, for a € C°°(M). We know by now that
(]D2 +1)7t = (D —i)7YP + i)~ is compact, so (Ip +i)~! is compact. We refer to these
spectral triples as “standard commutative examples”.

Note that, if A\, & sp(D), then (D — \)™' — (D — )™t = (A — p)(D — N)"YD — p)~*
—this is the famous “resolvent equation”— since

(D-XN(D-N"=(D=p) YD =)= (D)~ (DX =A—p.
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Thus (D — A)~! is compact if and only if (D — p)~! is compact, so we need only to check
this condition for one value of A. In the same way, we get the following useful result.

Lemma 4.3. D has compact resolvent if and only if (D* + 1)~ is compact.

Proof. We may take A = —i, since the selfadjointness of D implies that +i ¢ sp(D). Thus,
D has compact resolvent if and only if (D + i)~! is compact. Let T = (D +i)~!; then the
proof reduces to the well-known result that a bounded operator T' is compact if and only if
T*T is compact. O

By the spectral theorem (D? + 1)'/2 — |D| = f(D), where f: R — R is the continuous
function f(\) := VA2+1— |A] = m; and 0 < f(A) < 1 for all A € R, so that

| £(D)|| < 1. Or more precisely: the operator f(D) := (D?+1)/2 —|D|, defined initially on
Dom D, extends to a bounded operator on H, of norm at most 1.

In many arguments to come, we shall employ |D| and | D| ™! as if we knew that ker D = {0}.
However, even if ker D # {0}, we can always replace |D| by (D? 4 1)!/2 and |D|~! by
(D? +1)~1/2 at the cost of some extra calculation.

4.2 Logarithmic divergence of spectra

If A is a positive selfadjoint operator with compact resolvent, let { \x(A) : &k € N} be
its eigenvalues listed in increasing order, \g(A) < A\ (A) < A2(A4) < --- (an eigenvalue of
multiplicity r occurs exactly r times in the list). The counting function N(\), defined for
A > 0, is the number of eigenvalues not exceeding A:

Na(A) :=#{keN: X \(A4) <A}
If A is invertible (i.e., if Ag(A) > 0), we can define the “zeta function”

Ca(s) =TrA™® = Z/\k(A)_S, for s >0,
k>0

where we understand that (4(s) = +oo when A™* is not traceless. For real s, (4(s) is a
nonnegative decreasing function.
It is actually more useful to consider finite partial sums.

Notation. If T € K(H) is any compact operator, and if k € N, let si(7T'), called the k-th
singular value of T', be the k-th eigenvalue of the compact positive operator |T| := (T*T)/2,
where these are listed in decreasing order, with multiplicity. Thus so(T") > s1(T) > so(T) >

- and each singular value occurs only finitely many times in the list, namely, the finite
multiplicity of the that eigenvalue of |T'|; therefore, sx(7) — 0 as k — oo. Note that
so(T) = ||T|| since so(T)? is the largest eigenvalue of T*T, so that so(T)? = ||T*T|| = ||T||*.
For each N € N, write

We shall see later that for many spectral triples, the counting function of the positive
(unbounded) operator |D| has polynomial growth: for some n, one can verify an asymptotic
relation Np|(A) ~ C;A". In that case we can take A := |D|™", which is compact. Then
the number of eigenvalues of A that are > ¢ equals Njp|(A) for A = 1/e. This suggests
heuristically that for N close to N|p|(1/¢), the N-th eigenvalue is roughly C/e for some
constant C, so that on(|D|™") = O(log N). We now check this condition in a few examples.
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Example 4.4. We estimate oy (|I)|~*) for s > 0, where I) is the Dirac operator on the sphere
S? with its spin structure and its rotation-invariant metric. We know that the eigenvalues of
|| are k = 1,2,3,... with respective multiplicities 2(2k) = 4,8,12,.... For r = 1,2,3,...,
let

T
N, = Z4k‘=2r(r—|—l) ~2r% as r — oo,
k=1
so that log N, ~ 2logr as r — oco. Next,

o (1B17%) = 3 ak(k~*) = 43"k,
k=1 k=1

and thus

T

JNT(“D‘_S) ~ 4 Zkl_s ~ 72 /Ttl_sdt as r — oo
log N, 2logr £ logr J; ’

by the “integral test” of elementary calculus. There are three cases to consider:

o If s <2, then

T 7'273 -1
/ t175 dt = ——= diverges as r — 00;
1

ogr 2—s
2 '
e if s > 2 then —— t!7%dt — 0 as r — oo; while
logr Jq

on, (|P|7®)  2logr
~ —

if s =2, th
¢ Hom s en log N, log,

Finally, note that if N,_; < N < N,., then

on (1PI7°) _ on(BI7*) _ on. (1B
log N, ~ logN = logN,_1 '’

while log N ~ log N,,_1 ~ log N,. ~ 2logr as r — oco. Thus

+oo if s <2,
_on(P17) L ow (1D70) .
lim ——— = lim —/———= =<¢2 if s =2,
N—oo logN r—oo  log N,
0 if s > 2.

We express this result by saying that for s = 2, “the spectrum of |]P|~2 diverges logarithmi-
cally”. There is precisely one exponent, namely s = 2, for which this limit is neither zero nor
infinite.

Exercise 4.5. Do the same calculation for I) on the torus T", whose spectrum we know:
show that the spectrum of |IP|=% diverges logarithmically if and only if s = n = dim T™.

4.3 Some eigenvalue inequalities

Let H be a separable (infinite-dimensional) Hilbert space, and denote by L£(H) the algebra
of bounded operators on H. Let L = K(H) be the ideal of compact operators on H. Each
T € K has a polar decomposition T = U|T|, where |T| = (T*T)/? € K, and U € L(H) is
a partial isometry. This factorization is unique if we require that U = 0 on ker |T|, since U
must map the range of |T| isometrically onto the range of 7.
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The spectral theorem yields an orthonormal family {¢} in H, such that

7L =" k(D) [r)(wnl, T =D sw(T) [Uhi) (Wi

k>0 k>0

(If |T| is invertible, this is an orthonormal basis for H. Otherwise, we can adjoin an orthonor-
mal basis for ker |T'| to the family {}.) Since ¢ := Uty gives another orthonormal family,
any 1" € K has an expansion of the form

T= ZSk ) |Px) (Vx| (4.1)

k>0

for some pair of orthonormal families {¢y}, {1r}.
If Vi, V4 are unitary operators on H, we can then write

ViTVy = ZSk ) | Vidw) (V5 ],
k>0

and conclude that s;(V1TVa2) = si(T) for each k, and hence that
on(ViTVa) = on(T).
Therefore, any norm ||T|| that is built from the sequence {si(T) : k € N} is unitarily

invariant, that is, [[|[V1TVa|| = ||T’[|| for V1, V2 unitary.

Ezample 4.6. If | T|| is the usual operator norm on /C, then

I = 17T/ = || 17| || = sup s (T) = so(T)-

A compact operator T is called trace-class, and we write T € L' = L'(H), if the following
series converges:

Ty == Tr|T] = sp(T) = Jim o (7).
k>0

For 1 < p < oo, there are Schatten classes LP = LP(H) consisting of operators for which the

following norm is finite:
1/p
i, = (S )

k>0
There are strict inclusions £ € L7 C LP C K for 1 <7 < p < oo.

Soon, we shall introduce a “Dixmier trace class” £ (H), with yet another norm built
from singular values, such that £' ¢ £ C £P for p > 1.

Much is known about the singular values of compact operators. For instance, the following
relation holds, for T € K:

sp(T) = inf{ |T(1 — P)|| : P = P> = P*, dim P(H) < k}. (4.2)

This comes from a well-known minimax principle: see [RS], for instance. The infimum is
indeed attained at the projector @ of rank k whose range is Q(H) := span{o, ..., VYr_1},
when T is given by (4.1), since T(1-Q) =T —=TQ = }_ ;. 5;(T)|$;)(¢;| is an operator with
norm |7 — TQ| = sx(T).
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Lemma 4.7. If T € K, then
on(T) = sup{ |TP||; : P = P*= P*, rank P = N }. (4.3a)
If A is a positive compact operator, then it is also true that
on(A) = sup{ Tr(PAP) : P = P> = P*, rank P = N }. (4.3b)

Proof. If P is a projector of finite rank N, then (T'P)*(TP) = PT*TP and thus |TP| has
finite rank < N, so | TP||; = Zg:_ol sk(TP) = on(TP). From the formula (4.2), it follows
that 0 < A < B in K implies sg(A) < six(B) for each k£ € N, and in particular, since
0 < PT*TP <T*T, we get sg(TP) < sg(T). Thus on(TP) < on(T) also. We conclude that
the right hand side of (4.3a) is < on(T).

If we write T' in the form (4.1) and then choose @, as before, to be the projector with
range span{to, ..., Y1}, then [TQ| = Y50 s;(T) [1h)(¢;] and thus || TQ| = on(T).

When A € K is positive, and P is a projector of rank n, then Tr(PAP) = Tr(AP) <
|AP|1 < on(A). To see that the supremum in (4.3b) is attained, we can write A =
> k>0 Sk(A) [1r) (Y| and note that QA = AQ = QAQ), so that AQ) is also a positive operator.
It then follows that Tr(QAQ) = Tr(AQ) = ||AQ||1 = on(A).

O

Corollary 4.8. Each oy is a norm on K: on(S+T) < on(S) + on(T) for S,T € K.

Proof. This follows from ||SP+TP||; < ||SP||y + |TP||s for P = P? = P*, tank P = N. [
Lemma 4.9. If T € K, then
on(T) =inf{|R|i + N||S| : R,S € K with R+ S =T'}.

Proof. If T = U|T|, then |T'| = U*T (by the details of polar decomposition, this is true even
though U might not be unitary), so T = R + S implies U*T = U*R + U*S; thus, we can
suppose that T > 0.

If we now split T'=: R+ S, then on(T') < on(R) + on(S) < ||R]]1 + on(S), while

on(S)= Y w8 Y sol8)=NS].

0<k<N 0<k<N

For T'= %"~ sk(T) [¢x) (¥r], we consider the special splitting into positive operators,

Ri= > (si(T) = sn(D) ) (],  S:=T-R

0<k<N
Then ||R|; = on(T) — N sy(T), while ||S|| = sny(T) by inspection. O
The triangle inequality in Corollary 4.8 is not good enough for our needs: our goal is

get an additive functional, rather than just a subadditive one. The next step is to extract
from (4.3b) a sort of “wrong-way triangle inequality”, at least for positive compact operators.

Lemma 4.10. If A > 0, B > 0 are positive compact operators, and if M, N € N, then

O’M+N(A + B) > UM<A) + UN(B).
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Proof. From (4.3b) we obtain oj(A) = sup{ Tr(PAP) : P = P?> = P* rankP = M}
and on(B) = sup{ Tr(P'BP') : P' = P? = P, rankP' = N}. Now rank(P + P') =
dim(PH + P"H) < M + N, so if P” is any projector of rank M + N whose range includes
the subspace PH + P'"H, then P < P” and P’ < P” as operators. Therefore,

Te(PAP) + Tr(P'BP') < Tr(P"AP") + Tr(P"BP") = Tr(P"(A + B)P"),

so that ops(A)+on(B) < suppr Tr(P"(A+ B)P") < oon(A+ B). (Notice how this argument
requires additivity of the trace: it would not have worked with || - ||; instead of Tr, hence the
restriction to the case of positive operators.) ]

Corollary 4.11. If A, B € K with A >0, B >0, then
UN(A+B) SO’N(A)-FUN(B) SO’QN(A"‘B). ]

We see that the functional A — oxn(A)/log N is not far from being additive functional
on the positive cone K. But to get a truly additive functional, we must try to take the limit
N — 00, and here things become more interesting.

4.4 Dixmier traces

It is a bit awkward to deal with the index N of o (A) as a discrete variable, but we can fix
this by a simple linear interpolation.
IETN<ASN+1,sothat A=N+1¢ with 0 <t <1, we put

U)\(A) = (1 — t)O'N(A) + tO’N_H(A).
Note that o)(A + B) < 0x(A) + o(B) now holds for all A > 0: every o) is a norm on K.

Exercise 4.12. Check that ox(A+ B) < ox(A) + ox(B) < 0ox(A+ B), for A,B >0 in K,
also holds for all A > 0.

Definition 4.13. The Dizmier ideal LT = LT (H) = L1°(H) is defined to be

(The e here is by convention: any constant > 1 would do. Also, the notation £!'T is
not universally accepted: some authors prefer the clumsier notation £1°°, or even L£1:00)
which comes from the historical origin of these operator ideals in real interpolation theory:
see [Con, IV.C] for that.)

Since each o is a norm on K, so also is this supremum whenever it is finite. Thus £
has a natural (junitarily invariant!) norm

T
|T||1+ := sup Oigé )\) for T € L.

>e

As stated, the norm depends on the chosen constant e, but the ideal £*(H) does not.
Note that T € K is traceclass if and only if o)(7T) is bounded (by ||T'||1, for instance)
without need for the factor (1/log\). Thus £!(H) C L' (H).
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Remark 4.14. If the bounded function o,(7")/log A is actually convergent as A — oo, or
equivalently, if on(7")/log N converges as N — oo, then clearly

on(T) o) _
N—oo log N A—oo log\ —

< T+

We get an additive functional defined on £'* in three more steps. First, we dampen the
oscillations in o) (T")/log A\ by taking a Cesaro mean with respect to the logarithmic measure
on an interval [\, 00) for some \g > e. For definiteness, we choose A9 = 3. Our treatment
closely follows the appendix of the local-index paper of Connes and Moscovici [CM].

Definition 4.15. For A\ > 3, we set

) ) du 1+
™(T) : log)\/ , for T € LT(H). (4.4)

logu U

Exercise 4.16. Check the triangle inequality T5\(S + T) < 7x(S) + ™a(T) for X > 3.
Lemma 4.17 (Connes-Moscovici). If A >0, B >0 in LY (H), then

log log A
N+ (B) a4+ B) =0 (PEED) s h e,
log A
«wW(A+ B
Proof. First of all, it is clear that 0—(10;—) < ||All1+ + || B]|1+ for A > e. Next,
u

1 ow(A+B) ou(A+ B))\ du
A B)—7m\(A+ B — —
A+ a(B) = (A + )_lo )\/ < logu log u U

1 /2A ou(A+B) ou(A+B)\ du / /2A (A + B)
~log A Jg log(u/2) logu u log)\ s ) logu u'

The second term can be rewritten as

/ /2A ou(A+ B) du
log)\ logu  u

Since f6 du _ f’\ du — log 2, we get an estimate of %gég/\QHA + Bl1. For the first term, we
compute

1 /2Agu(A+B) logu 3 d£< | A+ Bll1+ /A 1og2u_1 du
log A log u log(u/2) u —  logA 3 \ logu u
A+B Ad A+ B
A Bl [ A Pl
log A 3 ulogu log A

(loglog \). O

Since the failure of additivity of 7, vanishes as A — o0, the second step is to quotient out
by functions vanishing at infinity. For that we consider the “corona” C*-algebra
Cy([3,00))
CO(B? OO)

The function A + 7y(4), for A > 0 in £ lies in Cy([3,00)), and its image 7(A) in Bs
defines an additive map, that is,

By =

7(A+B)=7(A)+7(B) for A>0, B>0 in L£'T.

The final step is to compose this map with a state on B
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Definition 4.18. For A > 0 in L', let 7(A) € (Bw)+ denote the image, under the quotient
map Cp([3,00)) — Buo, of the bounded function X\ — 15(A). This yields an additive map
between positive cones, T: (L), — (Bso)+. Since the “four positive parts” of any opera-
tor in L' also lie in LT, as is easily checked, this map extends in the obvious way to a
positive linear map 7: L'T — By,. Moreover, T is invariant under unitary conjugation, i.e.,
T(UAU*) = 7(A) for each unitary U € L(H).

For each state w: B, — C, we can now define a Dizmier trace Tr,, on L1 (H) by

Tr, T := w(r(T)).

Since Tr,(UAU*) = Tr,(A) for positive A € LT (H) and unitary U € L(H), each such
positive linear functional on L1 (H) is indeed a trace.

This definition has a drawback: since By, is a non-separable C*-algebra, there is no way
to exhibit even one such state. However, Dixmier traces are still computable in a special case:
if limy 00 TA(7") exists, then 7(7') coincides with the image of a constant function in By, and
since the state w is normalized, w(1) = 1, the value w(7(T")) equals this limit:

Tr, T = lim 7\(T)
A—00
is independent of w, provided that the limit exists. Such operators are called measurable.
When this happens, we shall suppress the label w and write Tr™ T for the common value of
all Dixmier traces.

The use of the Cesaro mean (4.4) simplifies the original definition that Dixmier [Dix1]
gave of these traces. A detailed analysis of these (and other related) functionals was made
recently by Lord, Sedaev and Sukochev [LSS], who called them “Connes—Dixmier traces”.
As an unexpected consequence of their work, they have shown that a positive operator A €
LT (H) is measurable if and only if the original sequence { ox(A)/log N : N € N} is already
convergent. Thus it is not necessary to compute 7)(A), since

Trt A= lim on(4)

for positive, measurable A € 1T,
N2 Tog N P ’
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Chapter 5

Symbols and Traces

5.1 Classical pseudodifferential operators

In order to develop a symbol calculus for Dirac operators and their powers, we shall tem-
porarily restrict our attention to a single chart domain U C M, over which the cotangent
bundle is trivial: T*M}U ~ U x R™. If P is an operator on C° (M), or more generally, on a
space of sections I'(M, E) of a vector bundle E — M, and if {¢1, ..., ¢n} is a finite partition
of unity in C*°(M), then P(f) = Z?fj:l ¢iP(¢;f), so we may as well consider operators
which are defined on a single chart domain of M. At some later stage, we must ensure that
the important properties of such operators are globally defined, independently of the choice
of local coordinates.

We will work, then, in local coordinates (z',...,z") over a chart domain U; the local
coordinates of the cotangent bundle 7™M }U are

<x7§):(x17'-'axn7£17-"7§n)7 where éeT;M

Let E — M be a vector bundle of rank r. We assume (without loss of generality) that the
vector bundle F is also trivial over U, so we can identify I'(U, End E) with U x M, (C).
A differential operator acting on (smooth) local sections f € I'(U, E) is an operator P
of the form
P= > as(x)D% with an € T(U,EndE),

|la<d

where we use the notation D := D" ... D% and D; := —i /027, the positive integer d is
the order of P.

The local coordinates allow us to identify U with an open subset of R™. The coefficients
a, are matrix-valued functions U — M,.(C).

By a Fourier transformation, we can write, for f € C°(U,R"),

Pfa) = Cr) " [ (o6 fle)ae
= [ ) )y (1)

where p(x, &) is a polynomial of order d in the &-variable, called the (complete) symbol of P.
(Clearly, this symbol depends on the choice of local coordinates.) Here

n

Ky(,y) = (27) / EVE (i, ) f(y) v (5.2)
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is the kernel of P, as an integral operator: the inverse Fourier transform of p(z, ).
For the Dirac operator I), we can use the local expression of the spin connection to write
D = —ic(da?) ng = —ic(da?)(0; + wj(x)), so the corresponding symbol is

p(z,€) = c(da? ) (& — iw;(x)). (5.3)

This is a first-order polynomial in the &; variables, so that I) is a first order differential
operator. The leading term in p(x,&) —the part that is homogeneous in &; of degree one—
is c(d2?)¢; = c(§jda?) = (), where € = £; da? can be regarded as an element of AL(U).

More generally, a pseudodifferential operator P is given locally by an integral of the form
(5.1), where the symbol p(z, &) need no longer be a polynomial. In that case, we must specify
certain classes of symbols for which these integrals make sense.

Definition 5.1. The vector space SY(U) of (scalar) symbols of order < d, consists of func-
tions p € C°(U x R™) such that, for any compact K C U, and any multiindices o, § € N,
there exists a constant Ciqp such that

IDEDEp(x,€)| < Creap(L+ [€[1)2@1D for all x € K, € € R. (5.4)

Here D? and D? denote derivatives in the x' variables and in the & variables, respectively.
We use (1 + \§|2)% instead of |€| to avoid problems at £ = 0.

In the same way, we define matriz-valued symbols of order < d as smooth functions
p: U x R™ — M,(C) satisfying the same norm estimates, but with the absolute value | - | on
the left hand side of (5.4) replaced by a matriz norm in M,(C). By a small abuse of notation,
we shall write p € SYU) also in the matriz-valued case.

When p(z,§) is a polynomial in £, of order at most d, we can isolate its homogeneous
parts:

d
p(z,§) = Zpd—j(%ﬁ), where pg_j(z,t&) =t py_j(x,€) for t > 0.
=0

Definition 5.2. More generally, an element p € S(U) is called a classical symbol if we can

ﬁnd a sequence Of terms pd(l',f), pd—l(l‘aé): pd—2($,§);- (RS with pd—j(l',tg) = td_jpd—j(l‘ag)
fort >0, such that for each k =0,1,2,...,

k—1
p—Y paj € STHU).
j=0
When this is possible, we write
p(l’, 6) ~ Zpdfj ($7 E)v (55)
j=0

and regard this series as an asymptotic development of the symbol p. This expansion does not
determine p(z, &) uniquely: a symbol in (Nyen ST F(U) is called “smoothing”, and smoothing
symbols are exactly those symbols whose asymptotic expansion is zero.

Definition 5.3. A classical pseudodifferential operator of order d, over U C R", is an
operator P defined by (5.1), for which p(x,€) is a classical symbol in SU(U) whose leading
term pg(z,§) does not vanish. This leading term is called the principal symbol of P, and
we also denote it by o (x,€) = py(z, €).
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We need a formula for the symbol of the composition of two classical pseudodifferential
operators (“classical WDOs”, for short). It is not clear a priori when and if two such operators
are composable: we remit to [Tay], for instance, for the full story on compositions (and
adjoints) of classical pseudodifferential operators, and for the justification of the following
formula.

If P is a classical ¥DOs of order d; with symbol p € S% (U), and if Q is a classical ¥DO
of orders dy with symbol p € S% (U), then the symbol p o ¢ of the composition PQ lies in
Sditd2 (/) and its asymptotic development is given by

jlel
(poa)(z.8) ~ Y — Dgplx,€) Dg(x,¢). (5.6)

aeN”

To find the terms (p o ) g, +do—j(2, &) of the symbol expansion, one must substitute (5.5) for
both p and ¢ into the right hand side of (5.6) and rearrange a finite number of terms. For the
case j = 0, one need only use a = 0 —since D¢ lowers the order by |o|— and in particular,
the principal symbols compose easily:

(p o q)d1+d2 (1:7 f) = Pd; (‘757 6) dd; (xv f)

The composition formula is valid for both scalar-valued and matrix-valued symbols, provided
the matrix size r is the same for both operators.

Exercise 5.4. If P and Q are classical VDOs with scalar-valued symbols, show that the
principal symbol of [P, Q] = PQ — QP is —i {o¥, 0%}, where {-,-} is the Poisson bracket of
functions:

—i{o"(2,€),0%, &)} = —i

zn: dof 9o B 9o 9o
8@' OxJ 8@ OxJ '

Conclude that the order of [P, Q)] is < di+da—1. s What can be said about the order of [P, Q]
if P and Q) have matriz-valued symbols of size r > 17

Suppose U and V' are open subsets of R and that ¢: U — V is a diffeomorphism. If P
is a WDO over U, then ¢.P: f +— P(¢*f) o ¢! is a WDO over V, as can be verified by an
explicit change-of-variable calculation. If P is classical, then so also is ¢, P. If p? denotes the
symbol of ¢, P, we find that the principal symbols are related by

pa(x, &) = pS(o(x), &' (x)t€),

where ¢(z)™! is the contragredient matrix (inverse transpose) to ¢'(x).

This is the change-of-variable rule for the cotangent bundle. The conclusion is that, for
any scalar WDO P that we may be able to define over a compact manifold M, the complete
symbol p(z, &) will depend on the local coordinates for a given chart of M, but the leading
term pg = o will make sense as an element of C> (T* M) —i.e., a function on the total space
of the cotangent bundle. (The subleading terms pq_;(z,§), for 7 > 1, will not be invariant
under local coordinate changes.)

When P is defined on sections of a vector bundle £ — M of rank r, the principal symbol
0P becomes a section of the bundle 7*(End E) — T*M, i.e., the pullback of End E — M via
the cotangent projection 7: T*M — M.

For the Dirac operator Ip, which is a first-order differential operator on I'(M, S), we get
o? € D(T*M,*(End S)). From (5.3), we get at once

oP(x,€) = c(g; da) = c(€).
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Since taking the principal symbol is a multiplicative procedure, we also obtain

o (@,6) = (op(,€)) = e(€)? = 9(6,€) 1am.
(Here we use the handy notation 1, for the r x r identity matrix.) Notice that the principal
symbol of A% is also (&, £) 1om, since ]PQ —A% = is is a term of order zero (it is independent
of the &; variables), thus ]D2 and A’ have the same principal symbol.
Note that o’ (x,€) only vanishes when £ = 0, that is, on the zero section of T*M.

Definition 5.5. A VDO P is called elliptic if op(x,&) is invertible when £ # 0, i.e., off the
zero section of T*M .

In particular, I, DQ, A, A9 are all elliptic differential operators.

5.2 Homogeneity of distributions

We now wish to pass from the symbol p of a classical DO, with a given symbol expansion
N-1

p(x,8) =Y paj(x,&) +ra(x,), rveSYU).
§=0
to the operator kernel (5.2), by taking an inverse Fourier transform. However, the terms in
this expansion may give divergent integrals when y = x. Therefore, we first need to look
more closely at the inverse Fourier transforms of negative powers of |¢|.
Assume that n > 2, for the rest of this section.

Definition 5.6. Let A € R. A function ¢: R™\ {0} — C is homogeneous of degree X, or
“N-homogeneous”, if
Gt =12 ¢(&) forall t>0, #0.

Thus if &€ = rw with r = [£] > 0 and w = £/|€| € S, we can write $(€) = v Y(w) for some
¥ S"1 = C.

We can extend this definition to (tempered) distributions on R™. Write ¢, for the dilation
of ¢ by the scale factor ¢, that is, ¢¢(§) := ¢(t£), so that the \-homogeneity condition can be
written as ¢; = t* ¢ for t > 0.

The change-of variables formula for functions,

| o = [ o/,
suggests the following definition of homogeneity.

Definition 5.7. Let u € S'(R™) be a temepered distribution on R™. For t > 0, the dilation
ur of u by the scale factor t is defined by

(ue, ) :=t""(u, ¢1y1), for ¢ € S(R").
We say that u is homogeneous of degree X\ if u; = t*u for all t > 0.
Ezample 5.8. The Dirac ¢ is homogeneous of degree —n, since for all ¢ € S(R"),
(0, 0) =t7" (6, P1y1) =t " 01(0) =17" ¢(0) =" (4, 9).
Suppose now that u is a smooth function on R™ \ {0}, such that
u() =r*ov(w), for E=rw, r=16>0, we S

We would like to extend it to a (tempered) distribution on the whole R™. There are several
cases to consider.
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Case 1 If A > 0, then just put «(0) := 0. In this case, u extends to R™ as a homogeneous
function.

Case 2 If —n < A < 0, then «(0) may not exist, but u(&) is locally integrable near 0, so
(u, @) is defined. Indeed, if B = B(0;1) and 135 is its indicator function, and if o denotes the
usual volume form on S, then

1
(u,1p) ::/Bu(f) d"§ = Snlv(w)a/o ("t dr)

1
:C/ Pl dr < 0o, since A4+n—1> —1.
0

Case 3 Suppose A = —n, and that [, v(w)o = 0.
We define a distribution Pu by the following trick. Let f: [0,00) — R be a cutoff function,

such that:
1 ifo<t<i,
f(t) = . 2
0 if t>1,

and f decreases smoothly from 1 to 0 on [, 1]. Replace the test function ¢ by ¢(£)—¢(0) f(|€]),
and put

Puo)i= [ wlO)(6(€) - 9(0) F(I) ' (57)

If g(t) is another cutoff function with the same properties, the right hand side of this formula
changes by

1 dr
[ a©s0) ()~ gtr) e =00 | vw)o [ (1) =9) % =0,

§n—1 1/2 r

since u(€) d¢ = r~™v(w) o r" " tdr = v(w) o dr/r by homogeneity. Thus (Pu, ¢) is indepen-
dent of the cutoff chosen. Indeed, since

worghae= [ 10" [ vwo—o,
/§|>€ /e T Jsn-1

for any € > 0, we get another formula for Pu:

(Pu, ¢) = lim u(§)e(§) dé.

=10 Jig|>e
Therefore, Pu is just the “Cauchy principal part” of u at £ = 0.

Lemma 5.9. When u is a (—n)-homogeneous function on R™\ {0} whose integral over S*~!
vanishes, its principal-part extension Pu is a homogeneous distribution of degree (—n).

Proof. For each t > 0, we observe that

(Pu)e, ¢) = t7"(Pu, prpe) =" lifg u(§) p(&/t) d§
€ |§]>€
=t""lim u(n) ¢(n) dn = t~"(Pu, ¢). O
el0 Jin|>e/t
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Case 4 Consider the function u(¢) := |£|7" for ¢ # 0. (By averaging v(w) over S"~1, one
can see that any smooth (—n)-homogeneous function on R™ \ {0} is a linear combination of
|£|™™ and a function in Case 3.

We can try the cutoff regularization, anyway. Let Rju be given by the recipe of (5.7):

n

(Bru.0)i= [ u©)(0(6) - 0(0) £(€D) '€ (5.8)
However, in the present case, Ru is not homogeneous!
Lemma 5.10. If §: ¢ — ¢(0) is the Dirac delta, and if u(€) := |€]™ for € #0, then
(Rpu)e —t™" Ryu = (Qt " logt) 6. (5.9)

Proof. We compute ((Ryu); —t "Ryu,¢) for ¢ € S(R™). Since u(§) := [£|~" and f(|{|) are
both rotation-invariant, we can first integrate over S*~!, so we may suppose that ¢ is radial:

#(&) = ¥(|¢]) for some 1): [0,00) — C. Then

(Ryu, 6) = / = ((r) — B (0) F(r)) o "L dr

Rn
o0 dr

= [ (@) —9(0) f(r)) —

0 r

- Qn/ooo<¢<z> —w(o)f(:)) %, for any ¢ > 0.

Therefore,

(Rpu)t =t "Ryu, ¢) =t "(Ryu, ¢1/1 — @)

0,00 [T (1(5) - 50) &

— Qu6(0) " /O h / 7 ps) ds %

— Q6(0) " /Ooo /t % F(s)ds

= 2,000) " ~ogr) [ 76) s = 2,000) 1 o,

The extra log t-term measures the failure of homogeneity of the regularization Ryu. O

Case 5 (&) = | forj=1,2,3,....
Any cutoff function f gives a regularization by “Taylor subtraction”, as follows:

(Fyu.o)i= [ 17900 - 3 Siprste seh) ) e
o] <5

Again one finds that R #u is not homogeneous, by a straightforward calculation along the lines
of the previous Lemma. This can be simplified a little by the following observation [GVF].
One can find constants ¢, for |a| < j, such that the modified regularization Rsu := Ryu —
Z| al<j Ca D%6 has a “failure of homogeneity” of the form

(Rpu)y —t ™" Rpu =t logt( Z Ca DO‘(5>.

laf=j
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That completes our study of the extensions of homogeneous functions to distributions on
R™. We need a remark about their Fourier transforms. Recall that the Fourier transformation
F preserves the Schwartz space S(R™), and by duality it also preserves S’'(R™). If u is a A-
homogeneous function on R™ \ {0}, its Fourier transform is Fu() := [p, e ¢ u(x) d"z,
thus

(Fu) (&) = /n PR u(x)d"z =t™" /n e WE u(y/t)d"y = A Fu(f).

It follows that F, and also the inverse transformation F~!, take homogeneous functions (or
distributions) of degree A to homogeneous functions (or distributions) of degree (—n — A).

5.3 The Wodzicki residue

Now we return to the symbol expansion of a classical WDO P, of integral order d € Z, with

1

N—
p(x,§) = Pd—j(x, &) +ry(z,§),
7=0

where 7y € S4N(U), and Pd—j(x, t&) = td=i Pd—;(x,&). Now apply j’-";l, the inverse Fourier
transform in the second variable, to this sum, to get the integral kernel

N—

,_.

hj—d-n(@,x = y) + (Fy 'rw) (@, @ — y).
7=0

If N > n+d, then ry € SN(U) is integrable in &, so the term f;er(:U, z) is bounded as
z — 0. For the terms hj_q_n(, 2), there are 3 cases, which may give singularities. So before
applying f;l to pa—j(x, &), we must reqularize pg—;(x,§) to Repq—;(x,§) by using a suitable
cutoff:

H

N—
Jff = prdjx§+sN(a:§)
=0

.

with sy integrable. Now take hj_q_, := fz_l(prd,j).

Case 1 Suppose d—j > —n. Then k :=j—d—n <0, and Rpy—;(x, ) is homogeneous of
degree greater than —n, so hi(x, z) is homogeneous of degree k. These terms have no failure
of homogeneity.

Before examining the other two cases, we return to the context of functions on R™ \ {0},
and look first at wo(z) := (2m)"F 1 (Ry[¢|™™). Since (5.9) holds with u(¢) = [£]7" for £ # 0,
and since (27)"F~1(8) = 1, we get

t"wo(z/t) —t "we(z) = Qpt " logt for t >0,

or more simply,

wo(z/t) —wo(z) = Qy, logt. (5.10)

Notice that C' = wo(z/|#]|) is a constant, because wy is rotation-invariant. Substituting ¢ := |z|
n (5.10) gives

wo(z) = C — Qy, log |z, (5.11)
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so that wg “diverges logarithmically”. We can suppress the constant term if we replace
R¢|&|™™ by Ry|€|™™ — C6, since we must then subtracting the constant C' from the inverse
Fourier transform.

For j =1,2,..., we define w;(z) := (2m)"F 1 (Rs[¢|7™77). A similar analysis shows that
wj(z) = qj(2) — rj(2)log |z|, where both ¢; and r; are homogeneous of degree j > 0. In this
case, w;(z) remains bounded as z — 0.

We now return to the examination of the terms h;_q_, in the integral kernel k(z,y).

Case 2 Suppose d—j < —n. Then k = j—d—n > 0, and we find that hj_q_n(z, z) remains
bounded as z — 0.

Case 3 Consider the case d — j = —n. Then we get ho(z, z) = —up(z) log|z|, after possibly
subtracting a term depending only on . We have proved the following result.

Proposition 5.11. If P is a classical pseudodifferential operator of integral order d, then its
kernel has the following form near the diagonal:

kpy) = S hu(ez —y) — (@) loglz — gl + O(L), (5.12)
—d—n<k<0

where each hi(x,-) is homogeneous of negative degree k, ug(x) is independent of x — vy, and
O(1) stands for a term which remains bounded as y — x. ]

To compute ug(z), the coefficient of logarithmic divergence, we change coordinates by a
local diffeomorphism v (x). Note that

log [¢(x) — ¥(y)| ~ log |y (z) - (x — y)| ~ log|z —y| as y — z,

while kp(x,y) — kp(¥(x),%(y)) L(z,y), where L(z,y) — |dety/(z)| as y — =z, by the
change of variables formula for |d"y|. (We use a 1-density, not an oriented volume form,
to do integration; however, if we agree to fix an orientation on M and use only coordinate
changes that preserve the orientation, for which det’(xz) > 0 at each z, then we need not
make this distinction). Thus the log-divergent term transforms as follows:

—ug(x)log |z — y| — —uo(¥(z))| det ¢'(x)| log |z — y.

For the case of scalar pseudodifferential operators, this is all we need. In the general case of
operators acting on sections of a vector bundle E — M, we replace ug(z) € End E, by its
matrix trace trug(xz) € C. The previous formula then says that the 1-density trug(z)|d"z|
18 tnwariant under local coordinate changes.

Now, when we regularize p_,(z,§) to obtain this 1-density after applying F, 1 we can
first subtract the homogeneous “principal part”, at each z € U, since this will not change
the coefficient of logarithmic divergence. This subtraction is done by replacing p_,(z, &) by
its average over the sphere [{| = 1 in the cotangent space T M. That is to say, we get the
same ug(x) if we replace p_,(z,&) by Q¢ f|w|:1p_n(a:,w) o. On applying (5.11) (with
C = 0) at each x, we conclude that

trug(z) = / trp_n(z,w)o.
lw]=1
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Definition 5.12. The Wodzicki residue density of a classical WDO P, acting on sections
of a vector bundle E — M, is well defined by the local formula

wres, P := </ trp_p(z,w) 0) |d"z|, at € M.
lw|=1

The Wodzicki residue of P is the integral of this 1-density:

WresP::/ WresxP:/ (/ trpn(:v,w)o') |d"x|.
M M \J|w|=1

We shall now show that Wres is a trace on the algebra of classical pseudodifferential
operators on M acting on a given vector bundle.

We begin with another important property of homogneous functions on R™ \ {0}. We
shall make use of the Fuler vector field on this space:

- 0 0
j=1

Notice that h is A\-homogeneous if and only if Rh = Ah, since Rh(rw) = r%(r/\ h(w)) =
M h(w) = Ah(rw).

Lemma 5.13. If A # —n, any A\-homogeneous function h on R™ \ {0} is a finite sum of
derivatives.

Proof. It is enough to notice that
Z . g (6 (€)= nh(&) + BR(E) = (n + A)H(E),
J

which implies h = ﬁ Py %(5] h). O

Lemma 5.14. If h: R"\ {0} — C is (—n)-homogeneous, with n > 1, then h is a finite sum
of derivatives if and only if fS"71 ho=0.

Proof. Suppose first that [y, ho = 0. Since h(§) = r~"h(w), h is determined by its
restriction to S"7!, and the hypothesis says that (1 |h) = 0 in L?(S" ! 5). Thus h €
(C1)* = (ker A)* = im A, where A is the Laplacian on the sphere S"~! (which is a Fredholm
operator on the Hilbert space L?(S"!, o), with closed range). Thus the equation h = Ag
has a unique (and C®, since A is elliptic) solution g on S*~!. Extend g to R™\ {0} by setting
g(rw) :=r~"*2 g(w) for 0 < r < +o0. Since the Laplacian on R™ is

AR" = 77"”_1 a <T 87‘) + 7"72 A,

we get Arng = h, and thus h = Z] 1 96 ( %’) is a finite sum of derivatives.

Suppose instead that h(§) =
the volume form on S”2, and notice that

= 65 for £ # 0, where f is (—n + 1)-homogeneous. Let ¢’ be

/S"—2 g (€17 )dgl No' = /Sn_Q[f(—i-oo,w') — f(—oo7w/)] o =0
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since f(&1,w') — 0 as £ — £o00, by homogenity. Thus we must show that

/ hU:/ hdé Ao’
sn—t RxSn—2

By Stokes’ theorem, we must show that the difference is the integral of the zero n-form on the
tube T', whose oriented boundary is (R x S?*=2) —S"~!. (Picture a ball stuck in a cylinder of
radius 1; 7T is the region inside the cylinder but outside the ball.) Consider the (n — 1)-form

n

5= (~1Y7de A AdE; A NdE, € AVTHR™ {0}).

J=1

If i: St — R™\ {0} is the inclusion, then o = i*5. Now & = 1gv, where v = d& A -+ Ad&,,
and R is the Euler vector field on R™ \ {0}. Since Rh = —nh by homogenity, we find that

d(h&) = dh A& + hde = dh A& +nhv
=dh ANigv — (Rh)v = dh A tgy — tg(dh)v
= —1p(dh ANv) = 1g(0) = 0.

Thus hé is a closed form on R™ \ {0}, that restricts to ho on S"~! and to hd&; A o' on
R x S"2, therefore

/ hU—/ hdﬁl/\alz/ ha’:/d(h&):(),
sn-1 RxSn—2 oT T

by Stokes’ theorem. Thus fSn71 ho = 0, as required. O

Proposition 5.15. Wres is a trace on the algebra of classical pseudodifferential operators
acting on a fized vector bundle E — M.

Proof. We must show that Wres([P, Q]) = 0, for all classical pseudodifferential operators P,
Q@ on M. First we consider the scalar case, where E' = M. Let p(z,£), q(z, &) be the complete
symbols of P, @ respectively, in some coordinate chart of M. Then if r(z, &) is the complete
symbol of [P, @], we know that

o]

1

r(w,€) ~ Y —(DgpDig— DgqDlp). (5.13)
aeN" ’

In particular, the principal symbol of R = [P, Q)] comes from the terms with |a| = 1 in this
expansion:

_ N~(9 9a 0q Ip\ _ .\~ 90 ( g\ O ( 9q
"R‘m’f)“@(a@@ﬂ_%aﬂ)‘ Zaf<pax> a:w(pafj)‘

J=1 J=1

In like manner, when a; = 2 and the other o; = 0, we get the terms

1(82]) 9%q 0%q 82p>

- 2\082 9(ad)2  0g2 O(ai)?

Lo (op 0% ¢ \_10 (dpd_ 0%
0¢; 0(xd)? P o60(x;)?) ~ 2027 \ 027 02~ ¥ 020, )

T20¢
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By induction, all terms in the expansion (5.13) that contribute to r_,(z,§) are finite sums
of derivatives.

In the general case, if p(z, &) = [pri(x, &)] and g(x, &) = [gri(x, £)] are square matrices, the
same argument applies to the sums

Z(D?pkl D — D¢ qie Dyprr), for each o € N,
k,l

that contribute to the expansion of trr_,,(z,£). Thus, trr_,(z, &) is a finite sum of derivatives
in the variables 2/ and §;. Write

“0f; | Og;
trr_p(x, &) = 4 4 I
= oxJ 6@

where fj(x,€), gj(x, &) vanish outside K x R™ for some compact subset K C U of a coordinate
chart of M. (This can be guaranteed by first writing P = > P and Q = > ,Q for a
suitable partition of unity {¢,} on M.) Then

Fy(x) = fi@, &) o¢
lgl=1

has supp F; C K, so that

/ %U: a—ﬂ:, and %\d"ﬂ = 0.
|€]=1 aCC] 8:1/‘-7 U 89:3

By construction, trr_,(z, £), and each %(x, €) also, are (—n)-homogeneous in . Lemma 5.14

Wres([P, Q) = /M </|£=1 (il ggj) a) &z = 0. 0

j=

now implies that

To show that the trace is unique (up to constants) when n > 1, let 7" be any trace on
the algebra of classical pseudodifferential operators. Again we suppose that all symbols are
supported in a coordinate chart U C M, and we note that the formulas for composition of
symbols give the commutation relations

Wo=igh 6=
By Lemmas 5.13 and 5.14, T'(P) thus depends only on the homogeneous term trp_,(z,§),
of degree —n, and moreover T'(P) = 0 if f\£|=1 trp_n(z,£) o = 0. We can replace trp_,(x,§)
with [£]™" [iq2, trp—n(2,€) 0, without changing T'(P). Now f — T(f(x)[£]™") is a linear
functional on C2°(U) that kills derivatives with respect to each z7, so it is a multiple of the
Lebesgue integral:

of

— =
oxd

T(f) = C/Uf(x) |d"x| for some C € C.

Therefore,

T(P)= C/U/|§|1 trp_n(x,&) o |d"z| = C Wres(P).
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Ezample 5.16. If (M, g) is a compact Riemann spin manifold with Dirac operator 1), then
Wres ||~ = 2™ Q,, Vol(M).

Proof. Recall that the principal symbol of || is UD(x, &) = ¢(§), and that of »° (or of A®)
is Upo(x,g) = c(€)? = g(&,€) 1am. (Recall that 1gm means the identity matrix of size 2™,
which is the rank of the spinor bundle.) Thus the principal symbol of ||~ is o?I™" (z,¢) =
g(€,€)7"/2 19m. This is homogeneous of degree —n, so that p_,(z, €) is actually the principal
symbol when P = |Ip|~". Therefore, trp_,(z,&) = 2™ g(£,£)~"/2.

Now g(&,&) = g¥ &&; in local coordinates on T*M. To compute its integral over the
Euclidean sphere |{| = 1 [rather than over the ellipsoid g(§,&) = 1], we make a change
of coordinates x — y = 9(x), and we note that (z,£) — (y,n) where £ = ¢'(x)'n. We
can choose ¢ such that ¢/(x) = [¢¥ (x)]'/?, a positive-definite n x n matrix, in which case
97 (x) &€& = 8" e = . Now trp_n(y,n) = 2 [n] ™" so [, tro_n(y,n) = 2" Qp, and
the Wodzicki residue density is

wres | D] = 2™ Q,, |d"y| = 2™ Q,, det ' (z) |d"z|.

But det¢’(z)) = y/det g(x) by construction, so we arrive at
wres, || 7" = 2" Q,, /det(g) [d" x| = 2™ Qy, vy
Integrating this over M gives Wres |ID|™" = 2™ ), Vol(M), as claimed. O

What we have gained? We no longer need the full spectrum of the Dirac operator: its
principal symbol is enough to give the Wodzicki residue.

5.4 Dixmier trace and Wodzicki residue

There is a third method of computing the logarithmic divergence of the spectrum of Ip, by
means of residue calculus applied to powers of pseudodifferential operators. We shall give
(only) a brief outline of what is involved.

Suppose that H is an elliptic pseudodifferential operator on I'(M, E') that extends to a
positive selfadjoint operator (also denoted here by H ) on the Hilbert space L?(M, E), which is
defined as the completion of { s € T(M, E) : [,,(s]s) vy < 0o} in the norm 9] := /(¥ | ),
where

6| 4) = /M<¢ 1) v,

is the scalar product introduced in Section 3.1. We have in mind the example H = |D| =
2\1/2 1/2
(D)2 or else H = (Iﬁ +1 in case ker Ip # {0}.
Since M is compact, the operator H on L?*(M, E) is known to be Fredholm [Tay], thus
ker H is finite dimensional. We can define its powers H~°, for s € C, by holomorphic

functional calculus: .
H:=— ¢ \°(\— H) tadx
27 Jr

where I' is a contour that winds once anticlockwise around the spectrum of H, excluding 0
to avoid the branch point of A™%. (We define H % := 0 for ¢ € ker H.)

By applying the same Cauchy integrals to the complete symbol of H, one can show that
H~* is pseudodifferential, and obtain much information about its integral kernel. This was
first done by Seeley [See]. He found that the following properties hold.
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o If H has order d > 0, then for ®s > n/d, H™® is traceless and (y(s) := Tr H™® is
holomorphic on this open half-plane.

e For x # y, the function s — Kp—s(z,y) extends from the half-plane Rs > n/d to all of
C, as an entire function.

e For x = y, the function s — Kpg-s(x,z) can be continued to a meromorphic function
on C, with possible poles only at {s = (n —k)/d: k=0,1,2,...}.

e The residues at these poles are computed by integrating certain symbol terms over the
sphere || =1 in T} M.

Later on, Wodzicki [Wodz] made a deep study of the spectral asymptotics of these oper-
ators, and in particular found that at s = n/d, the operator H —n/d ig of order (—n), and the
residue at this pole depends only on its principal symbol; in fact,

wres, H ™"/,

1
Res Ky d"x| =
szrez/sd H (x,x)| .%" d(271')n
Corollary 5.17. If A is a positive elliptic YDO of order (—n) = —dim M on L*(M, E),
then s — Tr A® is convergent and holomorphic on {s € C: Rs > —1}, it continues mero-
morphically to C with a (simple) pole at s =1, and

1
ljzels(TrAs) = ) Wres A. O

(For the proof, one applies Seeley’s theory to H = A~1))

A basic result in noncommutative geometry is Connes’ trace theorem of 1988 [Conl],
which shows that this residue is actually a Dixmier trace.

Theorem 5.18 (Connes). If A is a positive elliptic WDO of order (—n) = —dim M on
H = L*(M, E), the operator A lies in the Dizmier trace class LY (H), it is “measurable”,
i.e., Tr, A =: Tr" A is independent of w, and the following equalities hold:

Tr™ A = Res(Tr A®) = 1 Wres A. O
s=1 n(27r)”

We omit the proof, but a few comments can be made. In view of what was already said,
it is enough to establish the first equality. The elliptic operator H = A~!, of order n, has
compact resolvent [Tay], so that A itself is compact (we ignore any finite-dimensional kernel).
If the eigenvalues of A are A\, = s;(A) (listed in decreasing order), the first equality reduces
to the following known theorem on divergent series:

Proposition 5.19 (Hardy). Suppose that A\, | 0 as k — oo, that Y g2y Aj < oo for s > 1,
and that limg|1(s — 1) Y72, Af = C exists. Then @ Zivzl A — C as N — oo.

For a proof of the Proposition, see [GVF, pp. 294-295].

Next note that both Tr™ A and Wres A are bilinear in A, so we can weaken the positivity
hypothesis when comparing them. (There are other zeta-residue formulas available which are
bilinear in A, but we do not go into that here.)

Corollary 5.20. If A is a linear combination of positive elliptic pseudodifferential operators

of order (—n), then A € LT, A is measurable, and Tr™ A = ﬁ Wres A.

61



Chapter 6

Spectral Triples: (General Theory

6.1 The Dixmier trace revisited

Let (A, H, D) be a spectral triple, whose algebra 4 is unital. We continue to assume, for
convenience, that ker D = {0}, so that D~! is a compact operator on H. Suppose now that
|D|7P € £ for some p > 1. Then the functional on A given by a — Tr,(a|D|™P), for some
particular w, is our candidate for a “noncommutative integral”. To see why that should be
so, we first examine the commutative case.

Proposition 6.1. If M is a compact boundaryless n-dimensional spin manifold, with Rie-
mannian metric g and Dirac operator 1D, then for each a € C*°(M) the operator a |ID|™" is
measurable, and

Trt(a|D|™™) —Cn/ avg,
M

where Cy, is a constant depending only on n, namely,

1 .
om Qn - Cgm = W Zf n = 2m,
C, = 2y that is, 1
n _ PR
Comit = G Tyt n=2mr L

Proof. We know that |I)|~" is a ¥DO with principal symbol ol?I" (2,6) = g2(£,6)72 1gm,
a scalar matrix of size 2™ x 2™. As a multiplication operator on L?(M,S), a is a YDO
of order 0, with principal symbol 0%(x,¢) = a(z)lgm. Thus a|P|™" is of order —n, with
tro P (2,6) = 2™ a(x) ga €, )72,

Now by the trace theorem, we find, using the calculation in Example 5.16,

T @l D) = 5 Wees(al D7)

— 2 /|£ GERG o)l

2m Q)
= / a(x)+/det g, |d"z|
M

n(2mw)"

2 Q)
= @ /M a(z) vg. O

Therefore, the functional a — Tr'(a|lP|™") is just the usual integral with respect to
the Riemannian volume form, expect for the normalization constant. Therefore, it can be
adapted to more general spectral triples as a “noncommutative integral”.
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However, in the noncommutative case, it is not obvious that a — Tr*(a |[D|™") will be
itself a trace. ;Why should Tr*(ab|P|~") be equal to Tr*(ba |[P|7") = Tr" (a |P|7"b)? To
check this tracial property of the noncommutative integral, we need the Holder inequality for
Dixmier traces.

Fact 6.2 (Horn’s inequality). If T, S € K and n € N, then

n—1
TS) <> si(T) sk(s). (6.1)
k=0

Proposition 6.3. (a) IfT € LT and S is a bounded operator on H, then for any Dizmier
trace Tr,,, the following inequality holds:

Tr, | 7S] < (Tr, 7)) |1 S]] (6.23)

(b) Letl <p<ooandq=p/(p—1), so that % +é =1, and let T, S € K be such that
TP, |S|2 € LY. Then for any Tr,, we get

Tr, |T'S| < (Tr, |TP)YP (Tx,, |T]9)V/4. (6.2b)
Proof. Ad (a): By the minimax formula (4.2) for singular values, we find, for each k € N,
sp(TS) = inf{||(1 — P)TS||: P = P?> = P*, rank P < k }
< inf{[|(1 = P)TYIS]| s P = P2 = P*, rank P < k} = si.(T) |} 5].
Summing over £k =0,1,...,n — 1, we get op,(T'S) < 0,(T) ||S]|. Thus

on(TS) an( )
logn — logn

|S]| forall n>2,

and linear interpolation gives the same relation with IV replaced by and real A > 2. Using
the definition (4.4) of 7, and integrating over \ > 3, we get

™ (TS) < 7a\(T)||S]| forall A>3,
and therefore Tr,, [T'S| < (Tr, |T)||S|| for all w.
Ad (b): From (6.1) and the ordinary Hoélder inequality in R"™, we get

1/q

ity < (3 wp) (2 ssr) " = oirmangsie

0<k<n 0<k<n
Ifn < XA <n+1with A =n+t, then, with a, := o (|T|?)/? and by, := o (|S]9) V9,
oA(TS) = (1 — t)on(TS) + ton41(TS)
(1 )anb +tan+1bn+1
(1 = t)ap; + tan+1)1/p((1 —t)aj + mgz+1)1/q
ax(ITIP)VP o5 (]S99 for all A > 2,

IN

IN

where we have used the Holder inequality in R?. Again we employ (4.4) and use the Holder

inequality for the integral loé 5 f3)‘(-) %. This gives

(TS) < (TP (|99, for A > 3.
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Thus 7(|T'S|) < 7(|T|P)Y/P 7(|T|7)'/9 as positive elements of the corona C*-algebra Be,. Fi-
nally, we use the Holder inequality for the state w of this commutative C*-algebra, namely

w(r(ITNP) P 7(1S|1)) < w(r(IT))YP w(r(|S|%),
and the result (6.2b) follows at once. O

Proposition 6.4. Let (A, H, D) be any spectral triple whose operator D is invertible, and let
a € A. Then the commutator [|D|",a] is a bounded operator for each r such that 0 < r < 1.

We postpone the proof of this Proposition until later. It is a crucial property of spectral
triple that this bounded commutator property is not automatic for the case r = 1, that is,
the commutators [| D], a] need not be bounded in general.

Theorem 6.5. If (A,’H, D) is a spectral triple such that |D|™" € LT (H) for some p > 1,
then for each a € A and any T € L(H), the following tracial property holds:

Tr,(aT |D|7P) = Try,(Ta |D|7P)  for all w. (6.3)

Proof. Note that aT' |D|™P and Ta|D|™? lie in £ since £ is an ideal in £(H). Also the
Holder inequality (6.2a) gives

| Tros(la, T} D] 7P)| = [Tro (T [|DI 77, a])| < 17| Troo|[|DI77, ],

so we must show that ’HWH|D|*Z’, aH = 0 for all a € A. We have not supposed that p € N, so
write p = kr with k € N, 0 < r < 1, and let R := |D|™", a positive compact operator. Then

[|D|7P ZRJ YIR,a) RF7 = ZRJ [|D|",a] RFI+1,

Applying Holder’s inequality to each term, we get
To[B DI, a B9 < [[DFall (Tey RIP2)2 (T, RO+ 10

where ¢; = p;/(p; — 1) and the number p; > 1 must be chosen so that all R'P/ and all
R¥=3+14; are trace-class: for that, we need rjp; > p and r(k —j + 1)g; > p. This will

happen if we take
p o p

1V 45 '= 1
r(j—3) Tk —j+g)

and then I% + % = 1, since 7k = p. Since Tr,, vanishes on £'(H), we need only to check that
J J

pj =

|ID|™P € L' (H) = |D|™* € L}(H) forall s> p. (6.4)
This is a consequence of the next lemma.
Lemma 6.6. If A € L17(H) and A >0, then A® € LY (H) for s > 1.

Proof. We need the following result on sequence spaces. If F is a Banach space, we denote
by E* the dual Banach space of continuous linear forms on F.

Fact 6.7. If s := {(s0,51,...) € CN : (so + -+~ + 8,_1)/logn is bounded }, if so is the
closure of the finite sequences in's, and if t == { (to,t1,...) € CN: >, ltel/(k+1) < o0},
then sg, s and t are complete in the obvious norms, and under the standard duality pairing
(8,t) := > 1> Sklk, there are isometric isomorphisms s ~t and t* ~ s.
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Now let K~ := {T € K : {sx(T)}x>0 € t}, and let £5" be the closure of the finite-rank
operators in £, Then (£§*)* ~ K~ and (K~)* ~ £'* as Banach spaces.
For T' € £9 with 1 < g < oo, the Holder inequality for sequences gives

s 1/q 1/p
2 < (Sam) (T grp) Il <o

k>0 k>0

k>0

so that £9 C K~ for all 1 < ¢ < co. Since (L£%)* ~ LP with p = q/(q — 1), we conclude that
L'F c LP for all p > 1. (This is why we employ the notation £!*, of course.)

Now if A € £ with A > 0, then A® € £P/5('H) whenever 1 < s < p. In particular, when
p = s, we see that

4010 = 3 sk (4%) = DO A(A%) = 3 M(A)° = (JAl)* < +ox,

k>0 k>0 k>0
since A € £ implies A € L5.
This establishes (6.4) and concludes the proof of Theorem 6.5.
Corollary 6.8. If A >0 is in L'T, and Tr™ A > 0, then Tr™ A =0 for s > 1.

To establish Proposition 6.4, we use the following commutator estimate, due to Helton
and Howe [HH].

Lemma 6.9. Let D be a selfadjoint operator on H, and let a € L(H) with a(Dom D) C
Dom D be such that [D,a] extends to a bounded operator on H. Suppose also that g: R — R
is smooth, with Fourier transform is a function § such that t — tg(t) is integrable on R.
Then [g(D),a] extends to a bounded operator on H, such that

1 .
Ilg(D), alll < 2ﬂH[Q(ﬂH/ [£g(t)] dt.
R
Proof. We may define

(D) = % /R (6D dt

for any smooth function g, since g has compact support. Now

Ld
itD _ st z(l—s)D
@11 alv) = [ (o] D) ds

1
= Zt/ %(<D6_i5tD¢ | aei(l—s)tD¢> . <¢ | eiStDaDei(l_S)tD¢>) ds
0

for ¢,% € Dom D, and thus

[(9(D) | av)) — (¢ | ag(D)V)]

1 lda , , , .
—_ / tg(t)/ 7(<D€_ZStD¢ | ae’b(l—s)th/}> . <¢ | €ZStDaD€Z(1_S)tDT/J>) ds dt
27 0 ds
II[D, a
< B2 MWysp i [ waona
so that [g(D),a] extends to a bounded operator, and the required estimate holds. ]

65



Proof of Proposition 6.4. We want to apply Lemma 6.9, using |z|" instead of g(x), x € R.
But z +— |z|" is not smooth at = 0 (although it is homogeneous of degree r), so we modify
it near x = 0 to get a smooth function g(z) such that g(x) = |z|" for |x| > 4, for some § > 0.
Thus g(z) = |z|" + h(x), where supp h C [—4,0]. We can write its derivative as a sum of two
terms, ¢'(z) = u(x) 4+ h'(z), where supp b’ C [—4,d] and u is homogeneous of negative degree
r — 1. Taking Fourier transforms on R, we get it §(t) = @(t) + h/(t), where h/(t) is analytic
and 4 is homogeneous of degree —1 — (r — 1) = —r, with —1 < —r < 0. Thus tg(¢) is locally
integrable near t = 0, and tg(t) — 0 rapidly for large ¢, since ¢’ is smooth. We end up with
an estimate
HIDI", alll < oD, alll + [ 1h(D), all,

where C, := (2m)~! [ [tg(t)| dt is finite, and ||[h(D), ]| is finite since h(D) is a bounded
operator. ]

6.2 Regularity of spectral triples

The arguments of the previous section are not applicable to determine whether [|D|,a] is
bounded, in the case 7 = 1. This must be formulated as an assumption. In fact, we shall ask
for much more: we want each element a € A, and each bounded operator [D, a] too, to lie in
the smooth domain of the following derivation.

Notation. We denote by 0 the derivation on £(H) given by taking the commutator with |D|.
It is an unbounded derivation, whose domain is

Domé :={T € L(H) : T(Dom |D|) € Dom |D|, [|D|,T] is bounded }.
We write 6(T") := [|D|,T] for T' € Domd.

Definition 6.10. A spectral triple (A, H, D) is called regular, if for each a € A, the operators
a and [D, d] lie in (e Dom 6.

The regularity condition does not depend on the invertibility of D (that is, the condition
ker D = {0}) which we have been assuming, to simplify certain calculations. One can always
replace |D| by (D) := (D? + 1)!/2 in the definition, since f(D) := (D) — |D| is bounded. If
" denotes the derivation ¢'(T) := [(D),T] = §(T) + [f (D), T], then clearly Dom ¢’ = Dom 6,
and it is easy to show by induction that Dom 6’* = Dom §* for each k € N, so one may instead
define regularity using ¢’. This is the approach taken in the work of Carey et al [CPRS], who
use the term “QC*°” instead of “regular” for this class of spectral triples.

Definition 6.11. Suppose that (A, H, D) is a reqular spectral triple, with D invertible. For
each s > 0, consider the operator |D|* defined by functional calculus. Define also H® :=
Dom |D[* for s > 0, with the Hilbert norm ||€||s = \/||€]|2 + [[|D|*€||2. Their intersection
H® = (NysoDom [D|* = N3, Dom |D|* is the smooth domain of the positive selfadjoint
operator |D|. Its topology is defined by the seminorms || - ||x, for k € N. Each H* (and thus
also H*>) is complete, since the operators |D|* are closed, thus H™ is a Fréchet space.

Since a € A implies a € Dom 6, we see that a(H!) C H!, and then we can write a(|D|¢) =
|D|(a&) — [|D|,a] & for £ € H'. Also,
lagft = lla&|l* + [[|D]ag]®
= ||ag||* + [lal DI¢ + (a)é]”
< [lag||* + 2[|8(@)* + 2]lal Dlg||?
< max{l|a]|* + 2/|5(a) 1%, 2l|a ]} €],
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where we have used the parallelogram law [|€ + 7n[|? + [|€ — n||2 = 2]|€]|? + 2||n]|?. Therefore,
a extends to a bounded operator on H!. If (A, H, D) is regular, then by induction we find
that a(H*) C H* continuously for each k, so that a(H>) C H> continuously, too.

Definition 6.12. If r € Z, let Op), be the vector space of linear maps T': H* — H*> for
which there are constants Cy, for k € N, k > r, such that

T \k—r < Ci €|l for all & € H™.

Every such T extends to a bounded operator from H* to H*~", for each k € N. Note that
|D|" € Op}p for each r € Z. If T € Op, and S € Op%,, then ST € Op’gs.

Suppose (A, H, D) is regular. Then A C Op), and [D, A] := {[D,a] : a € A} C OpY,
too. Moreover, if a € A, then

[D?,a] = [|D, a] = |D|[|D|,a] + [|D|, a] | D]
= [D[d(a) + 6(a)| D] = 2[D[b(a) — [|D],6(a)]
= 2|D|é(a) — 6*(a),

so that [D?,a] € Opl,. Also [D?,[D,a]] € Op}, in the same way.
If b lies the subalgebra of L(H) generated by A and [D, A], we introduce

L(b) := | D|7H[D?,b] = 25(b) — |D| ' 6%(b),
R(b) := [D*,b] |D|™! = 26(b) + 62(b) |D| L. (6.5)

If b € 5o Dom ¥, then L(b) and R(b) lie in Op%,. The operations L and R commute:
indeed,

L(R(b)) = |D|™" [D?,[D?,0] |D|™'] = [D| [D?,[D?,0] [D| ™ = R(L(b)).
Note also that L?(b) = |D|~2[D?, [D?,b]].
Proposition 6.13. If D is invertible, then [ ;g Dom(LFR!) = N> Dom 6™ C L(H).

Proof. We use the following identity for |[D|~!, obtained from the spectral theorem:

_ 2 [ _
D=2 [0 (6.6)

in order to compute the commutators. We shall show that Dom L? N Dom R C Dom 6.

Indeed, if b € Dom L? NDom R implies b € Dom §, then b € Dom L* "Dom L?RN Dom R?
implies b € Dom L? N Dom R, so b € Dom §2. By induction, ﬂk,lzo Dom(L*R!) c Ns09™:
The converse inclusion is clear, from (6.5).
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Take b € Dom L? N Dom R, and compute [|D|,b] as follows:

[1D],0] = [D*|D|7!, 8] = [D?, 8] [D[~" + D*[|D| ", ]

=2 [T 002 + ) 4 D202 4 ) )
0

g

(ID?,6)(D? + pi*) ' = D*(D* + 1i*) 7 [D? + 1, b)(D* + 1)~ 1) dps

g

—

1= D*(D? + )~ [D?,6)(D* + p*) ™ dp

p*(D* + p®) D% b|(D? + )t dp

8

([D?,6](D? + p) 72 + [(D® + )1 [D?, B])(D? + )™ ) i dpe

A0 0 [0 N[00
g

O\O\o\go\o\

(R®)[DI(D? + 12)% = (D* + 42) ' DL (0)(D? + ) ) ds

Now R(b) and + 2L2(b) are bounded, by hypothesis. Also
(9] 2 oo 42 w/2

2/ _mwdp :2/ { dt :2/ sin20df = L.

™ Jo ($2+M2)2 ™ Jo 1+t2 ™ Jo 2

0 1 [e'e)
/O (D? + p?) 2 p? dp = /0 (D? + p?) 2P dp + /1 (D? + p?) 22 dps

is bounded by

while

! 4 2 o 2 1 4
[ o [T =il

Thus [|D|,b] is bounded with the estimate

1 1 _ 2
DL < SIRG)+ ( ZIDI*+1 ) = [IL2(0)]).
2 3 T
Hence b € Dom §, as desired. O

Corollary 6.14. The standard commutative example (C(M),L?(M,S), D) is a reqular
spectral triple.

Proof. We need one more fact from the theory of YDOs (see [Tay|, for example): over a
compact manifold M, with a hermitian vector bundle E, a YDO of order zero is bounded as
an operator on L?(M, E). Thus we need only show that, if b = a or b = [ID,a] = —ic(da),
then LFR! is a ¥DO of order < 0, for each k,l € N.

For k = [ = 0, note that ¢ — at) and ¥ — [ID, a]y) = —i c(da)1) are bounded multiplication
and Clifford-action operators. Their (principal) symbols are

o%(x,8) = a(x )12m
Pl (g, ¢) :—zZaa d = —i{c(é),a(z)} = —ic(da).

For k+1> 0, we use L*R! = |Ip|7%(ad lDQ)kH(-)\]m_l. Now Jp” is a second-order DO, with
aéz) (z,§) = g(§,&) 1am, so that when P is of order d then [lDz, P] is of order < d+ 1. Hence,
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if a € C°°(M), then (ad lDQ)kH(a) is of order < k + [, and thus L*R! is of order < 0. The
same is true if a is replaced by —i c(da). Thus L¥R!(b) is bounded, if b € Aor b € [, A]. O

This example also shows why regularity is defined using the derivation § = [|D|, -] instead
of the apparently simpler derivation [D,-]. Indeed, we have just seen that for a € C*°(M),
the operator [|D|, [P, a]] has order zero (and therefore, it lies in Op(]]z). On the other hand,
[, [, a]] is in general a ¥DO of order 1 (and so it lies in Op}z)). Indeed, the first-order terms
in its symbol are

(o?, olP (@, €) = [I¢;, =i * Dpa(a)] = —i[c, M &; Dpa(x)

which need not vanish since ¢/, ¢* do not commute. In contrast, the principal symbol of ||
is a scalar matrix, which commutes with that of [I),a], and the order of the commutator
drops to zero.

6.3 Pre-C*-algebras

If any spectral triple (A, H, D), the algebra A is a (unital) *-algebra of bounded operators
acting on a Hilbert space H [or, if one wishes to regard A abstractly, a faithful representation
m: A — L(H) is given]. Let A be the norm closure of A [or of 7(A)] in L(H): it is a
C*-algebra in which A is a dense *-subalgebra.

A priori, the only functional calculus available for A is the holomorphic one:

- 7{ FOVOM — a)~Ldn, (6.7)

where I' is a contour in C winding (once positively) around sp(a), and sp(a) means the
spectrum of a in the C*-algebra A. To ensure that a € A implies f(a) € A, we need the
following property:

If a € Ahas an inverse a~! € A, then in fact a=* lies in A (briefly: AﬁAX A*, Where .AX
is the group of invertible elements of A). If this condition holds, then 5 fr FA) AL —a)"tdx
is a limit of Riemann sums lying in 4. To ensure convergence in A (they do converge in A), we
need only ask that A be complete in some topology that is finer than the C*-norm topology.

Definition 6.15. A pre-C*-algebra is a subalgebra of A of a C*-algebra A, which is stable
under the holomorphic functional calculus of A.

Remark 6.16. This condition appears in Blackadar’s book [Bla] under the name “local C*-
algebra”. However, one can wonder how such a property could be checked in practice. Con-
sider the two conditions on a *-subalgebra A of a unital C*-algebra A:

(a) A is stable under holomorphic functional calculus; that is, a € A implies f(a) € A,
according to (6.7).

(b) A is spectrally invariant in A [Schw], that is,
acAanda €A = a e A (6.8)

In particular, (6.8) implies sp 4(a) = sp4(a), for all a € A.
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Question: If A is known to have a (locally convex) vector space topology under which A is
complete (needed for convergence of the Riemann sums defining the contour integral) and
such that the inclusion A — A is continuous, jare (a) and (b) equivalent?

Ad (a) = (b): This is clear: if a € A, a=! € A, use f()\) := 1/ outside sp4(a).

Ad (b) = (a): To prove that the integral converges in .4, because A is complete, we
need to show that the integrand is continuous. Note that since the inclusion i: A — A is
continuous, then 4* = {a € A:at € A} = ANA* =i'(A*) is open in A. But we
still need to show that a +— a~1: AX — A is continuous. This will follow if A is a Fréchet
algebra [Schw].

Corollary 6.17 (Schweitzer). If A is a unital Fréchet algebra, and if || - || is continuous in
the topology of A, then Conditions (a) and (b) are equivalent.

If A is a nonunital algebra, we can always adjoin a unit in the usual way, and work
with A := C@ A whose unit is (1,0), and with its C*-completion A:=C@® A. Since the
multiplication rule in A is (X, a)(p,b) := (A, pa + Ab + ab), we see that 1+ a := (1,a) is
invertible in A, with inverse (1,b), if and only if a + b + ab = 0.

Lemma 6.18. If A is a unital, Fréchet pre-C*-algebra, then so also is My, (A) = M, (C)® A.

Sketch proof. Tt is enough to show that a € M,,(A) is invertible for a close to the identity 1,
in the norm of M,(A). But for a close to 1,, the procedure of Gaussian elimination gives
matrix factorization a =: ldu, where

1 0 0 d 0 .0 1 = *
* 1 0 0 dy ... O 01 ... =«
l: ) d: . . . ) U = . . . )
0 : : 0 T L%
* % 1 0o 0 ... dy 0 0 1

with d; € A such that ||d;j — 1|4 < 1, for j = 1,...,n. Thus d~! exists, and a1 =
u ld=Ht € M, (A).
For n = 2, we get explicitly

. ( 1 0) <a11 0 ) (1 a1_11a12>
aglail 1 0 agy — a21af11a12 0 1 ’

provided |1 — a11]|a < 1. For larger n, if |1, — allas,a) < ¢ for ¢ small enough, we can
perform (n — 1) steps of Gaussian elimination (without any exchanges of rows or columns)
and get the factorization a = ldu in M,,(A) with d invertible. O

Lemma 6.19. The Schwartz algebra S(R™) is a nonunital pre-C*-algebra.

Proof. We represent S(R™) by multiplication operators on L?(R™). Its C*-completion is
Co(R™). Note that C1 & Cyp(R™) ~ C(S™). Suppose f € S(R™), and that there exists
g € Cy(R™) such that (14 f)(1+g) =1. Then f+g+ fg=0,and 1 +¢g=1/(1+ f) in
C(S™). Now, since f is C°°, then in particular g is smooth on R™ and all derivatives 0%g are
bounded. This entails that fg € S(R™) also.

Finally, g = —f — fg lies in S(R"), so that (1 +g) = (1 + f)! lies in C1 & S(R"), as
required. O
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Ezample 6.20. If M is compact boundaryless smooth manifold, then C°°(M) is a unital
Fréchet pre-C*-algebra. The topology on C*°(M) is that of “uniform convergence of all
derivatives”:

fe— finC®(M) ifandonlyif || X;... X, fr — X1... X, flloo =0 as k— oo,

for each finite set of vector fields { X7, ..., X, } € X(M). This makes C*°(M) a Fréchet space.
If f € C°°(M) is invertible in C(M), then f(x) # 0 for any € X, and so 1/ f is also smooth.
Thus C°(M)* =C®(M)NC(M)*.

We state, without proof, two important facts about Fréchet pre-C*-algebras.

Fact 6.21. If A is a Fréchet pre-C*-algebra and A is its C*-completion, then K;(A) =
K;(A) for j = 0,1. More precisely, if i: A — A is the (continuous, dense) inclusion, then
iv: Kj(A) — K;(A) is an surjective isomorphism, for j =0 or 1.

This invariance of K-theory was proved by Bost [Bost]. For Ky, the spectral invariance
plays the main role. For K;, one must first formulate a topological Ki-theory is a category
of “good” locally convex algebras (thus whose invertible elements form an open subset and
for which inversion is continuous), and it is known that Fréchet pre-C*-algebras are “good”
in this sense.

Fact 6.22. If (A, H, D) is a regular spectral triple, we can confer on A the topology given by
the seminorms

ge(a) == |6"(a)[|,  qi(a) == |6°([D,a]), for each k € N. (6.9)

The completion As of A is then a Fréchet pre-C*-algebra, and (As, H, D) is again a regular
spectral triple.

These properties of the completed spectral triple are due to Rennie [Ren]. We now discuss
another result of Rennie, namely that such completed algebras of regular spectral triples are
endowed with a C*° functional calculus.

Proposition 6.23. If (A, H, D) is a regular spectral triple, for which A is complete in the
Fréchet topology determined by the seminorms (6.9), then A admits a C*°-functional calculus.
Namely, if a = a* € A, and if f: R — C is a compactly supported smooth function whose
support includes a neighbourhood of sp(a), then the following element f(a) lies in A:

f(a) := 217r/Rf(S) exp(isa) ds. (6.10)

Remark 6.24. One may use the continuous functional calculus in the C*-algebra A to define
the one-parameter unitary group s — exp(isa), for s € R. Then the right hand side of (6.10)
coincides with the element f(a) € A defined by the continuous functional calculus in A.

Proof. The map 6 = ad |D|: A — L(H) is a closed derivation [BR] since |D| is a selfadjoint
operator. To show that f(a) € Domd and that

5mm=;4ﬂmmmww, (6.11)

we need to show that the integral on the right hand side converges. Indeed, by the same
token, the formula

1
d(exp(ita)) = it/o exp(ista) d(a) exp(i(l — s)ta)ds
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shows that exp(ita) € Dom d because

1 1
Zt/o exp(ista) 0(a) exp(i(1 — s)ta) ds| < Ilfl/0 16(a)ll ds = [¢][|6(a)ll,

and dominated convergence of the integral follows. Plugging this estimate into (6.11), we get

o [ Ol l8tesptiap]de < o [8(@) [ jef(o]de < +oc

since f € C°(R) implies f € S(R). Thus f(a) € Domd, and (6.11) holds.
Now let A,,, for m € N, be the completion of A in the norm

a— qu +qi.(a ZIW )|+ [16*([D; a])||-
For m = 0, we get

[ (@) + D, f(a)]]] < ;ﬂ/(lf(t)! + I[D, a]|| [t£(t)]) dt
R

by replacing |D| by Di 1n the prev10us argument.

Therefore, f(a) = fR ) exp(isa) ds is a limit of Riemann sums converging in the
norm qo + g, SO that f ( ) € Ao Next, since ¢ and (ad D) are commuting derivations (on
A), we get [D, f(a)] € Domd, with

16D, (@)

IA

3 | FONIBD.exita)) |
3= [ (LFOI80D.a) ]+ 170 (@] (Dl o

since t£(¢) and t2f(¢) lie in S(R). We conclude that § extends to a closed derivation from Ag
to L(H).

By an (ugly) induction on m, we find that for £ = 0,1,...,m f(a) and [D, f(a)] lie in
Dom 6*, and that & extends to a closed derivation from A, to £(H), and that f(a) € A
By hypothesis, A = ,,cn Am, and thus f(a) € A. O

Before showing how this smooth functional calculus can yield useful results, we pause for
a couple of technical lemmas on approximation of idempotents and projectors, in Fréchet
pre-C*-algebras. The first is an adaptation of a proposition of [Bost].

Lemma 6.25. Let A be an unital Fréchet pre-C*-algebra, with C*-norm || - ||. Then for
each € with 0 < e < %, we can find § < € such that, for each v € A with |[v —v?|| < § and
|1 —2v]| < 144, there is an idempotent e = e? € A such that ||e —v|| < e.

Proof. Consider the holomorphic function
fi{XEC:|\|< 3} —=C defined by f(\):=2(1—V1+4N),

where we choose the branch of the square root for which /1 = +1. Note that f(0) = 0, and
that (1 —2f(\))? =1+ 4\, so that

S =FA) =X for [N <.
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If x € A with ||z| < &, then (1 + 4z)~! exists since |1 — (1 4 4z)|| < 3, and

o o
- - k k &dl 1
(1 + 42) M| < fla 10+ 42) M) < Jlal] D I (=42)™]| < [l D 14e)* = 1—Afz] 4
k=0 k=0
. . 1 1
since T increases from 0 to 7 for 0 <t < g.
Now let 2 := v? — v, (thus [|z| < %), and let y := —2(1 + 4z)~! = (v —0?)(1 — 20) 72,

for which [ly|| < 1. Note that ||z|| — 0 implies ||y[| — 0, which in turn implies || f(y)| — 0,
so that for each £ € (0,3), we can choose § < e such that |1 — 2v|/[| f(y)|| < & whenever
1 —2v|| < 143§ and [[v—?| =|z| < 6.

Finally, let v; := v+ (1 —2v) f(ty) for 0 <t < 1, and take e := v;. Since f(0) =0, we get
vg = v. Our estimates show that [je — v|| = ||(1 — 2v)f(y)|| < . By holomorphic functional
calculus, v € A implies that z, y, v, e all lie in A, too. We compute

0 —u = (04 (1— 20 f(t)? — (v + (1 — 20) f(t)
=00 (1202 + (1 20 )
o (1 202 (Fle)? — F(ty)
=02 —v+(1-20)%y =@ —v)1-1t),

and in particular e? — e = 0, as required. ]

Lemma 6.25 says that in a unital Fréchet pre-C*-algebra A, an “almost idempotent”
v € A that is not far from being a projector (since |1 — 2v|| is close to 1) can be retracted
to a genuine idempotent in A. The next Lemma says that projectors in the C*-completion
of A can be approximated by projectors lying in A.

Lemma 6.26. Let A be an unital Fréchet pre-C*-algebra, whose C*-completion is A. If
4 =G> = q* is a projector in A, then for any e > 0, we can find a projector ¢ = ¢*> = q¢* € A
such that ||g — || < e.

Proof. For a suitable 6 € (0,1), to be chosen later, we can find v € A such that v* = v and
lv — || < 0, because A is dense in A. Now

v — ol < Jo* =@ + G —v]| < (Jv+ 3l +1)]lv—gll < (3+0)5 < 44,
and
11— 20| < |1 —24|| +2||§—v| <1+ 26.

Lemma 6.25 now provides an idempotent e = e € A such that |le — v|| < £/4, for § small
enough (in particular, we must take 6 < €/4). To replace e by a projector ¢, we may use
Kaplansky’s formula (in the C*-algebra A: see [GVF, p. 88|, for example) to define

q:=ec*(ee’ + (1 —e*)(1—e))t.

Indeed, ee* + (1 —€*)(1 —e) =1+ (e —e*)(e* —e) > 1 in A, so it is invertible in A, and thus
also in A because A is a pre-C*-algebra. Thus ¢ € A. One checks that ¢* = ¢ and ¢> = q.
Note also that eq = q.

If A is represented faithfully on a Hilbert space H, we can decompose H as ¢H @® (1 —q)H.
With respect to this decomposition, we can write

(10 T (R V
=\o o) ““\o o) "“\v s5)
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where R = R* € L(gH), S =5" € L((1 —q)H), and V,T": (1 — ¢)H — ¢H are bounded.
Now |le —v|| < /4, so ||(v — e)*(v — €)|| < €2/16; it follows that

2 2
IR-12+VVi < [(V=T)(V-T)+8 < .

16 16
Thus |[VV*|| < €2/16, i.e., ||V]|| < /4, and likewise |V — T|| < /4. Therefore, ||q — ¢| =
IT|| < e/2. Finally,

~ ~ 9 9
la =l < lla—ell +lle— vl + o - < S+ 5 +5 << m

Theorem 6.27. Suppose (A, H, D) is a reqular spectral triple, in which A is a unital Fréchet
pre-C*-algebra; and assume that A is commutative. Let X = M(A) be the character space
of A, a compact Hausdorff space such that A ~ C(X). Then, for each finite open cover
{Uy,...,Un} of X, we can choose a subordinate partition of unity { ¢1,...,dm}:

o € C(X), 0<¢p <1, suppdp CUx, o1+ -+ dp=1,
in such a way that ¢, € A fork=1,2,...,m.

Remark 6.28. By definition, X = M (A) is the set of all nonzero *-homomorphisms ¢: A — C.
Note that if ¢ € M(A), then ¢(1)? = ¢(1) implies ¢(1) = 1. Gelfand’s theorem provided a
s-isomorphism of unital C*-algebras from A onto C'(X), so that we can regard elements of A
as continuous functions on X.

Now let ¢ € M(A). Recall that sp 4(a) = spy(a) for all a € A, since A is a pre-C*-algebra.
Because (a—A1)b = 1in A implies (¢(a) —\)p(b) = 1, we see that A € spy(a) = X # ¢(a);
therefore, ¢(a) € spy(a) for all ¢ € M(A). Thus |p(a)| < r(a) < |la]la, where r(a) is the
spectral radius of a, so that ¢ extends to A by continuity. This means that M(A) = M(A) =
X, so that we can regard X as the character space of the pre-C*-algebra A.

Proof of Theorem 6.27. We first choose a partition of unity {ggl, e 7§5m} in C(X) = A sub-
ordinate to {Ui,...,Un}. Let § € My(A) be the matrix whose (j,k)-entry is 1/ d;¢p.
Then ¢ = ¢> = ¢*. Choose ¢ € (0,1/m). We apply Lemma 6.26 to the pre-C*-algebra
M, (A) C My, (A), to get ¢ = ¢* = ¢* € My, (A), with |lg — §|| < e.

Let ¢; := ¢;j € Afor j =1,...,m. Then ¢ +--- + 1, = trq, and [[trqg — trg| <
> i llgjj — @jjll < me < 1, so that trgq = tr G, because ¢ + trq is an integer-valued function
on X (and trq is the rank of the vector bundle corresponding to the projector ¢). Thus,

P14+ Yy =trg=trg=¢1+---+ ¢, = 1.

Furthermore, 0 < v < 1 since 9y, is the (k,k)-element of ¢ = ¢*¢ € M,,(A), and thus
{1,...,¥m} is a partition of unity with elements in A. We can modify {¢} to get {¢r}
that will be subordinated to {Uy}, as follows.

Let g: R — [0,1] be smooth with suppg C [e,1 +¢], and g(t) > 0 for e < t < 1. Now
Vi i={xz e X :Yy(x) >e} C Uy, since |[¢r, — ¢l < e. Let xx := g o1y. By the smooth
functional calculus, we find that x € A, for k=1,...,m, and Z;”Zl xj(z) > 0forall xz € X,
since otherwise Z;n:1 Y(x) < me < 1, impossible. Therefore, x1 + -+ 4+ X, is invertible
in C(X) = A, and thus also in A, so we can take ¢ := xx(x1 + -+ + Xm)~ ' € A, having
supp ¢ C Ug. Now {¢1,...,dm} is the desired partition of unity. ]
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6.4 Real spectral triples

Recall that a spin structure on an oriented compact manifold (M,¢e) is represented by a
pair (S,C), where S is a B-A-bimodule and, according to Proposition 2.18, C: § — S is
an antilinear map such that C(a) = C(y)a for a € A; C(bap) = x(b) C(3) for b € B;
and, by choosing a metric g on M, which determines a Hermitian pairing on S, we can also
require that (C¢ | CY) = (¢ | ¢) € A for ¢, € S. S may be completed to a Hilbert space
H = L*(M, S), with scalar product (¢ | ) = Jur (@) vg. Tt is clear that C' extends to a
bounded antilinear operator on H such that (C'¢ | Ci) = (¢ | ¢) by integration with respect
to vy, so that (the extended version of) C'is antiunitary on H. Moreover, the Dirac operator
is ) = —i¢ o V¥, where by construction the spin connection V° commutes with C: that is,
V3 commutes with C, for each X € X(M).

The property C(va) = C(v¢)a shows that, for each x € X, ¥(z) — C(¢)(x) is an
antilinear operator C, on the fibre S, of the spinor bundle, which is a Fock space with
dimc S, = 2™. Thus, to determine whether C' commutes with I) or not, we can work with
the local representation I = —iy® V%a. Here v* = ¢(0%), for a = 1,...,n, is a local section
of the Clifford algebra bundle C1(T*M) — M, and the property C(by)) = x(b) C(¢)) says that
C(y*y) = —y* C(vp) whenever v is supported on a local chart domain.

However, replacing b by v* € I'(U, CI*(T*M)) is only allowed when the dimension 7 is
even. In the odd case, B consists of sections of the bundle C1°(T*M), and we can only write
relations like C'(7*y5y) = 42~8 C(v) for ) € T'(U, S). But since C is antilinear, in the even
case we get

CPY = C(=in" Vi, ) =iC(y* Vi,¥) = —ir* C(VE, ) = PCY.

Thus [P, C] = 0 on ‘H, when n = 2m is even.

;,What happens in the odd-dimensional case? Consider what happens on a single fibre
S, which carries a selfadjoint representation of B, = CI%(T*M). Recall that we use the
convention that c(w) := ¢(wy) to extend the action of B to all of I'(M,Cl(T*M)), where
v = (=i)m@'...0?"+L is the chirality element. For w = 6%, then gives Cc(w)C! =
Cc(wy) C™1 = e(x(@7)) = (@) since w is even for w odd, and wy = ™ PP ... 62"+ =
(—=1)™wy. We conclude that Cc(w)C~! = (=1)" ¢(w) for w € AY(M) real, and therefore
CI) = (—1)™*+! PC by antilinearity of C. We sum up:

op— {an, ifn#1 mod 4,
—PC, ifn=1 mod 4.
In the even case, B = I'(M,CI(T*M)) contains the operator I' = ¢(-y) which extends to a
selfadjoint unitary operator on H. Recall from Definition 1.18 that c;(7) is the Zg-grading
operator on the Fock space A®Wj, the model for S,. If H* = L2(M,ST) denotes the
completion of ST in the norm of H, then H = H* © H~, with I being the Zs-grading
operator. Now ~ is even and 4 = (—1)"~ as before, so that CI' = (—1)™I'C whenever
n = 2m.

When M is a connected manifold, there is a third sign associated with C, since we know
that C? = £1. Once more, the sign can be found by examining the case of a single fibre S,,
so we ask whether an irreducible representation S of C1(V') admits an antiunitary conjugation
C: S — S such that Ccy(v) C~! = +cy(v) for v € V (plus sign if dimV = 1 mod 4) and
either C? = +1 or C? = —1. By periodicity of the Clifford algebras, the sign depends only
on n mod 8, where n = dim V.
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Note that if {y!,...,~"} generate Cl, o, then {—iv!, ..., —iy"} generate Cly,, = CI(R", g)
with g negative-definite. Thus one can equally well work with Clg 4, for ¢ = 0,1,...,7. Since
Clpo @rMpy(R) ~ Clyg—p, @rMy+(R) for p = 0,1,...,7 and suitable matrix sizes N, N', we
get, from our classification (1.4) of the Clifford algebras Cl, :

e for ¢ =0,6,7mod 8, Clp, is an algebra over R,
e for ¢ = 1,5 mod 8, Cly, is an algebra over C,
e for ¢ =2,3,4mod 8, Cly 4 is an algebra over H.

On a case-by-case basis, using this classification, one finds that C? = —1 if and only if
n=2,3,4,5 mod 8.

Exercise 6.29. Find five matrices €1, ...,e5 € My(C), generating a representation of Clos,
and an antiunitary operator C on C* such that Ce;C™1 = —¢; forj=1,...,5. Show that
C is unique up to multiples C +— AC with A € C and |\| = 1; and that C? = —14.

Summary: There are two tables of signs

nmod8 |0 2 4 6 nmod8 |1 3 5 7
C?’=41 |+ - — + CP=+1 |+ — — +
CP=+DC |+ + + + CP=+DPC|- + - +
CT =+4IC |+ — + —

There is a deeper reason why only these signs can occur, and why they depend on n mod 8:
the data set (A, H,D,C,T) determines a class in the “Real” KR-homology KR*(A), and
KR/*8(A) ~ KRI(A) by Bott periodicity. We leave this story for Prof. Brodzki’s course.
(But see [GVF, Sec. 9.5] for a pedestrian approach.)

“Real” KR-homology is a theory for algebras with involution: in the commutative case,
we may just take a — a*, and we ask that Ca C~! = a* i.e., that C implement the involu-
tion. This is trivial for the manifold case, since C'(¢a) = C(¢))a =: a*C(3)), the a* here being
multiplication by a.

In the noncommutative case, the operator Ca*C~! would generate a second representation
of A, in fact an antirepresentation (that is, a representation of the opposite algebra A°) and
we should require that this commute with the original representation of A.

Definition 6.30. A real spectral triple is a spectral triple (A, H, D), together with an
antiunitary operator J: H — H such that J(Dom D) C Dom D, and [a, Jb*J 1] = 0 for all
a,be A.

Definition 6.31. A spectral triple (A, H, D) is even if there is a selfadjoint unitary operator
I on H such that al' = Ta for all a € A, T'(Dom D) = Dom D, and DI' = —T'D. If no such
Zo-grading operator I' is given, we say that the spectral triple is odd.

We have seen that in the standard commutative example, the even case arises when
the auxiliary algebra B contains a natural Zs-grading operator, and this happens exactly
when the manifold dimension is even. Now, the manifold dimension is determined by the
spectral growth of the Dirac operator, and this spectral version of dimension may be used for
noncommutative spectral triples, too. To make this more precise, we must look more closely
at spectral growth.
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6.5 Summability of spectral triples

Definition 6.32. For 1 < p < oo, there is an operator ideal LPT(H) = LP°°(H), defined as
follows:
LPH(H) :={T € KH): on(T) = O(NP=V/P) 45 N = 0},

with norm ||T|p+ := supys, on(T)/N®-D/P.

For instance, if A > 0 with s;(4) := then A € LPT by the integral test:

(k+1)1/p’

N
on(A) N/ P dt ~ LN@_I)/”, as N — oo.
1 p—1
Indeed, since p > 1, T € LPT implies s,(T) = O((k + 1)~'/P). To see that, recall that
so(T)+- - -+sk(t) = op11(T); since {si(T") } is decreasing, this implies (k+1)si(T") < op41(T),
and thus s;(7T") < k%rl ory1(T) < C(k 4 1)~1/P for some constant C.

Therefore, T € LPT implies s;(TP) = O(k%rl) and then on(TP) = O(log N), so that
TP € L', which serves to justify the notation £Pt. It turns out, however, that there
are, for any p > 1, positive operators B € £1T such that BY/P ¢ LPT so the implication
“T € LPT = TP € L' is a one-way street. For an example, see [GVF, Sec. 7.C].

Definition 6.33. A spectral triple (A, H, D) is pT-summable for some p with 1 < p < 0o
if (D% 4+ 1)"Y2 € LPH(H). If D is invertible, this is equivalent to requiring |D|~' € LPT(H).

Definition 6.34. Let p € [1,00). A spectral triple (A, H, D) has spectral dimension p if
it is pT-summable and moreover

0 < Tr,((D*+1)77?) < 0o for any Dizmier trace Tr, .
If D is invertible, this is equivalent to 0 < Tr,(|D|™P) < oo for any Tr,,.

For positivity of all Dixmier traces, it suffices that liminfy_. ﬁaN((D2 +1)77/2) > 0.
Note that, in view of Corollary 6.8, this can happen for at most one value of p.

Proposition 6.35. If (A,H, D) is a p™-summable spectral triple, with D invertible, let
F:=D|D|™! (6.12)

be the phase of the selfadjoint operator D. Then, for each a € A, the commutator [F,a] lies
in LPT(H).

Proof. First we show that [F,a] € KC(H), using the spectral formula (6.6) for |D|~!. Indeed,

[F,a] = [D|D|™!,a] = [D,a]|D|™" + D[|D|™, a]
— i/o ([D,a] (D* + )" '+ D[(D*+ p) ', a]) du
_2 /OO([D, al (D? + p) ™' — D(D* + p) " [D?,a] (D* + p) 1) dp (6.13)
™ Jo
2

=2 [T WP ) Dial (4 ) = DDP 440 (Do) DD+ ) ) d
0

™
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In the integrand, [D, a] is bounded by the hypothesis that (A, H, D) is a spectral triple.
Next, (D? 4+ p)~t = (D —ip) Y (D +ip)~! € K(H) and

1 1
D(D? 4 p)' = D(D* + )2 (D* + )2

€ L(H) ceK(h)

is also compact. Thus the integrand lies in K(H) for each u, hence [F,a] € K(H), that is, the
integral converges in the norm of this C*-algebra.
Next to show that [F,a] € LPT(H), we may assume that a* = —a, since
i[Faa] = [Faé(a* +a)} _i[Faé(a* _a)]'
Note that this assumption implies that the bounded operators [F, a] and [D, a| are selfadjoint.

If we replace the term [D,a] by its norm |[|[D,a]|| on the right hand side of (6.13), this
integral changes into

2

- /OOO(MZ(D2 + ) D, al| (D + )™ = D(D? + )~ I[D, al| D(D? + p) ™) dpe

= 21Dl [ (D" )+ DD+ 07 d

< 2Dl [T (D" )+ DD+ 107 d

= 21l [ 08 ) = D2l 1D

where these are inequalities among selfadjoint elements of the C*-algebra IC(H). Therefore,
if we plug in the order relation

=D, d]ll < [D,a] < |[[D,d]]|

among selfadjoint elements of £(H) into the right hand side of (6.13), we obtain the operator
inequalities

=D, alll|DI™" < [Fya] < ||[D,a]||| D]~
Thus the singular values of [F,a] are dominated by those of |[D|~!. We now conclude that

|D|=t € £PT implies [F,a] € LPT, for all a € A. O

The assumption that D is invertible in the statement of Proposition 6.35 is not essential
(though the proof does depend on it, of course). With some extra work, we can modify the
proof to show that (D? 4 1)~%/2 € £P* implies that all [F,a] € £LP+, where F is redefined to
mean F := D (D?+1)"'/2, in contrast to (6.12). This is proved in [CPRS], in full generality.
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Chapter 7

Spectral Triples: Examples

7.1 Geometric conditions on spectral triples

We begin by listing a set of requirements on a spectral triple (A, H, D), whose algebra .4
is unital but not necessarily commutative, such that (A, H, D) provides a “spin geometry”
generalization of our “standard commutative example” (C*°(M),L?(M,S), D). Again we
shall assume, for convenience, that D is invertible.

Condition 1 (Spectral dimension). There is an integer n € {1,2,...}, called the spectral
dimension of (A,H, D), such that |D|™' € L' (H), and 0 < Tr,(|D|™") < oo for any
Dizmier trace Tr,,.

When n is even, the spectral triple (A, H, D) is also even: that is, there exists a selfadjoint
unitary operator I' € L(H) such that T'(Dom D) = Dom D, satisfying al' = Ta for all a € A,
and DI' = —I'D.

Remark 7.1. Tt is useful to allow the case n = 0 as a possible spectral dimension. There are
two cases to consider:

e H is an infinite-dimensional Hilbert space, but the spectrum of the operator D has
exponential growth, so that Np|(A\) = O(X°) as A — oo, for any exponent ¢ > 0.
This is what happens in the example by Dabrowski and Sitarz [DS] of a spectral triple
on the standard Podle$ sphere Sg with 0 < ¢ < 1, where the operator D has the

same eigenvalue multiplicities as the Dirac operator on S? (see Section A.2), but the
13

eigenvalue £(I + 3) is replaced by i(q_l_% - qH%)/(q*l —q),forl=35,5,....

e H is finite-dimensional, A is a finite-dimensional matrix algebra, and D is a hermitian
matrix. In this case, we assign to (A, H, D) the spectral dimension n = 0, and replace
the Dixmier traces Tr,, by the ordinary matrix trace tr.

Condition 2 (Regularity). For each a € A, the bounded operators a and [D,a] lie in the
smooth domain (,~, Dom 8% of the derivation 6: T — [|D|, T).

Moreover, A is complete in the topology given by the seminorms qy: a +— ||0%(a)| and
q,: a ||6%([D,a])||. This ensures that A is a Fréchet pre-C*-algebra.

Condition 3 (Finiteness). The subspace of smooth vectors H* := (. Dom D¥ is a finitely
generated projective left A-module.

This is equivalent to saying that, for some N € N, there is a projector p = p*> = p
in My(A) such that H*® ~ ANp as left A-modules.

*
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Condition 4 (Real structure). There is an antiunitary operator J : H — H satisfying
J? =41, JDJ ' = £D, and JT = +I'J in the even case, where the signs depend only on
nmod 8 (and thus are given by the table of signs for the standard commutative examples).
Moreover, b +— Jb*J~' is an antirepresentation of A on H (that is, a representation of the
opposite algebra A°), which commutes with the given representation of A:

la, Jb*J 7Y =0, forall a,be A.
Condition 5 (First order). For each a,b € A, the following relation holds:
([D,a], Jb*J 7Y =0, forall a,bc A.

This generalizes, to the noncommutative context, the condition that D be a first-order differ-
ential operator.
Since

([D,a], Jb*J Y = [[D, Jb*J '), a] + [D, [a, Jb* T 1],
=0

this is equivalent to the condition that [a,[D, Jb*J~1]] = 0.
Condition 6 (Orientation). There is a Hochschild n-cycle
c=Y (@) ®a @ ©a € Zy(A A A,
such that
mp(c) =3, a)(JVY T ) [D,qj]...[D,a}

]

(7.1)

= I', ifn is even,
B 1, ifn is odd.

In many examples, including the noncommutative examples we shall meet in the next two
sections, one can often take b? =1, so that ¢ may be replaced, for convenience, by the cycle
> ag ®a} ®---®a} € Zn(A, A). In the commutative case, where A° = A, this identification
may be justified: the product map m: A ® A — A is a homomorphism.

The data set (A, H, D;T" or 1, J, c) satisfying these six conditions constitute a “noncom-
mutative spin geometry”. In the fundamental paper where these conditions were first laid
out [Con2], Connes added one more nondegeneracy condition (Poincaré duality in K-theory)
as a requirement. We shall not go into this matter here.

To understand the orientation condition in the standard commutative example, we show
that c arises from a volume form on the oriented compact manifold M. Choose a metric g
on M and let v, be the corresponding Riemannian volume form. Furthermore, let {(U;, a;)}
be a finite atlas of charts on M, where a;: U; — R", and let {f;} be a partition of unity
subordinate to the open cover {U;}; then for r = 1,...,n, each fiaj lies in C>°(M) with
supp( fjag) C Uj. Over each Uj, let {9]1», .. ,0?} be a local orthonormal basis of 1-forms
(with respect to the metric g). Then

ug\Uj =0; AN--- N0} =hjdaj A--- Nda],

for some smooth functions h;: U; — C. We write a} := (=i)™ fjh; € C*(M), where as
usual, n = 2m or n = 2m + 1. With that notation, we get

(=) vy = (=)™ 32, £i (vglyy,) = X2 af daj A~~~ A da].

Now we define

1 o o(l a(n
oc€Sh J
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Exercise 7.2. Show that the Hochschild boundary bc of the chain (7.2) is zero because A is
commutative.

Therefore, ¢ is a Hochschild n-cycle in Z, (A, A), for A = C*°(M). Its representative as
a bounded operator on H is

% Z( Za a(l) (D, j(n) ] Z UZag c(da?(l))...c(da?(”))

UESTL UGS
0 1 o(n

ST nree M) oo™
€Sy

- (Z fj) (=) e(8})...<(6)

J
=c(y)=Tor 1,
since c¢(y) =T for n = 2m, and ¢(y) =1 forn—Zm—l—l
This calculation shows that the elements aj, ...,aj occurring in the cycle ¢ are local

coordinate functions for M. An alternative approach would be to embed M in some RY and
take the aj to be some of the cartesian coordinates of R, regarded as functions on M. This
is illustrated in the following example.

Example 7.3. By regarding the sphere S? as embedded in R3,
S?={(z,y,2) eR3: 2+ 2 + 22 =1},
we can write down its volume form for the rotation-invariant metric g as
v=zdyNdz+ydzANdx+ zdx N dy.
The corresponding Hochschild 2-cycle is

c:i= —% Z(w@y@z—x@z@y),

cyclic

summing over cyclic permutations of the letters x,y, z.
If ) is the Dirac operator on S? for this “round” metric and the unique spin structure
on S? compatible with its usual orientation (see Section A.2), then

5 X el e Ama) =t = (5 5)

cyclic
on H = H' @ H~, which is the completion of the spinor module S = ST ¢ S™.
Consider the following element of Ms(A), with A = C>(S?):
1142 x+iy
p'_<a:—z'y 1—z>' (7.3)

Note that tr(p — %) = 0, where tr(a) := a1 + a2 means the matrix trace tr: Ma(A) — A.

Exercise 7.4. Show that, if A is any x-algebra and p € My(A) is given by (7.3), then the
projector relations p = p* = p? are equivalent to the following relations among x,y, z € A:

* * *
T =1, y_y7 Z =z,

[x7 y] = [$7 Z] = I:y? Z] = 07
2?2 +yP 22 =1.
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Exercise 7.5. Check that tr(pdp A dp) = —% V.

If we replace —% v by the Hochschild 2-cycle ¢, the same calculation that solves the
previous exercise also shows that mp(c) =T

This computation has a deeper significance. One can show that the left A-module My(A) p
is isomorphic to &; in our classification of A-modules of sections of line bundles over S?; and
we have seen in Section A.3 that & ~ I'(S?, L) where L — S? is the tautological line bundle.
The first Chern class ¢1(L) equals (a standard multiple of) [v] € H3;(S?). One can trace
a parallel relation between spin® structures on S? defined, via the principal U(1)-bundle
SU(2) — S?, on associated line bundles, and the Chern classes of each such line bundle. For
that, we refer to [BHMS].

7.2 Isospectral deformations of commutative spectral triples

To some extent, one can recover the sphere S? from spectral triple data alone. Thus, if A is
a #-subalgebra of some C*-algebra containing elements z,y, z, and if the matrix

_ 1l (1+2 z+ay
C2\z—iy 1-=z

) € My(A)

is a projector, i.e., p = p* = p?, then by Exercise 7.4, the elements z,y, 2 commute, they
are selfadjoint, and they satisfy x? 4+ 32 + 22 = 1. Thus, the commutative C*-algebra A
generated by x,v,z is of the form C(X), where X C S? is a closed subset. If A is now a
pre-C*-subalgebra of A containing x,y, z, and is the algebra of some spectral triple (A, H, D),
then the extra condition wp(c) = I" can only hold if X is the support of the measure v. This
means that X = S2.

A similar argument can be tried, to obtain an “algebraic” description of S*. What follows
is a heuristic motivation, following [CL]. One looks for a projector p € M4(.A), of the form

1+ 2 0 a b

_ 0 1+z =b* a (1 +2)1, q here o — [ @ b
P=1 o b 1—-2 0 | q 1-2)1,)" % =\ a)-

b* a* 0 1—2
Then p = p* only if z = z*, and then p? = p implies that —1 < z < 1 in the C*-completion

1-22 0
A of A, [(82),q] = 0, and q¢* = ¢*q = ( OZ 1—,

a,a*,b,b*, z commute, and aa* + bb* =1 — 22, Thus A = C(X) with X C S*. Again, it can
be shown that the equality X = S* is reached by some extra conditions, namely,
tr(p — %) =0,
tr((p — 3)dpdp) =0 in Q*(A),
mo((p— §)dpdpdpdp) =T in L(H).

2>. From that, one finds that

a b
—A\b* a*
noncommutative, solution [CL]: now A is the C*-algebra generated by a, b and z = z*, where
z is central, and the other relations are

However, if one takes instead ¢ := > with A = > then there is another,

ab = e—27r19ba’ ath = eQmea*’

aa* = a*a, bb* = b*b, aa* +bb* =1 — 22, (7.4)
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To find a solution to these relations, where the central element z is taken to be a scalar
multiple of 1, we substitute

a = usiny cos ¢
b= wvsiny cos ¢
z = (cos®)1

with —7 < ¢ < 7 and —71 < ¢ < 7, say. In this way, the commutation relations (7.4)
reduce to

*

un® = uwu =1, vt =v'v =1, vu = 20y,

These are the relations for the unitary generators of a noncommutative 2-torus: see Sec-
tion A.4. Thus, by fixing values of ¢,v with 1 # +7 and ¢ ¢ T7Z, we get a homomor-
phism from A to C(Tg), the C*-algebra of the noncommutative 2-torus with parameters

o- <_09 g) € My(A).

We look for a suitable algebra A, generated by elements satisfying the above relations, by
examining a Moyal deformation of C°°(S*). One should first note that S* C R> = C x C xR
carries an obvious action of T?, namely,

(tlatQ) . (057,8, Z) = (th[,tQﬁ, Z)v for |t1| = |t2| = 17

which preserves the defining relation aa@ + 83 + 22 = 1 of S*. The action is not free: there
are two fixed points (0,0,+1), and for each ¢ with —1 < ¢ < 1 there are two circular orbits,
namely { (o, 0,t) : ad = 1—#2} and { (3,0,t) : 83 = 1—t?}. The remaining orbits are copies
of T?. The construction which follows will produce a “noncommutative space” Sg that can
be thought of as the sphere S* with each principal orbit T? replaced by a noncommutative
torus T2, while the S'-orbits and the two fixed points remain unchanged.

In quantum mechanics, the Moyal product of two functions f,h € S(R"™) is defined as
an (oscillatory) integral of the form

(F % h)(x) = (n0)~" / b e dsae, (7.5)

Here n = 2m is even, © = —0O! € M,(R) is an invertible skewsymmetric matrix, and
det©® = 0" with § > 0. In the next section, we shall interpret this formula in a precise
manner (see Definition 7.17 below), and show that f x h lies in S(R™) also. Formally, at any
rate, one can rewrite it as an ordinary Fourier integral:

(F % h)(@) = (27)" / / f(@ — LOu) (e + ) e dud,

with the advantage that now © need not be invertible (so that n need no longer be even). It
was noticed by Rieffel [Rie| that one can replace the translation action of R™ on f, h by any
(strongly continuous) action a of some R! on a C*-algebra A. Then, given © = -0 € M;(R),
one can define

a*b::/ / a1g,(a) a_i(b) ™ dudt,
R JRL 2

provided that the integral makes sense. In particular, if a is periodic action of R!, i.e.,
apr = oy for r € Z", so that « is effectively an action of T" = R™/Z", then one can describe
the Moyal deformation as follows.
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Definition 7.6. Let A be a unital C*-algebra, and suppose that there is an action o of T
on A by s-automorphisms, which is strongly continuous. For each r € 7!, let Ay be the
spectral subspace

Aqy={a€A:(a)=1t"a for allt € T}, where t":=t"...t" € T.

Let A:={a € A:t— a4(a) is smooth } be the “smooth subalgebra” for the action of T'.
It can be shown that A is a Fréchet pre-C*-algebra, and each a € A can be written as a
convergent series a = ) . a,, where a, € A,y and ||a;|| — 0 rapidly as |r| — oo.

Definition 7.7. Fiz © = —©! € M;(R). The Moyal product of two elements a,b € A,
witha =Y, a, and b= _bs, is defined as axb := Zr,s ar % bg, where

ar * bs :=0o(r,s) arbs, with o(r,s) = exp{—mi E;k:l 7505k }- (7.6)

For actions of T, Rieffel [Rie] showed that the integral formula and the series formula for
a * b are equivalent, when a, b belong to the smooth subalgebra A.

Definition 7.8. Let M be a compact Riemannian manifold, carrying a continuous action
of T by isometries {01}, Then au(f) = f ooy is a strongly continuous action of T'.
Given © = —O' € M;(R), Rieffel’s construction provides a Moyal product on C*®(Mg) :=
(C*°(M),*), whose C*-completion in a suitable norm is C(Meg) := (C(M),*). In particular,

for M = S* with the round metric and © = 0 0 , these are the algebras C*®(S}) and
—0 0 ]
C(Sp) introduced by Connes and Landi [CL].

To deform the spectral triple (C*°(M), L?(M,S), D), we need a further step. Since
each o, is an isometry of M, it defines an automorphism of the tangent bundle T'M (with
ToM — T,,yM), and of the cotangent bundle T*M (with 7 mM — T*M), preserving
the orientation and the metric on each bundle. But the group SO(T; M, g,) does not act
directly on the fibre S, of the spinor bundle. Instead, the action of the Clifford algebra B on
H = L*(M, S) yields a homomorphism Spin(TM, g.) — End(S,) for each z € M, and we
know that there is a double covering Ad,: Spin(7; M, g,) — SO(T; M, g,) by conjugation.

It turns out [CDV] that one can lift the isometric action a: T — S O(T*M) to an action
of another torus 7: T! — Aut(S), where there is a covering map 7: T! — T such that
7m(£1) = 1, making the following diagram commute:

T ' Aut(S)

1

T % So(1* M)

Fact 7.9. One can find a covering of T' by a torus ﬁ‘l, and a representation t — T; of T! on
Aut(S) such that Ad(r;) = oy if r(f) =t € T!. For f € A= C®(M) and ¢, € S =T(M,S),
this implies that
i (f) = au(f) T, (7.7)
(70 | T7Y0) = (@ [ ¥). (7.8)
Integrating over M, and recalling that oy is an isometry, we get (1i¢p | T700) = (¢ | ), so that
T extends to a unitary representation of T on H = L*(M, S).

84



We can regard T! as R'/(Z! + Z'), where Z! = 7! + (3,%,...,1). With this convention,

one can show that the set of commuting selfadjoint operators P, ..., P, on ‘H which generate
the unitary representation of T/, i.e.,

T =: exp(ithl 4+ -+ itnPn),

have half-integer spectra: sp(P;) C Z.
Now define a family of unitary operators { o(r, P) : r € Z!} by

o(r,P):= exp(—m' >k ik Pk> ,

that is, we substitute s; by Py in the cocycle formula o(r, s) of (7.6).

Exercise 7.10. Show that, since the action o is isometric, the unitary operator T; commutes
with 1) and with the charge conjugation operator C, for each t € T.

It follows that each o(r, P) commutes with 9, too. However, the operators o(r, P) need
not commute with the multiplication operators ¢ — f4, for f € C°°(M). Indeed, (7.7)
implies that 7;f7_; = ay(f) for each t € T'.

Exercise 7.11. If hs € A(5) and r € 7!, show that o(r,P) hs = hyo(r, P + s).

We are now ready to exhibit the isospectral deformation of the standard commutative
example for a spin manifold M carrying an isometric action of T!, with respect to a fixed
matrix © of deformation parameters. The deformation is called isospectral for the simple
reason that the operator D of the deformed spectral triple is the same Dirac operator of the
undeformed case, so it is no surprise that its spectrum does not change. What does change is
the algebra: in fact, the underlying vector space of A is unchanged, but the product operation
is deformed, and consequently its representation on H changes, too.

Theorem 7.12. If Ag = (C®(M), ), H = L?*(M,S) and D = I, then there is a represen-
tation of Ae by bounded operators on H, such that (Ae,H, D) is a spectral triple with the
same Dirac operator as the standard commutative example (C°°(M), H, ID). Moreover, the

charge conjugation operator C is a real structure on (Ao, H, ID), and the first order property
holds.

Proof. If f € A, write f = > . fr as a decomposition into spectral subspaces, where
ai(f,) =t"f. for t € T, r € Z'. Define

L(f) = Zf” o(r,P) € L(H).

Then f — L(f) is a representation of the algebra Ag:

L(/)L(h) =) fro(r,P) hso(s, P)
- ZfThs o(r,P+s)o(s,P)
— Zfrhs o(r,s)o(r+s,P)

:Zfr*hsa(r—i—s,P):L(f*h).

r,8
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The last equality follows because f, € A, hs € A,y imply that both f.hs and f, x hs lie
in A(,4s —these products differ only by the phase factor o(r, s)— and therefore (f x h), =
ZT—I—s:p fr* hs.

Since oy (f7) = au(f.)* = t7" ¥, we see that (f*), = (f_s)* for s € Z!. Thus L(f)* =

Yoo fro(=r,P) =3 (f")—ro(—r,P) = L(f*), so that L is actually a *-representation.
Since ) commutes with each o(r, P), we get

(D, L)) = Y[, fr]o(r, P) = L([P, f]), (7.9)

where we remark that 7; [, f,]7_; = [, 7:.f-7_;] = t" [, f;], so that the operators [, f],
for f € A, decompose into spectral subspaces under the action ¢ — Ad(7;) by automorphisms
of L(H), which extends ¢ — «; by automorphisms of A.

Next, since the antilinear operator C' commutes with all unitaries o(r, P), we deduce that
C’PJ-C_1 = —Pjfor j =1,2,...,1. Therefore, we can define an antirepresentation of .Ag on H
by

R(f):==CL(f)*C' =) o(r,P)*Cf,C"" = a(-r,P) fr = Zfr

T 7

Notice that o(r, P)* = o(—r, P) commutes with f, in view of Exercise 7.11 and the relation
o(—r,r)=1.
The left and right multiplication operators commute, since

[L(f), R(Rh)] == Z[U(T’ P) fryhso(=s, P)]
= Z[fmhs] o(r,s)o(r—s,P)=0,

where [f,, hs] = 0 because, with its original product. A is commutative. The same calculation
shows also that

[, LN, R(W)] = [L(D, f1), R(W)] = Y [P, fy],hs] o (r,s) o (r — s, P) =0,

r,8

since ([, f])r = [, f+] for each r and [[D, f,],hs] = O by the first-order property of the
undeformed spectral triple (C™ (M), H, D). O

When dim M is even, and I is the Zs-grading operator I' on the spinor space H, we should
note that the orientation condition WB)(C) = T says, among other things, that I" appears in
the algebra generated by the operators f and [, f], for f € A. The representation L of Ag
extends to this algebra of operators by using (7.9) as a definition of L([ID, f]). In the formula
(7.1) for mp(c), if we replace all terms af by L(af), then we obtain L(mp(c)) = L(I') =T
Thus ¢ may also be regarded as a Hochschlld n- cycle over Ag, and the orientation condition
mp(c) = I' is unchanged by the deformation. In odd dimensions, the same is true, with T’
replaced by 1.

In conclusion: the isospectral deformation procedure of Connes and Landi yields a family
of noncommutative spectral triples that satisfy all of our stated conditions for a noncommuta-
tive spin geometry. (Moreover [CL], Poincaré duality in K-theory is stable under deformation,
t00.)
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7.3 The Moyal plane as a nonunital spectral triple

In order to extend the notion of spectral triple (A, H, D) to include the case where the algebra
A may be nonunital, we modify Definition 4.1 as follows.

Definition 7.13. A nonunital spectral triple (A, H, D) consists of a nonunital *-algebra
A, equipped with a faithful representation on a Hilbert space H, and a selfadjoint operator D
on 'H with a(Dom D) C Dom D for all a € A, such that

e [D,a] extends to a bounded operator on H, for each a € A;

e a(D?+1)"Y2 is a compact operator, for each a € A.

In general, D may have continuous spectrum, so that the operator (D? + 1)~1/2 will
usually not be compact. But it is enough to ask that it become compact when mollified by
any multiplication operator in A. An equivalent condition is that a(D —\)~! be compact, for
all A ¢ sp(D). In the nonunital case, there is no advantage in supposing that D be invertible,
s0 it is better to work directly with (D? + 1)/ instead of |D|.

Remark 7.14. The simplest commutative example of a nonunital spectral triple is given by

0

oxi’

describing the noncompact manifold R™ with trivial spinor bundle R x C2" — R™ and flat
metric: as always, n = 2m or n = 2m+1. Here C5°(R") is the space of smooth functions that
vanish at infinity together with all derivatives: it is a *-algebra under pointwise multiplication
and complex conjugation of functions. Here sp(lp) = R and (E2 +1)~/2 is not compact.
However, it is known [Sim]| that if f € LP(R™) with p > n, then f (IDQ +1)"12 € LP(H).

The simplest noncommutative, nonunital example is an isospectral deformation of this
commutative case, where we use the same Dirac operator I) = —i~’ 9/0z7 on the same spinor
space H = L*(R") ® C?", but we change the algebra by replacing the ordinary product of
functions by a Moyal product.

Before giving the details, we summarize the effect of this nonunital isospectral deformation
on the conditions given in Section 7.1 to define a “noncommutative spin geometry”.

A=CPR"), H=L*R")eC”, = —iy/

e The reality and first-order conditions are unchanged: we use the same charge conjuga-
tion operator C' as in the undeformed case.

e The reqularity condition is essentially unchanged: all that is needed is to replace the
derivation §: T — [|D|, T] by the derivation 61: T + [(IDQ+1)1/2, T], because Dom 6F =
Dom §* for each k € N since (JDQ +1)/2 — |D| is a bounded operator.

e For the orientation condition, the Hochschild n-cycle will not lie in Z,(A, A ® A°) but
rather in Z,(A, A ® A°), where A is a unitization of A, that is, a unital x-algebra in
which A is included as an essential ideal.

e For the finiteness condition, we ask that H> = ANp, for some projector p = p? = p*

lying in My (A). Thus H> can be regarded as the pullback, via the inclusion A — A,
of the finitely generated projective left A-module ANp.

e To define the integer n as the spectral dimension, we would like to be able to assert that
a(D? +1)"Y2 lies in L™ (H) for each a € A, and that 0 < Try(a (D?+1)7"/?) < o
whenever a is positive and nonzero. It turns out that we can only verify this for a
belonging to a certain dense subalgebra of A, in the Moyal-plane example: see below.
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Exercise 7.15. Check the assertion on regularity: show that Domd; = Domd and that
Dom 6% = Dom 6% for each k € N, by induction on k.

Exercise 7.16. Show that Proposition 6.13 holds without the assumption that D is invert-
ible. Namely, if L1(b) := (D? + 1)"Y2[D?,b] and Ry(b) := [D?,b] (D? + 1)"'/2, show that
ﬂk,lZO Dom(L{R}) = >0 Dom 07" by adapting the proof of Proposition 6.183.

In what follows, we will sketch the main features of the Moyal-plane spectral triple. A
complete treatment can be found in Gayral et al [GGISV], on which this outline is based.
Our main concern here is to identify the “correct” algebra A and its unitization A so that
the modified spin-geometry conditions will hold.

We now recall the Moyal product over R™, discussed in the previous Section. It depends
on a real skewsymmetric matrix © € M,(R) of “deformation parameters”. For n = 2, such

a matrix is of the form <_00 g) for some § € R; and for n = 2m orn = 2m + 1, © is

similar to a direct sum of m such matrices with possibly different values of 6 (so © cannot
be invertible if n is odd). For convenience, we now take n to be even, and we shall suppose
that all values of 6 are the same. (In applications to quantum mechanics, where the Moyal
product originated [Moy], & = h is the Planck constant.) Thus, we choose

O =05 € Myn(R), with S := <_2 1&“) . 0>0. (7.10)

Note that det © = 2™ > (.

Definition 7.17. Let n = 2m be even, let 6 > 0, and let f,h € S(R™). Their Moyal
product f xg h € S(R™) is defined as follows:

(f % B)(x) = (n0)~" / P+ ) h(w + 1) 2i5659/0 g gy
n Rn
) T — fGSu T e M du, d
en [ 5 ) h(z +1) t
— @0 [ fle— 10Su)h(w) ¢ du. (7.11)
Rn

Here h fR" —t 4t is the Fourier transform. Since h — h preserves the Schwartz

space S(R”), the thzrd integral is a twisted version of the usual convolution of f and h, and
one can check that this integral converges to an element of S(R™).

The first or second integral in (7.11) can also be regarded as defining the Moyal product
f *¢ h, where f and h need not be Schwartz functions, provided that the integrals are under-
stood in some generalized sense. Thus Rieffel [Rie], for instance, considers them as oscillatory
integrals. Here we shall extend the Moyal product by duality, as follows. It is easy to see that
Il f %0 hlloo < (m0)~"|| fll1 ||2]]1, from the first integral in (7.11). By applying similar estimates
to the functions 2% 9° (f x¢ h), for a, 8 € N™, one can verify that the product (f,h) — f*g h
is a jointly continuous bilinear map from S(R™) x S(R™) to S(R™).

Here are some elementary properties of the Moyal product that are easy to check formally;
they can be verified rigorously by some work with oscillatory integrals: see [Rie].

1. The Moyal product is associative: (f xg g) xg h = f xg (g % h).
2. The Leibniz rule holds: 0j(f g h) = 0;f x¢ h+ f*9 Ojh for j=1,...,n
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3. Complex conjugation is an involution: f g h = hxg f.

4. Integration over R" is a trace for the Moyal product:
/ (f*x¢ h)(z)dx = / (h*g f)(z)dx = A f(z) h(zx)dz. (7.12)

We denote Sp := (S(R™), xg). It is a Fréchet *-algebra, with the usual topology of S(R").
The trace property gives us a (suitably normalized) bilinear pairing:

(F.BY == (20) ™™ / (F % 1) () da

n

Together with associativity, this gives the relation

(f %0 9, 1) = (f g %0 h) = (w0)~™ / (f %0 9 %0 h)(2) da,

n

valid for f,g,h € S(R™). Now, if T € §'(R"™) is a tempered distribution, and if f € S(R"),
we can define T xg f, fx¢ T € S'(R™) by the continuity of the Moyal product:

<T*9 f, h> = <T,f*9 h>, <f *0 T, h> = <T,h*9 f>

In this way, S'(R™) becomes a bimodule over Sy. Inside this bimodule, we can identify a
multiplier algebra in the obvious way.

Definition 7.18. The Moyal algebra My = My(R"™) is defined as the set of (left and right)
multipliers for S(R™) within S'(R™):

My:={ReS[R"): Rxg f € SR™), f*xs R € S(R") for all f € S(R™) }.
This is a *-algebra, and S'(R™) is an My-bimodule, under the operations
(T*g R, f) = <T,R*9 f>, <R*9 T, f) = <T,f*9 R>

This Moyal algebra is very large: for instance, it contains all polynomials on R"™. How-
ever, because it contains many unbounded elements, it cannot serve as a coordinate alge-
bra for a spectral triple. Even so, it is a starting point for a second approach, developed
in [GV]. Consider the quadratic polynomials H, := 3(z2 4+ 22,,,) for r = 1,...,m. In the
quantum-mechanical interpretation, these are Hamiltonians for a set of m independent har-
monic oscillators; but for now, it is enough to know that they belong to Mjy. It turns out
that the left and right Moyal multiplications by these H, have a set of joint eigenfunctions
{ fxi : k,1 € N™ } belonging to the Schwartz space S(R™), with the following properties:

e The eigenvalues are half-integer multiples of 8, namely,

H, xp fir = 0(kr + %) fua, fraxo Hy = 0(1r + 3) fua.

e The qigenfunctions form a set of matrix units for the Moyal product: fi; *g frs = 0 fis
and fi; = fip for all k,1,r,s € N™,
e Any f € S(R™) is given by a series f = (270)™™/2 3", ayq fi1, converging in the topo-

logy of S(R™), such that ay; — 0 rapidly.
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e The subset { (270) ™2 f4; - k,1 € N™} of S(R™) is an orthonormal basis for L?(R™).
For example, when n =2 and k =1 € N, fy is given by
fur(ar,w2) = 2 (~1)F TR LR (G (2 4 23)),

where L% is the Laguerre polynomial of order k.
Because of these properties, we can extend the Moyal product to pairs of functions in

L2(Rn). If f = (27“9)7171/2 Zk,l ol fkl and h = (27T9)7m/2 Ek,l Ori fkl, we define

fxoh = (2m0)" Zakvﬂm Tkl (7.13)

k,rl

The Schwarz inequality for sequences shows that

IIf %o h||2 = (270) 2™ Zakrﬁrzfm (2m6)~
k,r,l
(270)~ Z\akr| Zmﬁ (270) m||f||2||h||2. (7.14)

This calculation guarantees that the series (7.13) converges whenever f,h € L?(R"); and
that the operator L(f): h — f g h extends to a bounded operator in £(L?(R"™)) whenever
f € L?(R™). Moreover, it gives a bound on the operator norm:

IZ(HI < @n8) ™2 f]|2.

Now the Schwartz-multiplier algebra My can be replaced by an L2-multiplier algebra. By
duality in sequence spaces, any 7' € S'(R™) can be given an expansion in terms of the {fx;}
basis, and in this way one can define an algebra

Apg:={Re S [R"): Rxp f € L*(R") for all f € L*(R")}.

This is actually a C*-algebra, with operator norm ||L(R)|| := sup{ ||R g f||2/||fll2: f #0}.

There is a unitary isomorphism W: L?(R") — L2*(R™) ® L?*(R™) (tensor product of
Hilbert spaces), such that W L(f) W~! = o(f) ® 1, where o is the (irreducible) Schrédinger
representation; that is to say, f +— L(f) is equivalent to the Schrédinger representation with
infinite multiplicity. One can show that Ag = W~ L(L?(R™)) W, whereas the norm closure
of the x-algebra (S(R™),xp) is W1 C(L?(R™)) W. For the details, consult [VG] and [GGISV].

The analogue of Lemma 6.19 holds, too: Sy is a nonunital pre-C*-algebra. As in the proof
of Lemma 6.19, if f € Sy, suppose the equation (14 f) %y (1 + g) = 1 has a solution g in the
unital C*-algebra Ag. We may also write

f+g9+frg=0 and f4+g+gxef=0, (7.15)

and we wish to show that g € Sy. Since g = —f — f g g, it is enough to show that fxgg € Sp.
Now, left-multiplying the second equation in (7.15) by f gives fxg f+ fxgg+ f*og*g f =0,
so it is enough to check that f*p g*p f € S(R™) whenever f € S(R") and g € Ay. This turns
out to be true: the necessary norm estimates are given in [VG].

However, the algebra Sy is not the best candidate for the coordinate algebra of the Moyal
spectral triple. We now introduce a better algebra.
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Definition 7.19. Consider the following space of smooth functions on R™:
D2(R™) :={ f € C®(R"): 9°f € L*(R") for all o« € N"},

introduced by Laurent Schwartz in his book on distributions [Schz]. It is a Fréchet space,
under the norms py(f) == >_4 <, |0 fl2, for r € N. The Leibniz rule for the Moyal product
and the inequality (7.14) show that if f,h € Dr2(R™), then

10°(f %o W)l < D 1107 %6 0P )2

0<f<a

< (@2n0) 2 Y (g) 107 fll2 9%,

0<f<a

so that Dr2(R™) is actually an algebra under the Moyal product; and that this product is
continuous for the given Fréchet topology. Moreover, since complex conjugation is an isometry
for each norm p,, it is a x-algebra with a continuous involution. We write Ag := (Dr2(R™),xg)
to denote this Fréchet x-algebra.

It does not matter whether these derivatives 0% f are taken to be distributional derivatives
only, since arguments based on Sobolev’s Lemma show that if f and all its distributional
derivatives are square-integrable, then f is actually a smooth function.

The algebra Ay is nonunital. Next, we introduce the preferred unitization of Ay.

Definition 7.20. Another space of smooth functions on R™ is found also in [Schz]:
BR"™) :=={f e C®R"):9“f is bounded on R", for all « € N" }.

It is also a Fréchet space, under the norms q.(f) := max|q<y [|0%fl|oo, for r € N.
We shall soon prove that B(R™) is also a x-algebra under the Moyal product; we denote
it by ./49 = (DLz(Rn),*g).

It is proved in Schwartz’ book that D2 (R™) C B(R™), and that the inclusion is continuous
for the given topologies. (This is not as obvious as it seems, because in general square-
integrable functions on R™ need not be bounded.) Combining this with knowledge of the
Moyal multiplier algebras, we end up with the following inclusions [GGISV]:

S@CA@C.ZQCA@QM@.

The inclusion /Tg C Ag is a consequence of the Calderén—Vaillancourt theorem, which says
that a pseudodifferential operator of order zero on R”, whose symbol is differentiable to a high
enough order, gives a bounded operator on L?(R"); we may notice that the second integral
in (7.11) says that L(f) is pseudodifferential, with symbol p(z,€) = f(z — 305¢).

Proposition 7.21. B(R") is a Fréchet x-algebra under the Moyal product.

Proof. If f,h € B(R™) and if s € N, we shall find estimates of the form
qs(froh) < Crsqr(f)qr(h) whenever r > s+n+ 2. (7.16)

This shows that f % h lies in B(R™) whenever f,h € B(R"), and that (f,h) — f*ph is a
jointly continuous bilinear operation on B(R™). Since complex conjugation is clearly isometric
for each ¢, the involution is continuous, too.
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To justify the estimates (7.16), we first notice that, for any k € N,

8ﬁfx+y ) Oh(x + 2) .
P AVh)( // 1 2k (1 2\k ,2iy(52)/0 g, 4
(07 f %o A+ DF (At PF (L4 [y[")* A+ [=])"e ydz
AP f( :L‘+y O"h(z + 2) o
P.(8,,0,)[e*(59)/9] gy d
0[] T e P2

— (x0)" (S0 b a0 (@ +y) Th(z + 2)
= (76) //621/ Pr(—0y, 82)[(1+‘y|2)k TEPBE dy dz,

where Py is a certain polynomial of degree 2k in both y; and z; variables, and for the third
line we integrate by parts. It is not hard to find constants such that [0%((1 + |z|?)7%)| <
C! (1 +|z*)7F for each k € N, o € N*. Thus, we get estimates of the form

B+u v+v
(0P f % O7h)(2)| < C// / |0 {fﬁy)H(a_F |g|(5l);+z)| dy dz
1, |v|<2k Y
dy dz
< O 4 (f) arh / / ,
(1) ar0) o TP Ja (T SR

provided r > |B| + |v| + 2k; and we need k > n/2 so that the right hand side is finite. For
|8 + || < s, we only need to choose k so that n < 2k < r — s, and this is always possible for
r>s+n-+2. O

Rieffel, in [Rie], showed that Ay is the space of smooth vectors for the action of R" (by
translations) on its C*- completion; this entails that .Ag is a pre-C*-algebra.

Now, the inclusion Ay C Ay means that 0% f %9 O°h||2 is finite, whenever f € Ay and
h € Ag; therefore, f g h lies in Ay also. A similar argument shows that h g f lies in Ajy.
Thus, Ay is an ideal in Ap. (In fact, it is an essential ideal; that is to say, if f g h = 0 for all
h € Ay, then f = 0; this can be seen by taking h = fi; for any k,l € N® and checking that f
must vanish.)

Lemma 7.22. Ay is a nonunital pre-C*-algebra.

Proof. Since Ay is Fréchet, we only need to show that it is spectrally invariant. In the
nonunital case, this means that if f € Ay, and the equations f+g+ f*xgg=f+g+g g f =0
have a solution g in the C*-completion of Ay, then g lies in Ay. Now since f € /T@ and fT@ is
already a pre-C*-algebra, we see that g € ./Zg. But Ay is an ideal in .Zg, and thus fxgg € Ay.
This implies that g = —f — f % g lies in Ay, too. O

An important family of elements in .Zg that do not belong to Ay are the plane waves:
ug(z) == *™*  for each k € R™.
It is immediate from the formulas (7.11) that
up, g uy; = e TOK(S) ug+y, for all k1€ R™
In particular, by taking k,l € Z" to be integral vectors, we get an inclusion C*(Tpq) — Ay:

the smooth algebra of the noncommutative n-torus, for © = 65, can be identified with a
subalgebra of periodic functions in Ajg.
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In particular, the Hochschild n-cycle ¢ representing the orientation of this noncommuta-

tive torus can also be regarded as an n-cycle over Ay. We can write up = vfl *g * kg vfbn
where v; = u,, for the standard orthonormal basis {e1, ..., e,} of R". The expression for c is
1 o —1
= @ > (1) (Vo) lo(@) -+ Vo) B Vo(1) @ Vg(2) @ -+ @ V(-
oESy,

(When 6 = 0, we can write v; = e?™j and the right hand side reduces to dt; A --- A dt,, the
usual volume form for either R™ or the flat torus T" = R"/Z".)

We refer to [GGISV] for the discussion of the spectral dimension properties of the triple
(Ag, L>(R") @ C*", Ip). Briefly, the facts are these. If w(f) := L(f) ® 1am denotes the
representation of Ay on the spinor space H by componentwise left Moyal multiplication, then
one can show that, for any f € Ay, we get

7(f) (° +1)"Y2 € £P(H), for all p > n.

In particular, these operators are compact, so this triple is indeed a nonunital spectral triple.
However, this is not quite enough to guarantee that

T(f) (P° +1)7V% e £ (), (7.17)

for every f € Ay. Instead, what is found in [GGISV] is that (7.17) holds for f lying in the
(dense) subalgebra Sy. The key lemma which makes the proof work is a “strong factorization”
property of Sp, proved in [GV]: namely, that any f € Sy can be expressed (without taking
finite sums) as a product f = g ¢ h, with g, h € Syp. This factorization property fails for the
full algebra Ay.

Once (7.17) has been established, one can proceed to compute its Dixmier trace. It
turns out that Tr,(7(f) (1ﬁ2 + 1)~/2) is unchanged from its value when # = 0, namely
(2" Qy /1 (2m)") [gn f(2) dz. The end result is that the spectral dimension condition for
nonunital spectral triples is the expected one, but that Dixmier-traceability as in (7.17)
should only be required for a dense subalgebra of the original algebra.

7.4 A geometric spectral triple over SU,(2)

(The notes for this part will appear later. In the meantime, have a look at [DLSSV].)

93



Appendix A

Exercises

A.1 Examples of Dirac operators

A.1.1 The circle

Let M :=S!, regarded as S! ~ R/Z; that is to say, we parametrize the circle by the half-open
interval [0,1) rather than [0,27), say. Then A = C*(S!) can be identified with periodic
smooth functions on R with period 1:

A={feCoR): ft+1)=f(t) }.

Since CI(R) = C1 @ Ce; as a Zg-graded algebra, we see that B = A in this case; and since
n =1, m =0 and 2™ = 1, there is a “trivial” spin structure given by S := A itself. The
charge conjugation is just C' = K, where K means complex conjugation of functions. With
the flat metric on the circle, the Dirac operator is just

. d
m.— —’I/@.

Exercise A.1. Show that its spectrum is
sp() =2nZ = {2rk : k € Z.},

by first checking that the eigenfunctions vy (t) == e*™* form an orthonormal basis for the
Hilbert-space completion H of S — using Fourier series theory.

The point is that the closed span of these eigenvectors is all of H, so that sp(Ip) contains
no more than the corresponding eigenvalues.
Next, consider

S i={pcC®MR): p(t+1)=—o(t)},

which can be thought of as the space of smooth functions on the interval [0, 1] “with antiperi-
odic boundary conditions”.

Exercise A.2. Ezplain in detail how S’ can be regarded as a B-A-bimodule, and how C = K
acts on it as a charge-conjugation operator. Taking I) := —id/dt again, but now as an
operator with domain 8" on the Hilbert-space completion of S', show that its spectrum is now

sp(P) =2m(Z+3)={n(2k+1): ke Z},

by checking that ¢y (t) := e+ gre o complete set of eigenfunctions.
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The circle S' thus carries two inequivalent spin structures: their inequivalence is most
clearly manifest in the different spectra of the Dirac operators. Notice that 0 € sp(I))
for the “untwisted” spin structure where & = A, while 0 ¢ sp() for the “twisted” spin
structure whose spinor module is &’. There are no more spin structures to be found, since
HY(S', Zy) = Zs.

A.1.2 The (flat) torus

On the 2-torus T? := R2?/Z2, we use the Riemannian metric coming from the usual flat
metric on R2. Thus, if we regard A = C°°(T?) as the smooth periodic functions on R? with
f(t112) = f(t1+1,t?) = f(t',t24+1), then (¢!, t?) define local coordinates on T?, with respect
to which all Christoffel symbols are zero, namely I‘fj = 0, and thus V = d represents the
Levi-Civita connection on 1-forms.

In this case, n = 2, m = 1 and 2™ = 2, so we use “two-component” spinors; that is, the
spinor bundles S — T? are of rank two. There is the “untwisted” one, where S is the trivial
rank-two C-vector bundle, and S ~ A?. The Clifford algebra in this case is just B = M(A).
Using the standard Pauli matrices:

1. (01 9 (0 —1 3 (1 0
J.-(lo, o= o) o =1y _q)

we can write the charge conjugation operator as
C=-ioc’K
where K again denotes (componentwise) complex conjugation.

Exercise A.3. Find three more spinor structures on T2, exhibiting each spinor module as a
B-A-bimodule, with the appropriate action of C. (Use T? =S! x St.)

Exercise A.4. Check that

E:—i(0161+0282):< 0 —82_’i81>

0o — 104 0

where &, = 9/0t' and Oy = 0/0t%, is indeed the Dirac operator on the untwisted spinor
module S = A%. Compute sp(lf) by finding a complete set of eigenvectors. Then show that

sp() = { £2my\/r2 + 13 : (r1,m2) €Z}

by finding the eigenspinors for each of these eigenvalues. ;What can be said of the multiplic-
ities of these eigenvalues? and what is the dimension of ker I ?

Notice that o does not appear in the formula for I9; its role here is to give the Zy-grading
operator: ¢(y) = 02 —regarded as a constant function with values in Ms(C)— in view of the
relation 0® = —i ¢'o? among Pauli matrices.

On the 3-torus T? := R3/Z3, where now n = 3, m = 1 and again 2™ = 2, we get two-
component spinors. Again we may use a flat metric and an untwisted spin structure with
S = A% The charge conjugation is still C = —io? K on S, so that C? = —1 also in this

3-dimensional case. The Dirac operator is now

w:_i(0181+0232+0383):< —103 _32—i51>_

0o — 104 103

Exercise A.5. Compute sp(]f) and sp(ID) for this Dirac operator on T3.
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A.1.3 The HodgeDirac operator on S?

If M is a compact, oriented Riemannian manifold that has no spin® structures, jcan one
define Dirac-like operators on an B-A-bimodule £ that is not pointwise irreducible under the
action of B? It turns out that one can do so, if £ carries a “Clifford connection”, that is, a
connection V¢ such that

VE(c(a)s) = ¢(Va) s + c(a) VEs,

for a € AY(M), s € £, and which is Hermitian with respect to a suitable A-valued sesquilinear
pairing on £. For instance, we may take & = A®*(M), the full algebra of differential forms
on M, which we know to be a left B-module under the action generated by c(a) = e(a)+c(af).
The Clifford connection is just the Levi-Civita connection on all forms, obtaining by extending
the one on A'(M) with the Leibniz rule (and setting Vf := df on functions). The pairing
(a| B) = g(@,f) extends to a pairing on A®*(M); by integrating the result over M with
respect to the volume form v,, we get a scalar product on forms, and we can then complete
A®(M) to a Hilbert space.

If {Ey,...,E,} and {#',...,0"} are local orthonormal sections for X' (M) and A'(M)
respectively, compatible with the given orientation, so that ¢(67) = £(67) 4 ¢(E;) locally, then

* = c(y) = (=)™ c(8%) c(6?) ... c(6™)

is globally well-defined as an A-linear operator taking A®(M) onto itself, such that x> = 1.
This is the Hodge star operator, and it exchanges forms of high and low degree.

Exercise A.6. If {1,...,n} = {i1,...,ix} W{Jj1,.. ., Jnk}, show that locally,
KON AOEY = TGN A Ik

where the sign depends on iy, ...,i. Conclude that x maps A¥(M) onto A"~F(M), for each
k=0,1,...,n.

(Actually, our sign conventions differ from the usual ones in differential geometry books,
that do not include the factor (—i)™. With the standard conventions, x> = 41 on each
AF(M), with a sign depending on the degree k.)

The codifferential 6 on A®(M) is defined by

0 1= —xdx*.

This operation lowers the form degree by 1. The Hodge—Dirac operator is defined to be
—i(d + 6) on A*(M). One can show that, on the Hilbert-space completion, the operators d
and —¢ are adjoint to one another, so that —i(d+ ) extends to a selfadjoint operator. (With
the more usual sign conventions, d and +¢ are adjoint, so that the Hodge—Dirac operator is
written simply d + 0.)

Now we take M = S?, the 2-sphere of radius 1. The round (i.e., rotation-invariant) metric
on S? is written g = df? + sin® 0 dp? in the usual spherical coordinates, which means that
{df,sin O d¢} is a local orthonormal basis of 1-forms on S2. The area form is v = sin § df A dé.
The Hodge star is specified by defining it on 1 and on d#:

*(1) = —iv, *(df) :=isinf de.

To find the eigenforms of the Hodge—Dirac operator, it is convenient to use another set
of coordinates, obtained form the Cartesian relation (x')% + (2%)? + (2®)? = 1 by setting
¢ := ' +ix? = € cos 0, along with 2% = cos#; the pair (¢, 2?) can serve as coordinates for
S?, subject to the relation (¢ + (23)? = 1. (The extra variable ¢ gives a third coordinate,
extending S? to R3.)
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Exercise A.7. Check that in the (¢,x3) coordinates, the Hodge star is given by
*(¢) = —id¢ Ada®,  x(dC) =2 d¢ — ¢ da.

Exercise A.8. Consider the (complex) vectorfields on R3 given by

3 0 0 3 0
A L =2 9 9
4= 2ia? 8(+Z<8x3’ ixd 8( zCaS, COC 1C8C
Verify the commutation relations [Ly,L_] = —2i L3, [Ls,L_]=1iL_ and [L3,L4] = —i L.

These commutation relations show that if L4+ =: Li &1 Ly, then Lq, Lo, L3 generate a
representation of the Lie algebra of the rotation group SO(3). One obtains representation
spaces of SO(3) by finding functions fy (“highest weight vectors”) such that Ls fy is a multiple
of fo, L+fo =0, and { (L_)"fo : r € N} spans a space of finite dimension. To get spaces of
differential forms with these properties, one extends each vector field L; to an operator on
A*(S?), namely its Lie derivative L;, just by requiring that £;d = d£;. Since the Hodge
star operator is unchanged by applying a rotation to an orthonormal basis of 1-forms, one
can also show that £;x = L}, so that the Hodge-Dirac operator —i(d 4 ¢) commutes with
each £;. This gives a method of finding subspaces of joint eigenforms for each eigenvalue of
the Hodge—Dirac operator.

We introduce the following families of forms:

¢ =i'(1—iv), 1=0,1,2,3,...; W = NG+ *(dC)), 1=1,2,3,...;
¢p =il (1+iv), 1=0,1,2,3,...; Y =G — *(dC)), 1=1,2,3,....

Clearly, *(qbli) = :I:quli and *(wli) = :I:wli Thus ¢l+ and z/)f are even, while ¢, and 1), are
odd, with respecting to the Zs-grading on forms given by A®*(S?) = AT (S?) ® A~ (S?), where
AE(S?) == S(1 £ %) A%(S?).

Exercise A.9. Show that
—i(d+8)piF =T, for 1=0,1,2,...
—i(d+ )Y = (1+ 1)pT, for 1=1,2,3,...

and conclude that each of gbf, ¢ 1/}l+ and v, is an eigenvector for (—i(d+6))? = —(dd+5d)
with eigenvalue (1 + 1). Find corresponding eigenspinors for —i(d + 0) with eigenvalues
I(l+1).

Exercise A.10. Show that L;(Cl) = —il¢l, Lo¢! = 0, and that (L_)*(¢Y) is a linear
combination of terms (x 3)’“_2’“0'{[_’“” that does not vanish for k = 0,1,...,2l, and that
(L_)2H1(¢Y = 0. Check that Ly(L_)*(¢Y) is a multiple of (L_)*=1(¢Y), fork=1,...,2l.

Exercise A.11. Show that
quﬁf = —il gbli, £+¢>li =0; £3¢li = —il ¢li’ £+¢zi =0;

for each possible value of . Conclude that the forms E’i((bli) and LF (wli) vanish if and only
if k > 21+ 1. sWhat can now be said about the multiplicities of the eigenvalues of —i(d+9)?

With some more works, it can be shown that all these eigenforms span a dense subspace
of the Hilbert-space completion of A®(S?), so that these eigenvalues in fact give the full
spectrum of the Hodge—Dirac operator.
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A.2 The Dirac operator on the sphere S?

A.2.1 The spinor bundle S on S?

Consider the 2-dimensional sphere S?, with its usual orientation, S? = CU {oc} ~ CP!. The
usual spherical coordinates on S? are

p = (sin 6 cos ¢, sin O sin ¢, cos §) € S2.

The poles are N = (0,0,1) and S = (0,0, —1). Let Uy = S?\ {N}, Us = S?\ {S} be the two
charts on S?. Consider the stereographic projections p — z : Uy — C, p — ( : Ug — C given
by

) 2 , 0
= 7Z¢ t —_ = +7’¢t —_—
z:=e€ Yco 5 (:=e an2,
so that ( = 1/z on Uy NUg. Write

2 _
and q’:zl%—CC:i

=1 7= .
q T+ 1 —cosf’ 2z

The sphere S? has only the “trivial” spin structure S = I'(S?,S), where S — S? has
rank two. Now S = ST @ S, where S* — S? are complex line bundles, and these may be

(and are) nontrivial. We argue that St — S? is the “tautological” line bundle coming from
S? ~ CP'. We know already that

SIS = 8 «— (ST ~85"

and the converse S* ~ § = (ST)* ~ S~ will hold provided we can show that ST — S? are
nontrivial line bundles. (Otherwise, ST and S~ would each be selfdual, but we know that
the only selfdual line bundle on S? is the trivial one, since H?(S?,Z) ~ Z.)

Consider now the (tautological) line bundle L — S? where

L.:={(\20,Az1) €CZ: N e bC}, if 2= ? Leo:={(0,\)eC2: XeC}.
0

In other words, L, is the complex line through the point (1,z), for z € C. A particular
local section of L, defined over Uy, is on(z) = (q_%,zq_%), which is normalized so that
(on | on) = ¢ '(1 + 22) = 1 on Uy: this hermitian pairing on I'(S?, L) comes from the
standard scalar product on C? —each L, is a line in C2.

Let also 0g(C) := (C¢'~2,¢~2), normalized so that (o | os) = 1 on Us. Now if z # 0,

then ) ) .
—1y _ I N V. A NI )
os(z7) = , =(z/z) < , > =(z/2)"*on(2).
= (o) =9 (5 75) =89
To avoid ambiguity, we state that (Z/z)"/2 means e, and also (z/%z)/? will mean eti®,
A smooth section of L is given by two functions Y (2,2) and ¢ (¢, () satisfying the
relation ¢ (z, 2)on(2) = ¥ (¢, ()os(¢) on Uy N Us. Thus we argue that

Uiz 2) = (2/2) Ped (71 2 Y) for 2 #0,

and 1/1?{,, w; are regular at z = 0 or { = 0 respectively. Likewise, a pair of smooth functions
Yy, g on Cis a section of the dual line bundle L* — S? if and only if

by (2,2) = (2/2)Y 25 (271, 27Y) for 2 #£0.
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We claim now that we can identify ST ~ L and S~ ~ L* = L~! —here the notation
L~! means that [L™!] is the inverse of [L] in the Picard group H?(S?,Z) that classifies C-line
bundles— so that a spinor in S = I'(S?, S) is given precisely by two pairs of smooth functions

e\ (Y
E) v5(¢,0)
satisfying the above transformation rules. (The nontrivial thing is that the spinor components
must both be regular at the south pole z = 0 and the north pole { = 0, respectively.)
Since S ®) S* ~ End(S) ~ B ~ A*(S?) as A-module isomorphisms (we know that
B ~ A*(S?) as sections of vector bundles), it is enough to show that, as vector bundles,

A.(S2) ~ LO D L2 D L—2 @LO,

where L2 = L® L, L2 = L* ® L*, and L° = S? x C is the trivial line bundle. It is clear that
AY(S?) = C°(S?) = A =T'(S?, L°); and furthermore, A2(S?) ~ A = I'(S?, L) since A?T*S?
has a nonvanishing global section, namely the volume form v = sin 8df A d¢.

With respect to the “round” metric on S?, namely,

4
g :=d6* +sin® 0 d¢* = — (da' ® da' + da’® @ da?),
q

dz dz d dc
the pairs of 1-forms {qz’ qz} and {—(;, _qg} are local bases for A'(S?), over Uy and Ug
respectively.

Exercise A.12. Write, for a € AY(S?),

a=: fn(z,2) a;z + gn(z, 2) a;z on Uy,
. d _d¢
= £GDE s 0% o T
q q
Show that
fn(z:2) = (2/2) fs(= 5D
gn(2,2) = (2/2) gs(z ", 271)
on Ux NUsg, and conclude that Al (82) ~ F(S2, Lo L—Q)'

Note that the last exercise now justifies the claim that the half-spin bundles were indeed
ST@e ST ~LaL*
A.2.2 The spin connection V* over S?

Given any local orthonormal basis of 1-forms {E1,..., E,}, we can compute Christoffel sym-
bols with all three indices taken from this basis, by setting Fga = (EH)iF’B

is OF equivalently,
by requiring that

Vg, Eo = Fga Ejs

for p,a, 8 =1,2,...,n. (This works because the first index is tensorial).

99



Exercise A.13. On Uy, take z =: 2! +ix®. Compute the ordinary Christoffel symbols Ffj
in the (x',2?) coordinates for the round metric g = (4/¢%)(dx' ® dx' + dx?® ® dx?), and then
show that

fﬂa = 5W:Eﬁ — Oupx®  for p,o,f=1,2.

This yields the local orthonormal bases Fy := 2q 0/0z', BEq := 2q 0/0z* for vector fields,
and dually 0! = (2/q) dz!, 6% = (2/q) dx? for 1-forms. However, since S* = CP! is a complex
manifold, it is convenient to pass to “isotropic” bases, as follows. We introduce

0 dz

E, :=F —iFEy = q— ot = L' +i6?
+ 1 — 12 qaZ’ 2( + ) q7
dz
E_ :=F+iFy=q— 0~ = L(pt —ip?) = =

Exercise A.14. Verify that the Levi-Civita connection on A'(S?) is given, in these isotropic
local bases, by

d d d d
VE+<Z>_2Z7 vE < Z>__zzv
q q q q
dz dz d dz
or (5) <L o (B) =t
q q q q
. . . . . 1 1 0 1 2
The Clifford action on spinors is given (over Uy, say) by v := o' = 10 and y* =
o? = (? _OZ> The Zo-grading operator is given by
1 0
(sl 2 3
X:=(—i)oco"=0 <0 _1>.
The spin connection is now specified by
V%t = Ei - if:ﬁta ’ya’)/lg.
Exercise A.15. Verify that, over Uy, V° is determined by
0 g 0
VE+—qa +3zx, % —q;—fzx
Conclude that the Dirac operator Ip = —io* Vgl — io? V%Q is given, over Uy, by

A similar expression is valid over Ug, by replacing z, 2, q by (,(,q respectively, and by
changing the overall (—i) factor to (+4). This formal change of sign is brought about by
the local coordinate transformation formulas induced by ¢ = 1/z. (Here is an instance of
the “unique continuation property” of Ip: the local expression for the Dirac operator on any
one chart determines its expressions on any overlapping chart, and then by induction, on the
whole manifold.)
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Exercise A.16. By integrating spinor pairings with the volume form v = sinfdf N d¢p =
2iq~2dz Ndz, check that ID is indeed symmetric as an operator on L*(S?,S) with domain S.

Exercise A.17. Show that the spinor Laplacian A® is given in the isotropic basis by
A= -3(Vy, Vi + Vi Vi, —2VE — 2V ),

and compute directly that ]DQ = A5+ % This is consistent with the value s = 2 of the scalar
curvature of S, taking into account how the metric g is normalized.

A.2.3 Spinor harmonics and the Dirac operator spectrum

Newman and Penrose (1966) introduced a family of special functions on S? that yield an
orthonormal basis of spinors, in the same way that the conventional spherical harmonics
Y}, yield an orthonormal basis of L2-functions. For functions, { and m are integers, but the
spinors are labelled by “half-odd-integers” in Z+ % When expressed in our coordinates (z, z),
they are given as follows.

Forle{},3,5, ..} =N+3 andme {-l,—-1+1,...,0— 1,1}, write

Yih(z2) = Cmg™ Y 1(515) (“;5) 2 (=2)",

r—8s=m-— 3

Vi(2,2) = Cimg™ Y (ZJ;%) (l_sé> 2" (-2)°,

T—S:m-‘r%

where r, s are integers with 0 <r <[ F % and 0 < s <[+ % respectively; and

o /2z+1 l—I—m' m)!
ll_,)

Exercise A.18. Show that Yl# are half-spinors in ST, by applying the transformation laws
under z — 2z~ and checking the regularity at the poles.

Then define pairs of full spinors by

Y/ ,:L Yljr_z v/ _:L _YE:;;
SRERN o) AR C AN O

These turn out to be eigenspinors for the Dirac operator.
Exercise A.19. Verify the following eigenvalue relations:
DYy =+ 3) Y, DY =—(+3)Yi,

Goldberg et al (1967) showed that these half-spinors are special cases of matrix elements
D, of the irreducible group representations for SU(2), namely,

2l+1

+
Yin(22) =\ = Dot

m(—0,0,—0),

By setting hlfn(ﬁ, b, ) = ejF (¢+w)Yi —(2,%Z), we get an orthonormal set of elements of
L?(SU(2)), such that fSU = (9)? dg = (1/47) [ |Y£|2v. The Plancherel formula for
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SU(2) can then be used to show that these are a complete set of eigenvalues for ). Thus we
have obtained the spectrum:

sp(P) = {£(1+3): 1 eN+ 3} ={£1,£2,43,...} =N\ {0},

with respectively multiplicities (2] 4 1) in each case, since the index m in Ylf; takes (20 + 1)
distinct values.

Postscript: Since s = 2 and 122 =A%+ %, we also get

sp(A%) ={(1+3)2-1=P+1-1:1eN+1}
with multiplicities 2(2] 4 1) in each case. Note that
sp(B°) = {(I+ 12 =P+i+L:1eN4+1}
The operator C given by C := AS + % =P - i has spectrum
sp(C) = {I(l+1):1eN+1},

with multiplicities 2(2] 4+ 1) again. This C' comes from the Casimir element in the centre of
U(su(2)), represented on H = L?(S?,S) via the rotation action of SU(2) on the sphere S2.
There is a general result for compact symmetric spaces M = G/K with a G-invariant spin
structure, namely that ) = Cq+ %s, or AY = Ca — %s. This is a nice companion result,
albeit only for homogeneous spaces, to the Schrédinger—Lichnerowicz formula. Details are
given in Section 3.5 of Friedrich’s book.

A.3 Spin® Dirac operators on the 2-sphere

We know that finitely generated projective modules over the C*-algebra A = C(S?) are of
the form p A*¥, where p = [pi;] is an k x k matrix with elements in A, such that p (= p? = p*)
is an orthogonal projector, whose rank is trp = p11 + - - - + prr. To get modules of sections
of line bundles, we impose the condition that trp = 1, so that p A* is an A-module “of rank
one”. It turns out that it is enough to consider the case k = 2 of 2 x 2 matrices.

Exercise A.20. Check that any projector p € Mo(C(S?)) is of the form

_ 1/ 1+n3 np—ing
P=9\n +iny 1-nz )’

where n% + n% + n% =1, so that @i = (n1,n2,n3) is a continuous function from S? to S2.

ny — ing
1 _

is allowed to take the value z = oo at the north pole. Then f is a continuous map from the

Riemann sphere C U {oo} = CP! into itself. If two projectors p and ¢ are homotopic —there

is a continuous path of projectors {p; : 0 <t < 1} with pp = p and p; = ¢— then they give

the same class [p] = [¢] in K°(S?); and this happens if and only if the corresponding maps i,

or functions f(z), are homotopic.

After stereographic projection, we can replace 7 by f(z) := . where z = e cot g
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Exercise A.21. Consider, for each m =1,2,3,..., the maps

m =m

2 fm(z) =2" and zw— fo(2) =2

of the Riemann sphere into itself. ;Can you describe the corresponding maps @i of S? into
itself ¢ Can you show that any two of these maps are not homotopic?

Let Eqny = Pm A? and E(—m) =DP-m A2 where

(2) = 1 Zmzm pm (2) = 1 ZMmzm Zm
Pm\z) = 1+ gmam zm 1 y P—m\Z) = 11 omam m 1 ,

with the obvious definition (;what is it?) for z = co.

Exercise A.22. Show that £y is isomorphic to the space of sections of the tautological line
bundle L — CP' [hint: apply p1 to any element of A? and examine the result]. Show also
that E_yy gives the space of sections of the dual line bundle L* — CP!.

Exercise A.23. For m = 2,3,..., show that ) ~ &1y ®a -+ ®@a Eqy (m times) by
examining the components of elements of pp A%. ; What is the analogous result for E—m)?

For m € Z, m # 0, we redefine £,y := PmA? with A = C*(S?); so that &(m) now denotes
smooth sections over a nontrivial line bundle on S?. We can identify each element of E(m) With
a smooth function fn: Uy — C for which there is another smooth function fg: Ug — C,
such that

In(2) = (/2" fs(z") for all z £0. (m)

Here, as before, (2/z) means €' in polar coordinates.

Exercise A.24. Writing B4 := q0/0z and E_ := q0/0Z as before, where ¢ = 1+ 2z, show
that when the operators
(m) _ 0 _ (m) _ 0
Vb:n —q@+%mz, VET—qg—%mz,

are applied to functions fyn that satisfy (m), the image also satisfies (m). Thus they are
components of a connection V™ on Em)-

To get all the spin® structures on S?, we twist the spinor module S for the spin structure,
namely § = £1) @ £(_1), by the rank-one module £,,). On the tensor product S ® 4 £,y we
use the connection

VI =V @ g, +1s @ V™.

Exercise A.25. Show that the Dirac operator D, := —iéo Vo™, that acts on S @4 Em)s

s given by
b0 DL\ _ 0 g2 +3im—-1)z
moA\p,, 0 q%—%(m—i—l)z 0 '

Check also that
D = —igm+3/2 9 g M2 and P = —ig(m=3)/2 Qq(mq)p
" 0z " 0z ’

where these powers of q are multiplication operators on suitable spaces on functions on Uy .
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Exercise A.26. If m < 0, show that any element of ker lﬁ; is of the form a(z) ¢t /2 where
a(z) is a holomorphic polynomial of degree < |m|. Also, if m >0, show that ker ]D; =0.

Exercise A.27. If m > 0, show that any element of ker ID. is of the form b(Z) g (m=1)/2
where b(Z) is an antiholomorphic polynomial of degree < m. Also, if m < 0, show that
ker ID,, = 0. Conclude that the index of ID,, equals —m in all cases.

The sign of a selfadjoint operator D on a Hilbert space is given by the relation D =:
F|D| = F (D?)'/2, where we put F := 0 on ker D. Thus F is a bounded selfadjoint operator
such that 1 — F? is the orthogonal projector whose range is ker D. When ker D is finite-
dimensional, 1 — F? has finite rank, so it is a compact operator.

An even Fredholm module over an algebra A is given by:

1. a Zo-graded Hilbert space H = H° ¢ H!;

0
2. a representation a — 7(a) = i éa) 711(2@)> of A on H by bounded operators that
commute with the Zy-grading;
0 F~

3. a selfadjoint operator F' = ( > on ‘H that anticommutes with the Zs-grading,

Ft 0
such that F2 — 1 and [F,7(a)] are compact operators on H, for each a € A.

We can extend the twisted Dirac operator 9, to a selfadjoint operator on H = H" @ H!,
where H" and H! are two copies of the Hilbert space L?(S?,v) where v = 2iq~2dzdz. We
define 7°(a) = m!(a) to be the usual multiplication operator of a function a € C°°(S?) on
this L2-space.

Exercise A.28. Show that ID,,, given by the above formulas on its original domain, is a
symmetric operator on H.

Exercise A.29. Check that the sign F,, of the twisted Dirac operator 1D, determines a
Fredholm module over C*(S?).

A.4 A spectral triple on the noncommutative torus

To define a spectral triple over a noncommutative algebra, we introduce the so-called non-
commutative torus. In fact, there are many such tori, labelled by a dimension n and by a
family of parameters 6;; forming a real skewsymmetric matrix © = —0" € M, (R).

Fix an integer n € {2,3,4,...}. In the algebra Ay := C(T"), one can write down Fourier-
series expansions:

forstn) = Y e oo [ g agec

rezn

where - ¢ := 1101 + - - - + rndn, as usual. To ensure that this series converges uniformly and
represents f(¢), we retreat to the dense subalgebra Ay := C°°(T"), in which the coefficients
¢, decrease rapidly to zero as |r| — oo. On the space of multisequences ¢ := {¢; }rezn, wWe
introduce the seminorms

1/2
pr(c) = <Z (I+7r- r)k\cr2> , forall keN.

rezn
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We say that “c, — 0 rapidly” if py(c) < oo for every k. Notice that pgi1(c) > pi(c) for
each k; these seminorms induce, on rapidly decreasing sequences, the topology of a Fréchet
space, which indeed coincides with the usual Fréchet topology on C'*°(T"™), i.e., the topology
of uniform convergence of the functions and of all their derivatives.

We can think of Ag as the C*-algebra generated by n commuting unitary elements, namely
the functions u; defined by wu;j(é1,...,d,) = e*™% for j=1,...,n.

Noncommutativity appears when we choose a real skewsymmetric matrix © € M, (R),
and introduce the (universal) C*-algebra Ag generated by unitary elements uy, . .., u, which
no longer commute: instead, they satisfy the commutation relations
U Uj = 205k ujug, for jk=1,...,n
(In quantum mechanics, these are called “Weyl’s form of the canonical commutation rela-
tions”.) To form polynomials with these generators, we introduce a Weyl system of unitary
elements {u” : r € Z" } in Ag, by defining

T __ N r1,,T2 7
u" = exp{mZKk rifiere b ultug? L oul

Exercise A.30. Show that (u")* =u™" forr € Z", and that

u'u® =o(r,s)u",  where o(r,s) = exp{—mi Dk 73015k }-

Verify directly that
o(r,s+t)o(s,t)=o(r,s)o(r+s,t), forrsteZ"

Notice that o(r, £r) = 1 by skewsymmetry of ©.
We now define Ag =: C*°(Tg) to be the dense x-subalgebra of Ag consisting of elements

of the form
a= Z a,ru”
rezmn

where a, € C for each r, and a, — 0 rapidly.

Exercise A.31. Check that this series converges in the norm of A®, by considering the series
S . (L+7-7r)7F for large enough k.

There is an action of the abelian Lie group T™ by *-automorphisms on the C*-algebra
Ag, given by

T . JT1 T2 Tn 7 n
zou =2ty oz u for v e 27,

or, more simply, z - u; = zj uj, where z = (21,...,2,) € T". This action is generated by a set
of n commuting derivations d1,...,0,, namely,
d )
6i(a) = —| ¥ . g,
.7( ) dt 10

27Tit(j)j

whose domain is the set of all a € A for which the map t — e - a is differentiable.

Exercise A.32. Show that u, € Domé;, and that 6;(u") = 2mirju” for all v € Z" and
j=1,...,n. Conclude that the common smooth domain (,,cz» Dom(67"" ... 87" is equal to
the subalgebra Ag.
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The result of the previous exercise shows that Ag is just the “smooth subalgebra” of
the C*-algebra Ag with respect to the action of T”. It is known that any such smooth
subalgebra, under a continuous action of a compact Lie group on a C*-algebra, is actually a
pre-C*-algebra.

Exercise A.33. Define a linear operator E: Ag — Ag by averaging over the orbits of this
T"-action:

E(a) := / (201 | e720n) g dey ... dop.
[0,1]"

Check that E(1) = 1, that E(a*) = E(a)*, that E(a*a) > 0 and ||[E(a)|| < ||la|| for alla € Ag;
where “x > 07 means that x is a positive element of Ag. Then show the “conditional
expectation” property:

E(E(a)bE(c)) = E(a) E(b) E(c) for all a,b,c € Ae.
By considering b = a — E(a), show also that E(a*a) > E(a)*E(a) for a € Ag.

Exercise A.34. Ifa =)  a,u" € Ag, check that E(a) = agl. Conclude that the range
of E is the x-subalgebra C1, and that

7(a)1 := E(a)

defines a trace on Ag; by continuity, it is enough to check the trace property on the dense
subalgebra Ag.

Exercise A.35. If instead we only consider the action of a subgroup T* of T™, we can define
a conditional expectation

Ey(a) :—/[ ]k(e—%i‘f’l,...,e—2”¢k,1,...,1)-adqﬁl...dqﬁk.
0,1

In this case the range of Ex will be isomorphic to a C*-algebra Ag where @ is a certain real
skewsymmetric matriz in M,_,(R). Compute the matriz ® in terms of the matriz ©. In
particular, ;what is the range of Ey for the case k=n — 17

We now define H, to be the completion of Ag in the norm

llall2 := /7 (a*a).

We remark that ||a||2 < ||a|| for all a, so that the inclusion map 7, : Ag — H, is continuous.
It is convenient to write a := 1n-(a) to denote the element a € Ag regarded as a vector in H.
It turns out that the trace 7 is faithful, so that H;, is just the Hilbert space of the “GNS
representation” 7, of Ag. This representation is defined —first on 7,(Ag), then extended by
continuity— by

7r(a) :b—ab:H, — H;, foreach a€ Ag.

Exercise A.36. Define an antilinear operator Jo: Hr — H, by setting
Jo(a) :=a*, for a € n(Ao).

Show that Jy is an isometry on this domain, so that it extends to all of H,; and show that

the extended Jo is an antiunitary operator on H,. For b € Ag, consider the operator
7 (b) := Jom (b*)Jp.

T

Check that 7wl (b) : ¢+ cb for ¢ € Ag. Conclude that [m-(a),7-(b)] =0 for all a,b € Ap.
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The analogue of the L2-spinor space for the noncommutative torus is just the tensor
product H = H, ® C2", where as usual, n = 2m or n = 2m + 1 according as n is even
or odd. (In the commutative case ® = 0, this means that we are using the spinor module
for the untwisted spin structure on T".) Recall that we can regard C2" as a Fock space
A®*C™, carrying an irreducible represenation of the matrix algebra B = CI(R") if n is even,
or B = CI°(R") if n is odd. In the even case, there is a Zo-grading operator T' := 13 ® c(7),
satisfying I'? = 1 and T* =T.

The charge conjugation on B, that we have written b — x(b), is implemented by an
antiunitary operator on C2" of the form CoK, where K is complex conjugation and Cj is a
certain 2™ x 2™ matrix: this means that (CoK)b(CoK )~ = x(b) as operators on C?".

s (0 -1
1 0

Now let J := Jy® Cy. This is an antiunitary operator on H, such that J? = 41 according

as C’g =+£1.

Exercise A.37. Show that §;(a*) = (6;(a))* and that 7(d;(a)) =0 for all a € Ag. Conclude
that the densely defined operator §; : a — d;(a), with domain 1:(Ae), is skewsymmetric in
the sense that

For instance, if n =2 or 3, then Cy =io

(6;(a) [b) = —(a|d;(b)), for all a,b€ Domj;.

The closure of this operator, still denoted by 4, is then an unbounded skewadjoint oper-
ator on H.

Let 4!, ...,7" be the generators of the action of the Clifford algebra CI(R™) on C?": they
are a set of 2 x 2™ matrices such that v77* + ~*~7 = 267% for j,k = 1,...,n. The operator
CoK is determined by the relations

(CoK) 4 (CoK) ™' = =47 for j=1,...,n.

We can now define the Dirac operator on ‘H by

n
Di=—i) §;®7.
j=1

Exercise A.38. Show that JDJ ! = £D on the domain Ae.

Exercise A.39. If {s, : a = 1,...,2™} is an orthonormal basis of C*", define pq :=
U ® so € H. Show that {pq : 7 € Z", v = 1,...,2"™} is an orthonormal basis of H that
diagonalizes D?, by checking that

D?tyo = 472 (r 1) thye  for each 7, a.
¢ What is the spectrum (with its multiplicities) of |D|? What is the spectrum of D itself?
Exercise A.40. We can invert D on the orthogonal complement of the finite-dimensional
space ker D = span{ o : « = 1,...,2™ }. Show that, for each s > 0, the expression
D —S
T D = fim VIR
N—oo log N

either exists as a finite limit, or diverges to +00. (Show that we may use a subsequence where
N=Ng:=#{reZ":r-r <R?} for some R>0.) Verify that the 0 < Tr" |D|™% < +o0
if and only if s = n; and compute the value of Trt |D|™™.

Exercise A.41. If a € A®, show that both a and [D,a)], considered as bounded operators
on H, lie in the smooth domain of the operator T — [|D|,T].
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