ON THE LOCALLY CONVEX SPACE OF RAPIDLY
DECREASING DISTRIBUTIONS

JAN KISYNSKI

ABSTRACT. It is proved that in the set O, of rapidly decreasing distributions
on R™ the two topologies yield the same bounded sets and coincide on bounded
sets:
(i) the projective topology corresponding to the inductive topology in the
predual space,
(ii) the operator topology related to the action of O’C on S by convolution.

1. THE SPACE OF RAPIDLY DECREASING DISTRIBUTIONS ON R"™ AND ITS
PREDUAL SPACE

1.1. The J. Horvath space O¢ of slowly increasing C'°°-functions on R".
Let

Cp° = {9@ € C®(R") : Sélﬂg |0%p(z)] < oo for every a € Ng},

Cs° = {(p € C*(R"): :cl|1i>noo |0%p(x)| = 0 for every a € NZ}},

\
Dre ={p € C®[R") : 9%p € LP(R") for every « € Nj} if p € [1,00].
Moreover, for pu € R let
S’H — (1 + ‘ . |2)“/2C§°, Su — (1 + | . |2>u/20(<)>o) Sﬁ =(1+ | . |2)“/2DLP.

All the spaces defined above are contained in C*°(R™) and are topological Fréchet
spaces.

Lemma. Whenever ju € R, the function f, : R" 3 z — (1 + |2[>)*/2 € R belongs
to S,,. Moreover, whenever A, u € R, multiplication by f,, yields isomorphisms of the

Fréchet spaces Sy onto Sxy,, Sx onto Sxi,, and SY onto SY
by f-. yields the inverse isomorphisms.

o and multiplication

The above lemma is a consequence of the equality
(1.1) O (L+ |22 = (1 + [a?)/27 10 Py ()
in which P, is a polynomial on R™ of degree no greater than |«|. The equality (1.1)

appears in [H, Sect. 2.5, Example 8] and can be proved by induction on the length
|a| of the multiindex «.

Corollary. Whenever u € R and X\ € In/p, 0], there are continuous imbeddings
(1.2) ShC 8, C8,Csh,,.
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From the Remark in [B, Sect. I1.2.4] and from the imbeddings (1.2) it follows

that all the inductive limits

limind S,, limindS, and limindS%, p € [1, 00,

H—>00 H—>00 H—00
define the same locally convex space contained in C*°(R™). This space, denoted by
O¢, was discovered by J. Horvath (before 1966 when the first edition of his book
was published by Addison-Wesley). J. Horvath represented O¢ as limind,—, S),.
See [H, Sect. 2.12, Example 9.

1.2. The strong projective topology in (O¢)’. The strong projective topology
in the space (O¢)’ dual to O¢ is defined as the weakest locally convex topology
7 in (O¢)’ such that for every p € [0,00[ the locally convex space ((O¢)’,7) is
continuously imbedded in the strong dual space (S,,)". The same holds when (S,,)’
is replaced by (S%)" or (S,)". In this connection let us stress that (S%)" and (S,,)’
have transparent form: (S%)" = (14]-1>)7#/2(Dy1) and (S,) = (14]-|2)~H/2(Cg°)
where (Dy1) is the space of bounded distributions on R™, and (C§°)’ is the space
of integrable distributions on R™. See [S, Sect. VI.8] and [H, Sect. 4.11, Corollary
to Proposition 6.

For every p1 € [0, 00[ let B, B,, and BY, denote the families of all bounded subsets

of the spaces 5’“, Sy and S%. The imbeddings (1.2) imply that

U .= U B.= U B
ne0,00] ne0,00] He0,00]
Let U denote the common value of these unions. From [R-R, Sect. V.4, Propo-
sition 15] it follows that the strong projective topology in (O¢)’ is equal to the
topology of uniform convergence on subsets of O¢ belonging to U. Since U is a
covering of O¢ by bounded subsets of O¢, it follows that the strong projective
topology in (O¢)’ is an &-topology. See [B, Sect. I111.3.1].

1.3. The L. Schwartz space O, of rapidly decreasing distributions. When-
ever i € R, the L. Schwartz space S of rapidly decreasing C'*°-functions on R™ is
sequentially dense in Sli, and so S is sequentially dense in O¢ = limind, Sli in
the inductive topology. It follows that every T' € S’ has at most one extension to a
continuous linear functional on O¢. The L. Schwartz space O, of rapidly decreasing

distributions on R™ is defined as follows. As a set,

(1.3) o ={T € 8" : T extends uniquely to a

continuous linear functional on O¢}.

The topology in Of is defined as the one induced from (O¢)’ equipped with the
strong projective topology.

1.4. L. Schwartz’s original definition of Of. In the original definition of Of
formulated by L. Schwartz [S, Sect. VIL5] the space O¢ is not used. Since § is
dense in S}L, it follows that for every T € &’ and p € [0, 00| there is at most one
T, € (S})" extending T. Schwartz’s definition of O, is as follows. As a set,

- ={T € 8" : whenever u € [0,00[, (1+|-|?)*/?T is continuous on S
in the topology induced from Dy }.
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Thus,

Op ={T € §' : whenever u € [0,00[, T extends uniquely to a

continuous linear functional 7}, on Si},

whence (1.3) follows by [B, Sect. I1.2.2, Corollary to Proposition 1] or by [R-R,
Sect. V.2, Proposition 5]. Moreover L. Schwartz defined the topology in Of by
distinguishing the class of convergent nets in Of. Namely a net (7,),e; C Of is
convergent if and only if for every p € [0,00[ and B € B}L the net of non-negative
numbers (supye g |7, (4)[).es is convergent. The last means that the L. Schwartz
topology in O coincides with the one induced from (O¢)’ equipped with the strong
projective topology.

2. RAPIDLY DECREASING DISTRIBUTIONS ACTING BY CONVOLUTION IN S

The present section is devoted mainly to characterization of rapidly decreasing
distributions as those slowly increasing distributions, convolution with which maps
continuously § into §. Whenever ¢ € C*>°(R"™) and z € R", we denote by ¢, the
translate of ¢ by x, i.e. the function ¢, : R® 3 y — ¢(z + y) € R™. Following [K,
Vol. 2, Sect. CC.IIL.3°], by a periodic partition of unity on R™ we mean a partition
of unity {¢, : z € Z"} consisting of the translates of a function ¢ € C°(R").

Proposition 1. For every set {T, : v € J} C &' the following three conditions are
equivalent:

(a) {T,:v € J} C S is a set of distributions equicontinuous with respect to the
topology in S induced from Og¢,

(b) {[T,*]|s : ¢ € J} is an equicontinuous set of operators belonging to L(S, S),

(c) whenever {¢, : z € Z™} is a periodic partition of unity on R™, then

Z sup [T, (p.0)| < oo for every ¢ € Oc¢.

zZEL™ L&

For the main result of the present section it is superfluous to consider in Propo-
sition 1 the sets of distributions instead of single distributions. However, in sub-
sequent sections we shall use (a) and (b) for sets of distributions. We shall prove
(a)=(b)=-(c)=-(a). To this end, for C*>°-functions ¢ on R", we shall use the semi-
norms

Pua(p) = sup (1+ |2[)7"]0%p(x)].
zE€RN
For instance, the family of seminorms {p_, o : p € N, a € Nj} determines the
topology of the L. Schwartz space S of rapidly decreasing C*°-functions on R",
and for every fixed p € R the family of seminorms {p,. : @ € Ny} determines the
topology of the space S,L.

Proof of (a)=(b). If (a) holds, then for every p € [0,00[ the set of distributions
{T, : v € J} C &' is equicontinuous with respect to the topology induced in § from

S, L.e. for every p € [0, 00[ there are v, € Ny and C), € [0, c0[ such that

(2.1) IT,(¢)] < Cy sup pualp) forevery p € Sand e J.

a|<v,
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It follows that whenever ¢ € S, ¢ € J and z € R™, then for every u € [0,00[ one
has

(T2 x @)(z) = |T.((¢)")| < Cp P (1+ly))"0%e(z — )

< Cp, sup p_paly) sup A+ ly) ™A+ |z —y))™"
ye n

|0“§Vu

< Cu sup P—u,a(W)(l + |x|)7u

|O“§Vu

where the last inequality follows from the fact that 1+ |z| < (14 |y))(1 + |z — yl).
Consequently, for every p € [0, co[ there are v, € Ny and C,, € [0, co[ such that

(2.2) p—po(T, x) <Cy sup p_palp) forevery p € Sand:e J

la|<v,

Applying (2.2) to 3%¢ in place of ¢, we infer that for every u € [0, 0o there are
v, € Ng and C), € [0, 00[ such that

P—np(T,x) <Cyu sup p_patplp) forevery pe S, e Jand B eNj,

| <vy
which implies (b). |
Proof of (b)=(c). Whenever ¢ € J, ¥ € § and = € R", then
T,(¥) = T.(((¢2)")2)") = [T, * () "] (2),

so that for our periodic partition of unity consisting of shifts of a function ¢ €
C*(R™) we have

T.(p=0) = [T, * (pd—2)"](—2).
Consequently, whenever ¢ € J, k € [0,00[ and ¢ € C*°(R"™), then

(2.3) 1T, (0:0)| < pro(T, * (pd—_2)Y) - (1 +|2])~" for every z € Z".

Assume now that (b) holds. Then (2.3) implies that for every & € [0, oo there are
C\ € [0,00], \x € [0,00[ and v,; € N such that, for every ¢ € C>°(R") and z € Z",

Sup [T,(:0)| < o+ sup posal(pd-2)") - (1+ 12D

la|<vi

<Cuv suwp (L4 |20 (p(2)d(z — 2)| - (1 +[2]) "

zER™, |a|<wp

<Co(l+r) - sup  |0%(p(2)p(x — 2))] - (14 |2) 7"
z€R", |a|<v,

where
r = sup{|z| : © € supp ¢}.
From this, by the Leibniz formula for partial derivatives of a product of functions,
it follows that for every & € [0, 00[, ¢ € C°°(R™) and z € Z™ one has
(2.4) sup [T, (¢ ¢)| < Dy - sup 0%p(x)] - (1 +[2])~"
veJ zEz+supp ¢, |a|<v,

where
Dp=LCi(1+r)™  sup  [9%(z)],
z€R", |a|<v,
L being an absolute constant equal to the maximum of the coefficients in the Leibniz
formula.
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Till now we assumed that (b) holds and ¢ is an arbitrary function belonging to
C*°(R"). Henceforth we shall assume that (b) holds and ¢ € Oc. As a set, Oc is
equal to S,. If pe[0,00[ and ¢ € S, then

HE[0,00[
sup 0%¢(2)| < sup pua(@) - (1+7+[z])"
wEx+supp @, |al<vs || <ve
< Sup Pual®) - (L4 7)*(1+[2])",
a|<vg

so that, by (2.4), for every x € [0, 00[ and z € Z™ one has
(2.5) SUp|T.(¢=0)| < D SUP prua(9)(1+ 1) (1 +[2])"".
Le

al<ve
Fix now a € |n, o0[ and take a ¢ € S, where p € [0,00[. Let £ = a + p. Then,
by (2.5),

sup [T, (¢.9)| < M(9) - (1+|2)™  for every 2 € 27,
LeJ

where
M(¢) = Da+,u sup pu,a(¢)(1 + T)H € [07 OO[

|a\§ua+“
It follows that
S sup [T (p-6)] < M(8) 3 (14 |2,
zezn '€ z€Zn
so that (c) will be proved if we show that the multiple series > ;. (1 4 [2[)~% is
convergent.

To prove that convergence, fix p € [nl/ 2 ool and for every z € Z" define B, :=
{r € R" : |z — 2] < p}. Then {B, : z € Z"} is a covering of R". If z € B,, then
L+ |z < T+ [z[+p < (14 [2))(1 + p), so that (14 ]2])7" < (14 p)*(1 + []) 7"
Hence

A+z) e <via+ p)a/ (14 |z[)~%dx for every z € Z™,

z

where V' is the volume of B, independent of z. It follows that

S W) <KV ) [ (k) de < o
zZE€EL™ "

where K denotes the order of the covering {B, : z € Z"} of R™. O

Proof of (c)=(a). Suppose that (c) holds. We shall construct the extensions T, of
the distributions 7, by the series expansions

(2.6) Ta(d)) = Z T,(p=9), ¢ € Oc,
ZEL™

where {¢, : z € Z"} is a periodic partition of unity on R™ consisting of translates
of a function ¢ € C°(R™). From (c) it follows that for every ¢ € O¢ the numerical
multiple series in (2.6) is absolutely convergent. For every ¢ € J, k € Nand ¢ € O¢
let
TLJC(‘b) = Z T.(¢-9).
|z[<k
Then

(2.7) each T,  is a continuous linear functional on O,
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because for every z € Z" the mapping Oc > ¢ — ¢.¢ € C°(R") is continuous.

Whenever ¢ € J and ¢ € O¢ are fixed, by (2.4) the sequence (T, x(¢))ren of complex
numbers is convergent and

(2.8) lim T, x(¢) = T.(¢).

k—o0

Since, being the inductive limit of Fréchet spaces, O¢ is a barrelled space, from
(2.7) and (2.8), by the Banach—Steinhaus theorem, it follows that

whenever ¢ € J, then T, is a continuous linear functional on O¢.

Furthermore, from (c) and (2.8) it follows that whenever ¢ € O, then {T, 1(¢)
v € J,k € N} and hence also {T,(¢) : ¢ € J} are bounded subsets of C. Since O¢
is barrelled, from boundedness of the sets {T,(¢) : v € J}, ¢ € O¢, and from [B,
Sect. II1.3.6, Theorem 2] it follows that {T,(¢) : ¢ € J} is an equicontinuous set of
linear functionals on O¢.

It remains to prove that TL|5 = T, for every + € J. To this end, notice that
if ¢ € C®(R") then T,(¢) = T,(¢) because T, x(¢) = T,(¢) for every k so large
that supp @, Nsupp ¢ = @ whenever |z| > k. The equality T,(¢) = T,(¢) for ¢ € S
is a consequence of the analogous equality for ¢ € C2°(R™) and dense continuous
imbeddings C°(R™) ¢ S C O¢. O

Theorem 1. Whenever T € S', then T € O if and only if [T'x]|s € L(S,S).
Moreover, if T € 8" and T xS C S, then [T ]|s € L(S, S).

Proof. The first assertion of the theorem follows from [E, Theorem 2] and is also a
consequence of the equivalence (a)<(b) in Proposition 1. The proof of the second
assertion is as follows. If T' € §" and T*S C S, then, by [H, Sect. 4.11, Proposition 7],
[T *]|ls C L(S,O¢), so that [T ||s is a closed operator from & into S. Since S is an
F-space, by the closed graph theorem, closedness of [T #||s implies its continuity.

(I

Since [T ]|s € L(S,S) for every T € O, we can equip O with the topology
induced from L;(S, S) via the mapping O, 5 T — [T #]|s € L(S,S). This topology
will be called the strong operator topology.

Theorem 2. The strong projective topology in O is no weaker than the strong
operator topology.

Proof. The topology in L(S,S) is determined by the system of seminorms

(29) Proall) = sup (14 [2])0% (Lg) ()

wEA, zeR™
where L denotes an operator belonging to Ly(S,S), and the entities labelling the
system are: bounded subsets A of S, non-negative numbers p, and multiindices
o € Nj. Since convolution commutes with differentiations, for operators of the
form L = T * the system of seminorms (2.9) is equivalent to the system

(2.10) {gu.a 1 1 € [0,00), A a bounded subset of S}
where
(211) qua(T) = sup A+ [(Tx¢)(@)| = sup |T((L+]-[)"*¢")|

p€EA, zeR" pEA, zeR"
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for T € Of,. Theorem 3 follows once it is proved that whenever p € [0, 00[ and A is
a bounded subset of S, then

(2.12) B={(1+]-'x*p":pec A}

is a bounded subset of 5’#, i.e. Supyep Pu,a(@) < oo for every o € Nj. But if B has
the form (2.12) and A € |u + n, 00|, then

SUp pua(@) =  sup (14 [z])~" / (1+ |z — y])"0%(9")(y) dy

¢EB wEA, zeR™ R™
< s poral®) / (14 Je) (1 + [z — y)" (1 + [y) > dy
wEA, zeR™ n

< Sup pora(9) / (1+ [y dy
QOEA R™

where the last term is finite because A is a bounded subset of S, and p—A < —n. O

3. EQUICONTINUITY AND BOUNDEDNESS

Theorem 3. For every set {T, : + € J} C 8 of distributions the following four
conditions are equivalent:

(a) for every v € J the distribution T, can be (uniquely) extended to a linear
functional T, continuous on O¢, and {TL 11 € J} is an equicontinuous set
of linear functionals on O¢,

(a)" for every v € J the distribution T, can be (uniquely) extended to a linear
functional T, continuous on Oc¢, and {T~L : v € J} is a bounded subset
of (O¢)" in the strong projective topology,

(b) {[T, *]|s : ¢ € J} is an equicontinuous subset of L(S,S),

(b) {[T,*]|s : ¢t € J} is a bounded subset of Ly(S,S).

Proof. From Theorem 2 we know that (a)<(b). Moreover, the space S is barrelled
as a Fréchet space, and O¢ is barrelled as the inductive limit of Fréchet (and
hence barrelled) spaces. From barrelledness of O¢ and S the equivalences (a)<(a)’
and (b)<(b) follow in view of [O, Sect. 4.2, Theorem 4.16] or [B, Sect. II1.3.4,
Theorem 1, and Sect. II1.3.6, Proposition 7 and Theorem 2]. O

4. COINCIDENCE OF THE STRONG OPERATOR TOPOLOGY AND THE STRONG
PROJECTIVE TOPOLOGY ON BOUNDED SUBSETS OF O/C

By Theorems 2 and 3 the strong projective topology in O is no weaker than the
strong operator topology in O, and the bounded subsets of O, are the same for
both the topologies. The following theorem implies that both topologies coincide
on bounded subsets of O.

Theorem 4. Let (T,),c; be a net in Op. If the net ([T, %]|s).es of convolution op-
erators is bounded and is convergent in Ly(S,S), then the net (1,),c is convergent
in the projective topology of Of.

Proof. Suppose that the net ([T, #]|s).cs is bounded and converges to zero in
Ly(S,S). Let ¢ and n be non-negative C'*°-functions on R™ such that suppy C
{zx € R™ : |x| < 2}, suppn C {z € R™ : || > 1}, and ¥ (z) + n(z) = 1 for every
x € R™. For every r > 0 and z € R" let ¢,.() = ¥(r'z), n.(z) = n(r~tz). Iifr >0
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is fixed, then 1, and 7, are non-negative C*°-functions on R", supp ¢, C {x € R™:
|z| < 2r}, suppn, C {x € R : |z| > r}, ¥ (x) + n(x) =1 for every z € R™, and

(4.1) for every 7o > 0 the set {n, : r > 1o} is a bounded subset of Cp°.
Whenever i € [0, 0o[ and a bounded subset B of S‘H are fixed, then sup g IT,(¢)]
< A,, + B, for every r > 0 and ¢ € J where A,, = sup,cp |TL(¢T¢)|, B, =

SUD,cJ, 4cB |T,(n¢)|. Hence, in view of the definition of the strong projective topol-
ogy in O, Theorem 5 follows once it is proved that

(4.2) limA,, =0 for every fixed r > 0,
(4.3) lim B, = 0.
r—00

If r > 0 is fixed and B is a bounded subset of S*#, then C = {¢,¢ : ¢ € B} is a
bounded subset of C°(R™) and, a fortiori, a bounded subset of S. It follows that
lim A,., = lim sup |7, ()| = lim sup |[T, * ¢"](0)| = 0,

L L peC topeC
so that condition (4.2) is satisfied.

Since the net of operators ([T, #]|s).es C L(S,S) is bounded in the topology
of Ly(S,S), from the equivalence (b)'<(a)’ of Theorem 3 it follows that the net
(T,).es C (O¢) is bounded in the strong projective topology of (Og)’. The proof
of (4.3) will be based on the inequality (1.1) and the corresponding lemma from
Section 1. Suppose that rg > 0, p > 0 and A > 0 are fixed and B is a bounded
subset of S,,. Then C := {(1+|-[*)*?¢ : ¢ € B} is a bounded subset of S,,4».
Whenever r > ry > 1, then

(44) B.= sup |[L(L+] )"?n.9)

veld, peC
(142 M2 .
TL<( ) Wb)’ <(L4r) ™2 sup [T,(v)]

< (1 +r3)"M2 sup -
( ) 1+72 (e J,beED

veJ, peC

142\ 2
D:{(M) 77,4):7'>1,¢€C}.

Since supp(n, ¢) C {x € R™ : |z| > r}, from (4.1), (1.1), and the Leibniz formula one
infers that, together with C, also D is a bounded subset of §u+ A~ Since the strong
projective topology in (O¢)’ coincides with the topology of uniform convergence on
subsets of Oc belonging to U ¢ (g, oo B,,, it follows that

where

(4.5) sup |T,(¥)| < oo.
LeJ,ypeD
It remains to observe that (4.4) and (4.5) imply (4.3). O
REFERENCES

[B] N. Bourbaki, Eléments de Mathématique. Livre V, Espaces Vectoriels Topologiques, Her-
mann, Paris, 1953-1955; Russian transl.: Moscow, 1959.

[E] R. E. Edwards, On factor functions, Pacific J. Math. 5 (1955), 367-378.

[H]  J. Horvéath, Topological Vector Spaces and Distributions, Dover Publ., 2012.

[K] V. K. Khoan, Distributions, Analyse de Fourier, Opérateurs auz Dérivées Partielles, Vols.
1, 2, Vuibert, Paris, 1972.

[O] M. S. Osborne, Locally Convex Spaces, Springer, 2014.



RAPIDLY DECREASING DISTRIBUTIONS 9

[R-R] A. P. Robertson and W. Robertson, Topological Vector Spaces, Cambridge Univ. Press,
1964; Russian transl.: Moscow, 1967.
[S] L. Schwartz, Théorie des Distributions, nouvelle éd., Hermann, Paris, 1966.



