On global special solutions for Navier-Stokes equations with boundary slip conditions in a cylindrical domain. Existence.

W. M. Zaja̧czkowski^∗

Institute of Mathematics, Polish Academy of Sciences, niadeckich 8, 00-950 Warsaw, Poland E-mail:wz@impan.gov.pl Institute of Mathematics and Operation Research, Military University of Technology, S. Kaliskiego 2, 00-908 Warsaw, Poland

Abstract. Global existence and uniqueness of solutions to Navier-Stokes equations in a cylinder and with boundary slip conditions is proved under the assumption that the initial motion is sufficiently close to the axially symmetric motion. Then the solution remains close to the axially symmetric solution for all time. Moreover the solution has some properties of the axially symmetric solution. Therefore the existence is proved in the Sobolev weighted spaces where the weight is a power function of the distance to the axis of symmetry. The existence is proved in such classes that velocity belongs to H^3 locally. AMS Classification 2000: 76D03, 35Q30, 76D05 Key words: Navier-Stokes equations, initial-boundary value problems, boundary slip conditions, global existence, stability of axially symmetric solutions

∗ Supported by Polish KBN Grant No. 2 PO3A-038-16

1. Introduction

We consider the motion of a viscous incompressible fluid in a bounded domain Ω ⊂ R^3 under boundary slip conditions

(1.1) v_{,t} + v · ∇v − divT(v, p) = f in Ω^T = Ω × (0, T ), divv = 0 in Ω^T , v · n̄ = 0 on S^T = S × (0, T ), n̄ · T(v, p) · τ̄_α = 0, α = 1, 2, on S^T , v fi t=0 = v(0) in Ω,

where v = v(x, t) = (v_1(x, t), v_2(x, t), v_3(x, t)) ∈ R^3 is the velocity field, p = p(x, t) ∈ R the pressure, f = f(x, t) = (f_1(x, t), f_2(x, t), f_3(x, t)) ∈ R^3 the external force field, n̄ is the unit outward vector normal to S = ∂Ω, τ̄_1, τ̄_2 are the unit vectors tangent to S and T(v, p) is the stress tensor of the form

(1.2) T(v, p) = {ν(v_{j,xi} + v_{i,xj} ) − pδ_{ij} }_{i,j=1,2,3} ≡ D(v) − pI,

where ν is the constant positive viscosity coefficient, D(v) is the dilatation tensor and I is the unit matrix.

We assume that the domain Ω is a cylinder with the axis x_3 as the axis of symmetry. Our aim is to prove global existence of solutions which are close to the axially symmetric solutions. Let us introduce the cylindrical coordinates by the relations x_1 = r cos φ, x_2 = r sin φ, x_3 = z. Then we assume that the domain Ω is a cylinder with the axis z as the axis of symmetry which is determined by relations r < R, −a < z < a, where a and R are given positive numbers. Let us introduce vectors ē_r = (cos φ, sin φ, 0), ē_φ = (− sin φ, cos φ, 0), ē_z = (0, 0, 1). Then any vector u has the following cylindrical coordinates u_r = u · ē_r, u_φ = u · ē_φ, u_z = u · ē_z.

Definition 1.1. By the axially symmetric solutions to (1.1) we mean such solutions that v(0)_φ = v_φ = 0, f_φ = 0, v_{r,φ} = 0, v_{z,φ} = 0, p_{,φ} = 0, f_{r,φ} = 0, f_{z,φ} = 0 and v(0)_{r,φ} = 0, v(0)_{z,φ} = 0.

Since we are looking for a solution which is close to the axially symmetric solution, so v_φ, f_φ, v(0)_φ, v_{r,φ}, v_{z,φ}, p_{,φ}, f_{r,φ}, f_{z,φ}, v(0)_{r,φ}, v(0)_{z,φ} are small quantities. Therefore we introduce the quantities h (see (1.3)), q = p_{,φ}, ω = v_φ which measure the distance to the axially symmetric solution.

In view of [12, 13] to show a long time existence of solutions to (1.1) we introduce

(1.3) h = v_{r,φ}ē_r + v_{φ,φ}ē_φ + v_{z,φ}ē_z, q = p_{,φ}

which are solutions to the problem (see [13])

(1.4) h_{,t} − divD(h) + ∇q = −v · ∇h + h · ∇v + g ≡ G in Ω^T , divh = 0 in Ω^T , h · n̄ = 0 on S^T , n̄ · D(h) · τ̄_α = 0, α = 1, 2, on S^T , h fi fi_{t=0} = h(0) in Ω,

where h(0) = v(0)_{r,φ}ē_r + v(0)_{φ,φ}ē_φ + v(0)_{z,φ}ē_z and g = f_{r,φ}ē_r + f_{φ,φ}ē_φ + f_{z,φ}ē_z. In view of (1.3) we have

(1.5) v_{,φ} = h + v_rē_φ − v_φē_r.

We recall the equation of continuity in the cylindrical coordinates

(1.6) v_{r,r} + 1 r v_{φ,φ} + v_{z,z} + v_r r = 0.

Moreover

(1.7) ω_{,t} + v · ∇ω + v_r r ω − νΔω + ν ω r^2 = 1 r q + 2ν r^2 h_r + f_φ in Ω^T ,

ω_{,r} = 1 R ω on S^T_1 ,

ω_{,z} = 0 on S^T_2 , ω fi fi_{t=0} = ω(0) ≡ v_φ(0) in Ω,

where v, q, h are treated as given functions and

S_1 = {x ∈ R^3 : r = R, −a < z < a, φ ∈ [0, 2π}, S_2 = {x ∈ R^3 : z = a and z = −a, r < R, φ ∈ [0, 2π]}.

Since in the proof of global existence of axially symmetric solutions the main role plays the equations for vorticity (see [3, 4]) we have to consider also a problem for vorticity. Let α = rotv. Then α is a solution to the problem

(1.8) α_{,t} + v · ∇α − α · ∇v − νΔα = F ≡ rotf in Ω^T ,

(α · n̄)_{,n} = − 1 R^2 h_z − 1 R ω_{,z} on S^T_1 ,

α · τ̄_1 = 2 R ω, α · τ̄_2 = 0 on S^T_1 ,

(α · n̄)_{,n} = 0 α · τ̄_1 = 0, α · τ̄_2 = 0 on S^T_2 , α fi fi_{t=0} = α_0 ≡ rotv(0) in Ω,

where n̄ fi fi_{S1} = ē_r, τ̄_1 fi fi_{S1} = ē_z, τ̄_2 fi fi_{S1} = ē_φ, n̄ fi S_2 = ēz, τ̄1 fi S_2 = ēr, τ̄2 fi S_2 = ēφ.

In our considerations the problem for vorticity plays a crucial role so v and p are calculated from the following elliptic problems

(1.9) rotv = α in Ω, divv = 0 in Ω, v · n̄ = 0 on S, and

(1.10)

Δp = −∇v · ∇v + divf in Ω, ∂p ∂n = f · n̄ − 1 R v^2_φ + 2ν R^2 v_{φ,φ} on S_1 ∂p ∂n = f · n̄ on S_2,

(see Lemma 1.1 in [12]).

We have the following relations between cylindrical components of vorticity and velocity

(1.11) α_1 = α_r = 1 r (v_{z,φ} − rv_{φ,z} ),

α_2 = α_φ = v_{r,z} − v_{z,r} ≡ χ,

α_3 = α_z = 1 r [(rv_φ)_{,r} − v_{r,φ}].

From (1.11) we see that for solutions which are close to the axially symmetric solutions components α_1 and α_3 are small, because for the axially symmetric solutions only component α_2 is different from zero. This is the main property used in [3, 4] to prove global existence of axially symmetric solutions because it implied a possibility to find a global estimate for α_2. For these reasons we distinguish the component of vorticity denoting it by χ.

Since different components of vorticity play different roles we have to replace problem (1.8) by a system of problems for the particular components of vorticity. Then α_1 is a solutions of the problem

(1.12) α_{1,t} + v · ∇α_1 − α_1v_{r,r} − α_2 r h_r − α_3v_{r,z} + 2ν r^2

(h_{r,z} − h_{z,r}) + να_1 r^2

− νΔα_1 = F_1 in Ω^T ,

α_{1,r} = − 1 R^2 h_z − 1 R ω_{,z} on S^T_1 ,

α_1 = 0 on S^T_2 , α_1 fi fi_{t=0} = α_{10} in Ω.

Next α_2 satisfies the problem

(1.13) α_{2,t} + v · ∇α_2 + v_φ r α_1 − α · ∇v_φ − α_2 r v_r − 2ν r^2 ` 1 r h_{z,φ} − h_{φ,z} ´

+ να_2 r^2

− νΔα_2 = F_2 in Ω^T ,

α_2 = 0 on S^T , α_2 fi fi_{t=0} = χ(0) ≡ α_{20} in Ω.

Finally α_3 is a solution to the problem

(1.14) α_{3,t} + v · ∇α_3 − (α_1v_{z,r} + α_3v_{z,z} ) − α_2 r h_z − νΔα_3 = F_3 in Ω^T ,

α_3 = 2 R ω on S^T_1 ,

α_{3,z} = 0 on S^T_2 , α_3 fi fi_{t=0} = α_{30} in Ω.

The aim of this paper is to prove the existence of global solutions to problem (1.1). Since global existence of axially symmetric is known for a long time (see [3, 4]) we were restricted in our considerations to prove the existence of global solutions which remain close to the axially symmetric solutions. Since the axially symmetric solution is such that v_φ = 0, α_1 = α_3 = 0, v_{r,φ} = v_{z,φ} = 0, α_{2,φ} = 0, p_{,φ} = 0 in our case the above quantities are small in corresponding norms. This plays a role of small parameter in our considerations. Since that the estimate for the vorticity α_2 is so important (see (5.5’) in [13]) we replace problem (1.1) by the system of problems: (1.4), (1.7), (1.9), (1.10), (1.12)–(1.14). This suggests a method of successive approximations described by the system of problems (3.1)–(3.6), (3.5^2), (3.5^3). Then we prove the existence of local solutions to problem (1.1) (see Theorem 3.1) with large time of existence and with small parameters X_5, X_6 (see assumptions of Lemma 3.1), which measure a distance to the axially symmetric solutions. Finally the local existence is prolongated up to infinity step by step.

Now we formulate the main result of this paper. Theorem 1. Assume μ ∈ � 1/2, 1/ √ 2 � . Assume the decays

|g(t)|_{2,−1,Ω} + |g_t(t)|_{2,Ω} ≤ (|g(0)|_{2,−1,Ω} + |g_t(0)|_{2,Ω})e^{−ν0 t}, |f(t)|_{2,Ω} ≤ |f(0)|_{2,Ω}e^{−ν1 t}, |f_φ(t)|_{2,−μ,Ω} ≤ |f_φ(0)|_{2,−μ,Ω}e^{−ν2t}, |F^′(t)|_{2,1−μ,Ω} ≤ |F^′(0)|_{2,1−μ,Ω}e^{−ν3t}, |F_2(t)|_{2,1−μ,Ω} ≤ |F_2(0)|_{2,1−μ,Ω}e^{−ν3t}, where ν_0, ν_1, ν_2, ν_3 are positive numbers.

Assume that h(0) ∈ H^1_{−1}(Ω), h_t(0) ∈ L_2(Ω), ω(0) ∈ H^1_{−μ}(Ω), χ(0) ∈ L_{2,−1}(Ω), h_t(0) ∈ L_2(Ω), g(0) ∈ L_{2,−1}(Ω), g_t(0) ∈ L_2(Ω), χ(0) ∈ H^1_{1−μ}(Ω), v(0) ∈ L_2(Ω).

Assume g ∈ L_2(0, ∞; L_2(Ω)), f ∈ L_2(0, ∞; L_2(Ω)), F_2 ∈ L_2(0, ∞; L_{2,−1}(Ω)), F^′ ∈ L_2(0, ∞; L_{2,1−μ}(Ω)), | R_∞ 0 dt R Ω f_η(x, t)dx| < ∞, where F^′ = (F_1, F_3).

Then there exist finite numbers X^∗_1 , X^∗_2 , Y^∗_1 , Y^∗_2 , D^∗ determined by (4.3), the numbers T and A such that (4.4) holds for X^∗_1 , X^∗_2 sufficiently small.

Next there exists a global solution to problem (1.1) such that v ∈ A_{1−μ}(Ω × (k, T (k + 1)T ) and p ∈ L_2(kT, (k + 1)T ; W^2_{2,1−μ}(Ω)), k ∈ N.

Next we formulate the uniqueness result

Theorem 2. Let the assumptions of Theorem 1 be satisfied. Then there exists only one solution to problem (1.1).

In view of the decay assumptions in Theorem 1 we could expect a convergence of the considered solution to the axially symmetric solution. However, the problem is still open. Generally, we might expect two possibilities: either the decays are so strong that we have the convergence or they are strong enough to have global existence but not so strong to obtain the convergence. Hence we should have the relation ν_i = ν_i(X^∗_1 , X^∗_2 , Y^∗_1 , Y^∗_2 , D^∗), i = 0, . . . , 3, and the quantities ν^∗_i , i = 0, 1, 2, 3, such that for ν_i > ν^∗_i , i = 0, . . . , 3, we have the converges but for ν_i < ν^∗_i , i = 0, . . . , 3, we can show the global existence of solutions which are all time close to the axially symmetric solution.

2. Notation and spaces

To simplify considerations we introduce

|u|_{p,Q} = ‖u‖_{Lp(Q)}, Q ∈ {Ω, S, Ω^T , S^T }, p ∈ [1, ∞], ‖u‖_{s,Q} = ‖u‖_Hs_{(Q)}, Q ∈ {Ω, S}, s ∈ Z_+ ∪ {0},

‖u‖_{s,Q} = ‖u‖_W s,s/2_{2 (Q)}, Q ∈ {Ω^T , S^T }, s ∈ Z_+ ∪ {0},

where ‖u‖_{0,Q} = |u|_{2,Q}.

We introduce weighted spaces with the weight equal to the distance to the axis of symmetry,

‖u‖_{Lp,μ(Q)} = ( Z Q |u|^pr^{pμ}dQ)^{1/p}, p ∈ [1, ∞), μ ∈ R, Q ∈ {Ω, S, Ω^T , S^T },

and for simplicity we define |u|_{p,μ,Q} = ‖u‖_{Lp,μ(Q)}.

Next

‖u‖_Hs_{μ(Q)} = 0 @ X |α|≤s Z Q |D^α_x u|^2r^{2(μ−s+|α|)}dQ 1 A 1/2 ,

where Q ∈ {Ω, S}, s ∈ Z_+ ∪ {0}, μ ∈ R, and

‖u‖_Hs,s/2_{μ (Q)} = 0 @ X |α|+2i≤s Z Q |D^α_x ∂^i_t u|^2r^{2(μ−s+|α|)}dQ 1 A 1/2 ,

where Q ∈ {Ω^T , S^T }, s ∈ Z_+ ∪ {0}, μ ∈ R. Moreover, for simplicity, we introduce

‖u‖_{s,μ,Q} = ‖u‖_Hs_{μ(Q)}, Q ∈ {Ω, S}, s ∈ Z_+ ∪ {0}, μ ∈ R, and ‖u‖_{s,μ,Q} = ‖u‖_Hs,s/2_{μ (Q)}, Q ∈ {Ω^T , S^T }, s ∈ Z_+ ∪ {0}, μ ∈ R.

We define ‖|u‖|_{l,r,Q} = ‖u‖_W l,l/2_{r (Q)} for Q ∈ {Ω^T , S^T }, ‖|u‖|_{l,r,Q} = ‖u‖_W l_{r(Q)} for Q ∈ {Ω, S}.

We introduce ‖u‖_{p1,p2,Ω}T = ‖u‖_{Lp2 (0,T ;Lp1 (Ω))}, ‖u‖_{p1,p2 ,μ,Ω}T = ‖u‖_{Lp2 (0,T ;Lp1,μ (Ω))},

‖u‖_W s_{p,μ(Ω)} = ( X |α|≤s Z Ω |D^α_x u|^pr^{pμ}dx)^{1/p}, and ‖|u‖|_{s,p,μ,Ω} = ‖u‖_W s_{p,μ(Ω)}, ‖|u‖|_{s,p,μ,Ω}T = ‖u‖_W s,s/2_{p,μ (ΩT )}.

Moreover ‖u‖_{Lp1,p2 (Ω}T_) = ( TZ 0 ( Z Ω |u|^{p1} dx)^{p2 /p1} )^{1/p2} .

We introduce also the space V^l_{p,μ}(Q), Q ∈ {Ω, S} with the norm

‖u‖_V l_{p,μ(Q)} = ( X |α|≤l Z Q |D^α_x u|r^{p(μ−l+|α|)}dQ)^{1/p},

where μ ∈ R, p ∈ [1, ∞). We introduce also the notation ‖u‖_{l,p,μ,Q}T = ‖u‖_V l,l/2_{p,μ (QT )}, ‖u‖_{l,p,Q} = ‖u‖_V l_{p,μ(Q)}, where Q ∈ {Ω, S}, l ∈ N ∪ {0}, p ∈ [1, ∞), μ ∈ R. Finally we introduce ‖u‖_{Aμ(Ω}T_) = ‖u‖_W 2,1_{2,μ (Ω}T_) + ‖u_{,x}‖_W 2,1_{2,μ (Ω}T_).

For the reader convenience we introduce estimates and imbeddings which are used in this paper (2.1) ‖u(t)‖_{s,Ω} ≤ c(‖u‖_{s+1,Ω}t + ‖u(0)‖_{s,Ω}), s ∈ Z_+ ∪ {0},

(2.2) ‖u(t)‖_{s,μ,Ω} ≤ c(‖u‖_{s+1,μ,Ω}t + ‖u(0)‖_{s,μ,Ω}), s ∈ Z_+ ∪ {0}, μ ∈ R, where c does not depend on t.

From [10, Ch.1, Sect. 2.15] we have the Hardy inequality

(2.3) |f|_{q,−}( 1_{q +α})_{,R+} ≤ ` μ |α| ´_μ

|f_{,x}|_{p,1−}( 1_{p +α})_{,R+} ,

where α ≠ 0, 1 ≤ p ≤ q ≤ ∞, μ = 1 −^1_p +^1_q , and for p = 1, q = ∞ we assume that ı_μ |α| ȷ_μ = 1.

More useful for us is the following Hardy inequality [10, Ch.1, Sect. 2.15]

(2.4) |x^{−α}f|_{p,R+} ≤ 1 |α − 1/p|

|x^{−α+1}f_{,x}|_{p,R+} , α ≠ 1 p .

Using (2.4) we obtain the Hardy inequality for the domain Ω. For this purpose we write (2.4) in the form

(2.5) ∞Z 0 r^{−pα}|f|^pdr ≤ 1 fi fiα −^1_p fi fi^p ∞Z 0 r^{−p(α−1)}|f_{,r}|^pdr

Using the cylindrical coordinates we obtain from (2.5) the inequality

(2.6) aZ −a dz 2πZ 0 dφ ∞Z 0 r^{−pα−1}|f|^prdr ≤ 1 fi fiα −^1_p fi fi^p aZ −a dz 2πZ 0 dφ ∞Z 0 r^{−p(α−1)−1}|f_{,r}|^prdr.

Hence we have

(2.7) |f|_{p,−}(_{α+} 1_p )_{,Ω} ≤ 1 fi fiα −_{1p} fi fi |f^{,x}|^{p,1−}(^{α+ 1}p )^{,Ω}.

We need also the imbedding theorem for weighted Sobolev spaces (see Lemma 1.5 in [9])

(2.8) ‖u‖_V s_{q,β+s−l+ np − nq (Ω)} ≤ c‖u‖_V l_{p,β (Ω)}, Ω ⊂ R^n,

and s − l +^n_p −^n_q ≤ 0.

3. Local existence

To prove local existence of solutions we use the following method of successive approximations. Let v_m be given. Then h_m and q_m are calculated from the problem

(3.1) h_{m,t} − divD(h_m) + ∇q_m + v_m · ∇h_m + h_m · ∇v_m = g in Ω^T , divh_m = 0 in Ω^T , h_m · n̄ = 0 on S^T , n̄ · D(h_m) · τ̄_α = 0, α = 1, 2, on S^T , h_m fi fi_{t=0} = h(0) in Ω.

Let v_m, q_m, h_m be given. Then ω_m is a solutions of the problem

(3.2) ω_{m,t} + v_m · ∇ω_m + v_{mr} r ω_m − νΔω_m + ν ω_m r^2 = q_m r + 2ν r^2 h_{mr}

+ f_φ in Ω^T ,

ω_{m,r} = 1 R ω_m on S^T_1 ,

ω_{m,z} = 0 on S^T_2 , ω_m fi fi_{t=0} = ω(0) in Ω.

Let v_m, q_m, h_m, ω_m be given. Then α_{1m+1}, α_{2m+1}, α_{3m+1} are solutions of the problems

(3.3) α_{1m+1,t} + v_m · ∇α_{1m+1} − α_{1m+1}v_{mr,r} − α_{2m+1} r h_{mr} − α_{3m+1}v_{mr,z} + 2ν r^2

(h_{mr,z} − h_{mz,r}) + να_{1m+1}

r^2

− νΔα_{1m+1} = F_1 in Ω^T ,

α_{1m+1,r} = − 1 R^2 h_{mz} − 1 R ω_{m,z} on S^T_1 ,

α_{1m+1} = 0 on S^T_2 , α_{1m+1} fi fi_{t=0} = α_{10} in Ω and

(3.4) α_{2m+1,t} + v_m · ∇α_{2m+1} + v_{mφ} r α_{1m+1} − α_{m+1} · ∇v_{mφ} − α_{2m+1} r v_{mr} − 2ν r^2 ` 1 r h_{mz,φ} − h_{mφ,z} ´ + να_{2m+1}

r^2

− νΔα_{2m+1} = F_2 in Ω^T ,

α_{2m+1} = 0 on S^T , α_{2m+1} fi fi_{t=0} = χ(0) ≡ α_{20} in Ω, and

(3.5) α_{3m+1,t} + v_m · ∇α_{3m+1} − (α_{1m+1}v_{mz,r} + α_{3m+1}v_{mz,z}) − α_{2m+1} r h_{mz} − νΔα_{3m+1} = F_3 in Ω^T ,

α_{3m+1} = 2 R ω_m on S^T_1 ,

α_{3,z} = 0 on S^T_2 , α_{3m+1} fi fi_{t=0} = α_{30} in Ω.

Collecting together problems (3.3)–(3.5) we know that the vector-valued function α_{m+1} is a solution to the system (3.5^1) α_{m+1,t} + v_m · ∇α_{m+1} − α_{m+1} · ∇v_m − νΔα_{m+1} = F, with boundary conditions (3.3)_{2,3}, (3.4)_2, (3.5)_{2,3}.

Assuming that α_{m+1} = rotv_m we know that v_m is a solution to the problem

(3.5^2) v_{mt} + v_m · ∇v_m − divD(v_m) + ∇p_m = f in Ω^T , divv_m = 0 in Ω^T , v_m · n̄ = 0 on S^T , n̄ · D(v_m) · τ̄_α = 0, α = 1, 2, on S^T , v_m fi t=0 = v_{(0)} in Ω, where p_m is a solution to the problem

(3.5^3)

Δp_m = −∇v_m · ∇v_m + divf in Ω^T , ∂p_m ∂n = − 1 R v^2_{mφ} + 2ν R^2 v_{mφ,φ} + f · n̄ on S^T_1 , ∂p_m ∂n = f · n̄ on S^T_2 .

For the next step v_{m+1} is determined by the problem

(3.6) rotv_{m+1} = α_{m+1} in Ω, divv_{m+1} = 0 in Ω, v_{m+1} · n̄ = 0 on S.

The problem (3.6) determines a new quantity v_{m+1}, so equation (3.6)_1 is not any definition of α_{m+1}, because α_{m+1} is already defined by the equation α_{m+1} = rotv_m.

By the zero approximation v_0 we assume an extension of the initial data v(0) in such a way that the compatibility conditions are satisfied.

In [12] we proved the existence of local solutions to problem (3.1)–(3.6) on sufficiently small time interval [0, T_0]. Moreover it was shown that there exists a constant A such that the solution satisfies (3.7) ‖v‖_{A1−μ(Ω}T_{0 )} ≤ A.

Our aim is to prolongate the local solution for some data sufficiently small. For this purpose we apply again the above method of successive approximations to obtain an uniform bound on an interval [0, T ], where T is reciprocally proportional to the sum of norms which measure the distance between the considered solution and the axially symmetric solution. Next step by step on the interval [0, T_0], where T_0 is sufficiently small, we show convergence of the constructed sequence. Now we obtain an uniform bound

Lemma 3.1. Let X_5 = |g|_{2,Ω}t + |f_φ|_{2,−μ,Ω}t + ‖h(0)‖_{1,−1,Ω} + |ω_{,x}(0)|_{2,−μ,Ω} + |ω(0)|_{2,−(1+μ),Ω} X_6 = X_5 + |F^′|_{2,1−μ,Ω}t + |α^′_0|_{2,1−μ,Ω},

D(t) = |f|_{2,Ω}t + | Z Ω v_η (0)dx| + sup_t | tZ 0 dτ Z Ω f_η(x, τ)dx| + |v(0)|_{2,Ω},

Y_1 = |χ(0)|_{2,−1,Ω} + |F_2|_{2,−1,Ω}t , Y_2 = |F_2|_{2,1−μ,Ω}t + ‖χ(0)‖_{1,1−μ,Ω}, be bounded, where F^′ = (F_1, F_3), α^′_0 = (α_{10}, α_{30}). Assume that there exists a positive constant A such that

(3.8) c(Y_1 + φ(A)e^{ct}X_5)^2D(t) + c(Y_1 + Y_2) ≤ A, ‖v_0‖_{A1−μ(Ω}t_) ≤ A φ(A)(e^{ct}X_5 + X_6) + φ(A)X_5Y_1 ≤ A, which hold for X_5 and X_6 sufficiently small, where φ is an increasing positive function and v_0 is an extension of initial data v(0).

Then for t ≤ T =^1_c ln^A_{cφ(A)X5D(∞)} the estimate holds (3.9) ‖v_m‖_{A1−μ(Ω}t_) ≤ A, m ∈ N, m > 0.

Proof. From Lemma 5.3 [13] we have

(3.10) |h_m|_{2,Ω} + ν( tZ 0 ‖h_m‖^2_{1,Ω}dτ)^{1/2} ≤ φ(K_m(t))X_1,

where (3.11) X_1 = |g|_{2,Ω}t + |h(0)|_{2,Ω}, K_m(t) = ‖v_m‖_{A1−μ(Ω}t_) and φ will always denote an increasing positive function. From Lemma 5.4 [13] we have

(3.12) ‖h_m‖_{2,−1,Ω}t + 0 @ tZ 0 ‖q_m‖^2_{1,−1,Ω}dτ 1 A 1/2 ≤ φ(K_m(t))X_2,

where (3.13) X_2 = X_1 + ‖h(0)‖_{1,−1,Ω}. Assume that δ is sufficiently small and

(3.14) sup_t fi fi fi h_{mφ} r fi fi fi_{32 ,Ω} ≤ δ.

Then Lemma 5.1 [13] yields

(3.15)

|χ_{m+1}|_{2,−1,Ω} + ν 0 @ tZ 0 fl fl χ_{m+1} r fl fl^2_{1,Ω} dτ 1 A 1/2 ≤ cY_1 + φ(K_m(t))(‖h_m‖_{2,−1,Ω}t

+ sup_t ‖ω_m‖_{1,−μ,Ω}), where (3.16) Y_1 = |χ(0)|_{2,−1,Ω} + |F_2|_{2,−1,Ω}t . Lemma 5.6 [13] implies (3.17) |ω_m|_{2,−μ,Ω} + |ω_{m,x}|_{2,−μ,Ω}t + |ω_m|_{2,−(1+μ),Ω}t ≤ φ(K_m(t))e^{ct}X_3, where (3.18) X_3 = X_2 + |f_φ|_{2,−μ,Ω}t + |ω(0)|_{2,−μ,Ω}. Lemma 5.5 [13] gives (3.19) ‖ω_m‖_{2,1−μ,Ω}t ≤ φ(K_m(t))e^{ct}X_4, where (3.20) X_4 = X_3 + ‖ω(0)‖_{1,1−μ,Ω}. From [14, (5.13)] we have

(3.21)

|ω_{m,x}(t)|_{2,−μ,Ω} + |ω_m(t)|_{2,−(1+μ),Ω} ≤ φ(K_m(t))[sup_t |ω_m(t)|_{2,1,Ω}

+ 0 @ tZ 0 |ω_m(τ)|^2_{,−μ,Ω}dτ 1 A 1/2 + X_5],

where (3.22) X_5 = X_4 + |ω_{,x}(0)|_{2,−μ,Ω} + |ω(0)|_{2,−(1+μ),Ω}. From [14, (5.34)] we obtain (3.23) |ω_m(t)|_{2,1,Ω} ≤ |ω(0)|_{2,1,Ω} + t^{1/2}X_3. Using (3.17) and (3.23) in (3.21) yields (3.24) |ω_{m,x}(t)|_{2,−μ,Ω} + |ω_m(t)|_{2,−(1+μ),Ω} ≤ φ(K_m(t))e^{ct}X_5. Using (3.12) and (3.24) in (3.15) gives

(3.25) |χ_{m+1}(t)|_{2,−1,Ω} + ν 0 @ tZ 0 fl fl χm+1 r fl fl^2 1,Ω dτ 1 A 1/2 ≤ cY_1 + φ(K_m(t))e^{ct}X_5.

From [15, (5.21)] we have (3.26) ‖|α^′_{m+1}‖|_{2,2,1−μ,Ω}t ≤ φ(K_m(t))[(Y_1 + e^{ct}X_5)X_2 + e^{ct}X_5 + X_6], where (3.27) X_6 = X_5 + |F^′|_{2,1−μ,Ω}t + ‖α^′_0‖_{1,1−μ,Ω}.

From Lemma 5.5 [15] we get

(3.28)

‖α_{2m+1}‖_{2,1−μ,Ω}t ≤ (ε‖v_m‖_{A1−μ(Ω}t_) + c(ε) sup_t |v_m|_{2,Ω} + |v(0)|_{2,Ω} + φ(K_m(t))X_5 + 1))(Y_1 + φ(K_m(t))e^{ct}X_5) + φ(K_m(t))e^{ct}X_5(1 + X_5) + cY_2, where applying Lemma 5.2 from [13] to problem (3.5^2) gives sup_t |v_m|_{2,Ω} ≤ e^{− ν02 t}|v(0)|_{2,Ω} + c(|f|_{2,Ω}t + | Z Ω rv_φ(0)dx| + sup_t | Z Ω^t

rf_φdxdt|, ν_0 < ν and (3.29) Y_2 = |F_2|_{2,1−μ,Ω}t + ‖χ(0)‖_{1,1−μ,Ω}.

From (3.26) and (3.28) we obtain

(3.30)

‖|α_{m+1}‖|_{2,2,1−μ,Ω}t ≤ [ε‖v_m‖_{A1−μ(Ω}t_) + c(ε)D(t)]· (Y_1 + φ(K_m(t))e^{ct}X_5) + φ(K_m(t))[e^{ct}X_5(1 + X_5) + X_6] + c(Y_2 + Y_1) + φ(K_m(t))X_5Y_1, where D(t) = |v(0)|_{2,Ω} + |f|_{2,Ω}t + | Z Ω rv_φ(0)dx| + sup_t | Z Ω^t

rf_φdxdt|

Therefore from (3.6) (see [6]) we have

(3.31)

K_{m+1}(t) ≤ [εK_m(t) + c(ε)D(t)](Y_1 + φ(K_m(t))e^{ct}X_5) + φ(K_m(t))(1 + X_5)(e^{ct}X_5 + X_6) + c(Y_1 + Y_2) + φ(K_m(t))X_5Y_1.

Let us assume for simplicity that c(ε) = cε^{−1}. Then (3.31) takes the form

(3.32)

K_{m+1}(t) ≤ εK_m(t) + cε^{−1}(Y_1 + φ(K_m(t))e^{ct}X_5)^2D(t) + φ(K_m(t))(1 + X_5)(e^{ct}X_5 + X_6) + c_1(Y_2 + Y_1) + φ(K_m(t))X_5Y_1. Let (3.33) K_m(t) ≤ A.

Take ε =^1_3 . Assume that T < ∞ be given. Assume that A is so large and X_5, X_6 are so small that for t ≤ T we have

(3.34) c[3(Y_1 + φ(A)e^{ct}X_5)]^2D(t) + c_1(Y_2 + Y_1) ≤ 1 3 A, φ(A)(1 + X_5)(e^{ct}X_5 + X_6) + ε(A)X_5Y_1 ≤ 1 3 A. then from (3.32) we have that (3.35) K_{m+1}(t) ≤ A for t ≤ T, m ∈ N.

From (3.34) we can also see that (3.36) T = 1 c ln A cφ(A)D(∞)X_5 . This concludes the proof.

To show convergence of the considered sequence we formulate problems on differences. Then for t ≤ T_0, where T_0 is sufficiently small, we show convergence. Since we have the bound (3.35) for t ≤ T we can show existence step by step up to t ≤ T . Considering convergence in the interval [T_0, 2T_0] we have that X_5(T_0) = φ(A)X_5(0), where φ(A) > 1. Since X_5(0) is sufficiently small and (3.35) holds for [T_0, 2T_0] the length of the convergence interval can be kept the same. Generally such procedure can be prolongated up to t ≤ T , where T is determined by (3.36). Now we show convergence

Lemma 3.2. Let the assumptions of Lemma 3.1 hold.

Then

(3.37) ‖V_{m+1}‖_{A1−μ(Ω}t_) ≤ φ(A)(t^a + X_7)‖V_m‖_{A1−μ(Ω}t_), a > 0,

where V_m is defined below and X_7 by (3.63).

Hence the sequence {v_m}, m = 1, . . . , determined by problems (3.1)–(3.6) converges to a solution of problem (1.1).

Proof. Let us introduce the differences

H_m = h_m − h_{m−1}, Q_m = q_m − q_{m−1}, W_m = ω_m − ω_{m−1}, P_m = p_m − p_{m−1},

A_m = α_m − α_{m−1}, V_m = v_m − v_{m−1}.

From problem (3.1) we obtain

(3.38)

H_{m,t} − divD(H_m) + ∇Q_m = −V_m · ∇h_m − v_{m−1} · ∇H_m − H_m · ∇v_m − h_{m−1} · ∇v_m in Ω^T , divH_m = 0 in Ω^t, n̄ · h_m = 0 on S^T , n̄ · D(H_m) · τ̄_α = 0, α = 1, 2, on S^T , H_m fi fi_{t=0} = 0 in Ω.

From (3.2) we have

(3.39)

W_{m,t} + v_m · ∇W_m + v_{mr} r W_m − νΔW_m + ν

W_m r^2 = −V_m · ∇ω_{m−1} −

V_{mr} r ω_{m−1} +

Q_m r + 2ν r^2

H_{mr} in Ω^T ,

W_{m,r} = 1 R W_m on S^T_1 , W_{m,z} = 0 on S^T_2 , W_m fi fi_{t=0} = 0 in Ω.

Problem (3.3) implies

(3.40)

A_{1m+1,t} + v_m · ∇A_{1m+1} − A_{1m+1}v_{mr,r} −

A_{2m+1} r h_{mr}

− A_{3m+1}v_{mr,z} + νA_{1m+1} r^2

− νΔA_{1m+1}

= −V_m∇α_{1m} + α_{1m}V_{mr,r} + α_{2m} r H_{mr} + α_{3m}V_{mr,z} − 2ν r^2

(H_{mr,z} − H_{mz,r}) in Ω^T ,

A_{1m+1,r} = − 1 R^2

H_{mz} − 1 R W_{m,z} on S^T_1 , A_{1m+1} = 0 on S^T_2 , A_{1m+1} fi fi_{t=0} = 0 in Ω.

Problem (3.4) gives

(3.41)

A_{2m+1,t} + v_m · ∇A_{2m+1} + v_{mφ} r A_{1m+1} − A_{m+1} · ∇v_{mφ} − A_{2m+1} r v_{mr} + ν r^2

A_{2m+1} − νΔA_{2m+1}

= −V_m · ∇α_{2m} −

V_{mφ} r α_{1m} + α_m · ∇V_{mφ} − α_{2m}

V_{mr} r + 2ν r^2 ` 1 r H_{mz,φ} − H_{mφ,z} ´ in Ω^T ,

A_{2m+1} = 0 on S^T , A_{2m+1} fi fi_{t=0} = 0 in Ω.

Next problem (3.5) implies

(3.42)

A_{3m+1,t} + v_m · ∇A_{3m+1} − (A_{1m+1}v_{mz,r} + A_{3m+1}v_{mz,z}) − A_{2m+1} r h_{mz} − νΔA_{3m+1} = −V_m∇α_{3m} + α_{1m}V_{mz,r}

+ α_{3m}V_{mz,z} + α_{2m} r H_{mz} in Ω^T ,

A_{3m+1} = 2 R W_{3m} on S^T_1 ,

A_{3m+1,z} = 0 on S^T_2 , A_{3m+1} fi t=0 = 0 in Ω.

Next problem (3.5^2) implies

(3.42^1)

V_{mt} + v_m · ∇V_m + V_m · ∇v_{m−1} − divD(V_m) + ∇P_m = 0 in Ω^T , divV_m = 0 in Ω^T , V_m · n̄ = 0 on S^T , n̄ · D(V_m) · τ̄_α = 0, α = 1, 2, on S^T , V_m fi fi_{t=0} = 0 in Ω.

and problem (3.5^3) gives

(3.42^2)

ΔP_m = −∇v_m · ∇V_m − ∇V_m · ∇v_{m−1} in Ω^T , ∂P_m ∂n = − 1 R V^2_{mφ} + 2ν R^2

V_{mφ,φ} on S^T_1 , ∂P_m ∂n = 0 on S^T_2 .

Finally from (3.6) we obtain

(3.43) rotV_{m+1} = A_{m+1} in Ω, divV_{m+1} = 0 in Ω, V_{m+1} · n̄ = 0 on S.

Now we obtain estimates for solutions of problems (3.38)–(3.43). For solutions of (3.40) we have

(3.44)

‖|A_{1m+1}‖|_{2,2,1−μ,Ω}t ≤ c[|v_m · ∇A_{1m+1}|_{2,1−μ,Ω}t + |A_{1m+1}v_{mr,r} + A_{3m+1}v_{mr,z} |_{2,1−μ,Ω}t + fi fi fi A_{2m+1} r h_{mr} fi fi fi_{2,1−μ,Ωt} + |A^{1m+1}|^{2,−(1+μ),Ωt} + |V^m · ∇α^{1m}|^{2,1−μ,Ωt}

+ |α_{1m}V_{mr,r} + α_{3m}V_{mr,z}|_{2,1−μ,Ω}t + fi fi α_{2m} r H_{mr} fi fi_{2,1−μ,Ωt} + |Hmr,z|_{2,−(1+μ),Ω}t

+ |H_{mz,r}|_{2,−(1+μ),Ω}t + ‖H_{mz}‖_{1/2,1−μ,S}t_1 + ‖W_m‖_{3/2,1−μ,S}t_1 ].

Now we estimate the terms from the r.h.s. of (3.44). Since in this proof time is small estimates must be done in a different way than in the proof of Lemma 3.1. To simplify considerations we omit the indices connected with m. The first term we estimate in the way

|v · A_{1,x}|_{2,1−μ,Ω}t = ( tZ 0 |vA_{1,x}|^2_{,1−μ,Ω}dτ)^{1/2} ≤ ( tZ 0 dτ|v|^2_{p1 ,Ω}|A_{1,x}|^2_{p2 ,1−μ,Ω})^{1/2} ≡ I_1,

where 1/p_1 + 1/p_2 = 1.

Using the interpolation inequality (see [10, Ch. 3, Sect. 15])

|v|_{2p1 ,Ω} ≤ c|v|^{1−θ1}_{2,Ω} ‖|v‖|^{θ1}_{2,r,Ω}

where θ_1 =^3_{2p2} (_{72 − 3r} ) and r is such that inequality (2.8) can be applied in the way

(3.45) ‖|v‖|_{2,r,Ω} ≤ c‖|v‖|_{3,2,1−μ,Ω},

so^1_2 −^μ_3 ≤^1_r . Hence r ≤^6_{3−2μ} with μ ∈ (0, 1/ √ 2). From [11] we have the interpolation inequality

|A_{1,x}|_{2p2 ,1−μ,Ω} ≤ c|A_1|^{1−θ2}_{2,1−μ,Ω}‖A_1‖^{θ2}_{2,1−μ,Ω},

where θ_2 =^5_4 −^3_{4p2} < 1 which implies that p_2 < 3.

Taking r such that^1_r =^1_2 −^μ_3 we obtain θ_1 =^3_{2p2(2+μ)} . Choosing μ and p_2 in such a way that θ_1 +θ_2 < 1, so p_2 <^{3μ}_{2+μ} , we obtain

I_1 ≤ c sup_t |v|^{1−θ1}_{2,Ω} sup_t |A_1|^{1−θ2}_{2,1−μ,Ω}‖A_1‖^{θ2}_{2,1−μ,Ωt} ‖v‖^{θ1}_{A1−μ(Ωt )}

≤ ε‖A_1‖_{2,1−μ,Ω}t + c(ε)t^{a1} sup_t |v|

1−θ1 θ1 2,Ω sup_t |A_1|_{2,1−μ,Ω}‖v‖_{A1−μ(Ω}t_),

where a_1 > 0.

In the bound for I_1 we can have in reality the norm ‖|A_1‖|_{2,2,1−μ,Ω} instead of ‖A_1‖_{2,1−μ,Ω}. Since α_1 fi fi_{r=0} = 0, so A_1 fi fi_{r=0} = 0 and then ‖|A_1‖|_{2,2,1−μ,Ω} ≤ c‖A_1‖_{2,1−μ,Ω}, so the last norm appeared in the bound for I_1.

The second term on the r.h.s. of (3.44) we estimate by

|A^′v_{,x}|_{2,1−μ,Ω}t = ( tZ 0 |A^′v_{,x}|^2_{,1−μ,Ω}dτ)^{1/2} ≤ ( tZ 0 |A^′|^2_{p1 ,1−μ,Ω}|v_{,x}|^2_{p2 ,Ω}dτ)^{1/2} ≡ I_2,

where 1/p_1 + 1/p_2 = 1 and A^′ = (A_1, A_3).

Using (see [11]) |A^′|_{2p1 ,1−μ,Ω} ≤ c|A^′|^{1−θ1}_{2,1−μ,Ω}‖|A^′‖|^{θ1}_{2,2,1−μ,Ω},

with θ_1 =^3_{4p2} , and (see [10, Ch. 3, Sect 15])

|v_{,x}|_{2p2,Ω} ≤ c|v|^{1−θ2}_{2,Ω} ‖|v‖|^{θ2}_{2,r,Ω},

where θ_2 =^{52 − 32p2}_{72 − 3r} and r is such that (3.45) holds, so^1_2 −^μ_3 ≤^1_r . Choosing r such that^1_2 −^μ_3 =^1_r we obtain

θ_2 =^{52 − 32p2}_{2+μ} . Imposing θ_1 + θ_1 < 1 we have that p_2 <^{3μ}_{2(2μ−1)} , where μ ∈ ı_1

2 ,^{1√}_2 ȷ .

Then I_2 ≤ c sup_t |v|^{1−θ2}_{2,Ω} sup_t |A^′|^{1−θ1}_{2,1−μ,Ω}‖v‖^{θ2}_{A1−μ(Ωt )}‖|A^′‖|^{θ1}_{2,2,1−μ,Ωt}

≤ ε‖|A^′‖|_{2,2,1−μ,Ω}t + c(ε)t^{a2} sup_t |v|

1−θ2 θ2 2,Ω sup_t |A^′|_{2,1−μ,Ω}‖v‖_{A1−μ(Ω}t_),

where a_2 > 0.

The third term on the r.h.s. of (3.44) we estimate by 0 @ tZ 0 fi fi fiA^2 r fi fi fi^2

2p_1,Ω

|h|^2_{p2 ,1−μ,Ω}dτ 1 A 1/2 ≡ I_3,

where 1/p_1 + 1/p_2 = 1.

Using the interpolation inequality fi fi fi fi A_2 r fi fi fi fi_{2p1,Ω} ≤ c fi fi fi fi A_2 r fi fi fi fi 1−θ_1 2,Ω fl fl fl fl A_2 r fl fl fl fl θ_1 1,Ω with θ_1 =^3_{2p2} and

|h|_{2p2 ,1−μ,Ω} ≤ c|h|^{1−θ2}_{2,1−μ,Ω}‖h‖^{θ2}_{2,1−μ,Ω}

with θ_2 =^3_{4p1} we obtain

I_3 ≤ c sup_t |h|^{1−θ2}_{2,1−μ,Ω} sup_t fi fi fi A_2 r fi fi fi 1−θ_1 2,Ω 0 @ tZ 0 fl fl fl A_2 r fl fl fl 2θ_1 1,Ω ‖h‖^{2θ2}_{2,1−μ,Ω}dτ 1 A 1/2 ≡ I_4.

Assuming θ_1 + θ_2 = 1, which holds for p_1 =^3_2 , p_2 = 3, we obtain that

I_4 ≤ c sup_t |h|_{2,1−μ,Ω} 0 @ tZ 0 fl fl fl fl A_2 r fl fl fl fl 2 1,Ω dτ 1 A 1/2 + c‖h‖_{2,1−μ,Ω}t sup_t fi fi fi fi A_2 r fi fi fi fi_{2,Ω} .

The fifth term on the r.h.s. of (5.44) we estimate in the same way as the first term. Therefore it is bounded by c sup_t |V |_{2,Ω}‖α_1‖_{2,1−μ,Ω}t + c‖V ‖_{A1−μ(Ω}t_) sup_t |α_1|_{2,1−μ,Ω},

where ‖α_1‖_{2,1−μ,Ω}t can be replaced by ‖|α_1‖|_{2,2,1−μ,Ω}t (see remarks below the bound for I_1). The sixth term on the r.h.s. of (5.44) we estimate in the same way as the second term. Therefore it is estimated by c sup_t |V |_{2,1−μ,Ω}‖|α^′‖|_{2,2,1−μ,Ω}t + c‖|V ‖|_{2,2,1−μ,Ω}t sup_t |α^′|_{2,1−μ,Ω}.

The seventh term we examine in the same way as the third. Therefore it is bounded by

c sup_t |H|_{2,1−μ,Ω} 0 @ tZ 0 fl fl α_2 r fl fl^2_{1,Ω} dτ 1 A 1/2 + c‖H‖_{2,1−μ,Ω}t sup_t fi fi α_2 r fi fi_{2,Ω} .

Summarizing the above estimates we obtain from (3.44) the inequality

(3.45)

‖|A_{1m+1}‖|_{2,2,1−μ,Ω}t ≤ ε‖|A_{3m+1}‖|_{2,2,1−μ,Ω}t + c(ε)t^aφ(‖v_m‖_{A1−μ(Ω}t_)) sup_t |A^′_{m+1}|_{2,1−μ,Ω}

+ c sup_t |h_m|_{2,1−μ,Ω} 0 @ tZ 0 fl fl fl fl A_{2m+1} r fl fl fl fl 2 1,Ω dτ 1 A 1/2 + c‖h_m‖_{2,1−μ,Ω}t sup_t fi fi fi fi A_{2m+1} r fi fi fi fi_{2,Ω}

+ c‖|α^′_m‖|_{2,2,1−μ,Ω}t sup_t |V_m|_{2,Ω} + c sup_t |α^′_m|_{2,1−μ,Ω}‖V_m‖_{A1−μ(Ω}t_)

+ c sup_t |H_m|_{2,1−μ,Ω} 0 @ tZ 0 fl fl fl α_{2m} r fl fl fl^2_{1,Ω} dτ 1 A 1/2 + c‖H_m‖_{2,1−μ,Ω}t sup_t fi fi fi α_{2m} r fi fi fi_{2,Ω}

+ c(‖H_m‖_{2,1−μ,Ω}t + ‖W_m‖_{2,1−μ,Ω}t ),

where a > 0.

Similarly for solutions of (3.42) we have

(3.46)

‖|A_{3m+1}‖|_{2,2,1−μ,Ω}t ≤ ε‖|A_{1m+1}‖|_{2,2,1−μ,Ω}t + c(ε)t^aφ(‖v_m‖_{A1−μ(Ω}t_)) sup_t |A^′_{m+1}|_{2,1−μ,Ω}

+ c sup_t |h_m|_{2,1−μ,Ω} 0 @ tZ 0 fl fl fl A_{2m+1} r fl fl fl 2 1,Ω dτ 1 A 1/2 + c‖h_m‖_{2,1−μ,Ω}t sup_t fi fi fi A_{2m+1} r fi fi fi_{2,Ω}

+ c‖|α^′_m‖|_{2,2,1−μ,Ω}t sup_t |V_m|_{2,Ω} + c sup_t |α^′_m|_{2,1−μ,Ω}‖V_m‖_{A1−μ(Ω}t_)

+ c sup_t |H_m|_{2,1−μ,Ω} 0 @ tZ 0 fl fl α_{2m} r fl fl^2_{1,Ω} dτ 1 A 1/2 + c‖H_m‖_{2,1−μΩ}t sup_t fi fi α_{2m} r fi fi_{2,Ω}

+ c‖W_m‖_{2,1−μ,Ω}t .

From (3.45) and (3.46) we obtain

(3.47)

‖|A^′_{m+1}‖|_{2,2,1−μ,Ω}t ≤ ct^aφ(‖v_m‖_{A1−μ(Ω}t_)) sup_t |A^′_{m+1}|_{2,1−μ,Ω}

+ c sup_t |h_m|_{2,1−μ,Ω} 0 @ tZ 0 fl fl fl A_{2m+1} r fl fl fl 2 1,Ω dτ 1 A 1/2 + c‖h_m‖_{2,1−μ,Ω}t sup_t fi fi fi A_{2m+1} r fi fi fi_{2,Ω}

+ c‖|α^′_m‖|_{2,2,1−μ,Ω}t sup_t |V_m|_{2,Ω} + c sup_t |α^′_m|_{2,1−μ,Ω}‖V_m‖_{A1−μ(Ω}t_)

+ c sup_t |H_m|_{2,1−μ,Ω} 0 @ tZ 0 fl fl α2m r fl fl^2 1,Ω dτ 1 A 1/2 + c‖H_m‖_{2,1−μ,Ω}t sup_t fi fi α2m r fi fi 2,Ω + c(‖H_m‖_{2,1−μ,Ω}t + ‖W_m‖_{2,1−μ,Ω}t ).

Using (3.10), (3.12), (3.25), (3.26) and (3.35) in (3.47) gives

(3.48)

‖|A^′_{m+1}‖|_{2,2,1−μ,Ω}t ≤ φ(A)[t^a sup_t |A^′_{m+1}|_{2,1−μ,Ω} + |A_{1m+1}|_{2,−(1+μ),Ω}t

+ 0 B @sup_t fi fi fi fi A_{2m+1} r fi fi fi fi_{2,Ω} + 0 @ tZ 0 fl fl fl fl A_{2m+1} r fl fl fl fl 2 1,Ω dτ 1 A 1/21 C A X2

+ (sup_t |V_m|_{2,Ω} + ‖V_m‖_{A1−μ(Ω}t_))[(Y_1 + e^{ct}X_5)X_2 + X_6]

+ (sup_t |H_m|_{2,1−μ,Ω} + ‖H_m‖_{2,1−μ,Ω}t )(Y_1 + e^{ct}X_5)]

+ c(‖H_m‖_{2,1−μ,Ω}t + ‖W_m‖_{2,1−μ,Ω}t ).

Applying [15, (5.9)] to problems (3.40) and (3.42) we obtain

(3.49)

|A^′_{m+1}(t)|_{2,Ω} ≤ φ(A) h sup_t fi fi fi A_{2m+1} r fi fi fi_{2,Ω}‖hm‖_{2,−μ,Ω}t

+ ε_1 0 @ tZ 0 |A_{3m+1,t}′ |^2_{,1−μ,Ω}dt^′ 1 A 1/2 + c(ε_1)‖W_m‖_{2,1−μ,Ω}t

+ |V_m∇α^′_m|_{2,1−μ,Ω}t + |α^′_m · ∇V_m|_{2,1−μ,Ω}t + fi fi fi α_{2m} r H_m fi fi fi_{2,1−μ,Ωt} + fi fi fi fi 1 r^2

H_{m,x} fi fi fi fi_{2,1−μ,Ωt} i ,

where the last three terms we estimate by

(3.50) c sup_t |V_m|_{2,1−μ,Ω}|||α^′_m|||_{2,2,1−μ,Ω}t + c‖V_m‖_{A1−μ(Ω}t_) sup_t |α^′_m|_{2,1−μ,Ω}

+ c sup_t |H_m|_{2,1−μ,Ω} 0 @ tZ 0 fl fl fl α_{2m} r fl fl fl^2_{1,Ω} dτ 1 A 1/2 + c‖H_m‖_{2,1−μ,Ω}t sup_t fi fi fi α_{2m} r fi fi fi_{2,Ω}

+ c‖H_m‖_{2,−μ,Ω}t .

Applying [15, (5.17)] yields

(3.51)

|A^′_{m+1}|^2_{,Ω} + ν tZ 0 ‖A^′_{m+1}‖^2_{1,Ω}dτ ≤ φ(A) h sup_t fi fi A2m+1 r fi fi^2 2,Ω ‖h_m‖^2_{,−μ,Ω}t

+ ε_1 tZ 0 |A_{3m+1,t}′ |^2_{,Ω}dt^′ + c(ε_1)‖W_m‖^2_{,1−μ,Ω}t

+ c sup_t |V_m|^2_{,1−μ,Ω}|||α^′_m|||^2_{,2,1−μ,Ω}t + c‖V_m‖^2_{A1−μ(Ω}t_) sup_t |α^′_m|^2_{,1−μ,Ω}

+ c sup_t |H_m|^2_{,1−μ,Ω} tZ 0 fl fl α2m r fl fl^2 1,Ω dτ + c‖H_m‖^2_{,1−μ,Ω}t sup_t fi fi α2m r fi fi^2 2,Ω i ,

where we used (3.50).

Applying [15, (5.18)] to (3.40) implies

(3.52)

|A_{1m+1}|^2_{,−μ,Ω} + ν|A_{1m+1,x}|^2_{,−μ,Ω}t + ν(1 − 2μ^2)|A_{1m+1}|^2_{,−(1+μ),Ω}t

≤ cA^2 sup_t |A^′_{m+1}|^2_{,Ω} + c|A_{1m+1}|^2_{,Ω} + c fi fi fi fi A_{2m+1} r fi fi fi fi 2 10 3 ,Ω^t

‖h_m‖^2_{,−μ,Ω}t

+ c sup_t |V_m|^2_{,1−μ,Ω}|||α^′_m|||^2_{,2,1−μ,Ω}t + c‖V_m‖^2_{A1−μ(Ω}t_) sup_t |α^′_m|^2_{,1−μ,Ω}

+ c sup_t |H_m|^2_{,1−μ,Ω} tZ 0 fl fl fl α_{2m} r fl fl fl^2_{1,Ω} dτ + c‖Hm‖^2_{,1−μ,Ω}t sup_t fi fi fi α_{2m} r fi fi fi^2_{,Ω}

+ c(‖H_m‖^2_{,−μ,Ω}t + ‖W_m‖^2_{,1−μ,Ω}t ).

Now we obtain estimates for H_m. Multiplying (3.38) by H_m integrating over Ω yields

(3.53) d dt |H_m|^2_{,Ω} + ν‖H_m‖^2_{1,Ω}

≤ c|∇v_m|^2_{3,Ω}|H_m|^2_{,Ω} + c|∇h_m|^2_{3,Ω}|V_m|^2_{,Ω} + c|h_{m−1}|^2_{3,Ω}|∇v_m|^2_{,Ω}.

Integrating (3.53) with respect to time and using the estimates

|V_m(t)|^2_{,Ω} ≤ t tZ 0 |V_{m,t}′ |^2_{,Ω}dt^′, |∇V_m(t)|^2_{,Ω} ≤ t tZ 0 |∇V_{m,t}′ |^2_{,Ω}dt^′,

we obtain

(3.54)

|H_m|^2_{,Ω} + ν tZ 0 ‖H_m‖^2_{1,Ω}dτ ≤ tφ(A)(‖h_m‖^2_{,Ω}t + ‖h_{m−1}‖^2_{,Ω}t )‖V_m‖_{A1−μ(Ω}t_)

≤ φ(A)X_2‖V_m‖_{A1−μ (Ω}t_)).

From (3.38) we have

(3.55)

‖H_m‖_{2,−1,Ω}t + ( tZ 0 ‖Q_m‖^2_{1,−1,Ω}dτ)^{1/2} ≤ c(|V_m∇h_m|_{2,−1,Ω}t + |h_{m−1} · ∇V_m|_{2,−1,Ω}t

+ |v_m · ∇H_m|_{2,−1,Ω}t + |H_m · ∇v_m|_{2,−1,Ω}t ),

where the first two terms on the r.h.s. of (3.55) we estimate by

c(‖h_m‖_{2,−1,Ω}t + ‖h_{m−1}‖_{2,−1,Ω}t )‖V_m‖_{A1−μ (Ω}t_),

and the second two by ε‖H_m‖_{2,−1,Ω}t + c(ε)φ(A) sup_t |H_m|_{2,−1,Ω},

where sup_t |H_m|_{2,−1,Ω} ≤ t^{1/2}‖H_m‖_{2,−1,Ω}t .

Taking ε = 1/2 and assuming that t is so small that

(3.56) φ(A)t^{1/2} ≤ 1/4, we obtain from (3.55) the inequality

(3.57)

‖H_m‖_{2,−1,Ω}t + ( tZ 0 ‖Q_m‖^2_{1,−1,Ω}dτ)^{1/2} ≤ c(‖h_m‖_{2,−1,Ω}t

+ ‖h_{m−1}‖_{2,−1,Ω}t )‖V_m‖_{A1−μ(Ω}t_) ≤ φ(A)X_2‖V_m‖_{A1−μ(Ω}t_).

Applying [13, (5.15)] to (3.39) yields

(3.58)

‖W_m‖_{2,1−μ,Ω}t ≤ c|W_m|_{2,−(1+μ),Ω}t + φ(A)[|W_m|_{2,1−μ,Ω}t

+ X_2‖V_m‖_{A1−μ(Ω}t_)] + c

|V_m · ∇ω_{m−1}|_{2,1−μ,Ω}t + fi fi fi fi V_m r ω_{m−1} fi fi fi fi_{2,1−μ,Ωt} ! , where (3.54) and (3.57) were used.

The last two terms on the r.h.s. of (3.58) we estimate by

c[( tZ 0 |V_m|^2_{p1 ,Ω}|∇ω_{m−1}|^2_{p2 ,1−μ,Ω}dt^′)^{1/2} + ( tZ 0 |V_m|^2_{p1,Ω}|ω_{m−1}|^2_{p2 ,−μ,Ω}dt^′)^{1/2}]

≤ c( tZ 0 |V_m|^2_{p1 ,Ω}|ω_{m−1,x}|^2_{p2 ,1−μ,Ω}dt^′)^{1/2} ≡ I,

where 1/p_1 + 1/p_2 = 1 and the Hardy inequality was used.

Using the imbeddings ∇_xW^2_{2,1−μ}(Ω) ⊂ L_{2p2,1−μ}(Ω) with^3_2 −^3_{2p2} ≤ 1 (see [11]) and V^1_{2,1−μ}(Ω) ⊂ L_{2p1} (Ω) with 1 − μ − 1 +^3_2 −^3_{2p1} ≤ 0 (see (2.8)), which hold together because^3_2 < 1 + μ, μ ∈ ı_1 2 ,^{1√}_2 ȷ , we obtain

I ≤ c sup_t |V_m|_{2p1,Ω}( tZ 0 |ω_{m−1,x}|^2_{p2 ,1−μ,Ω}dt^′)^{1/2}

≤ c sup_t ‖V_m‖_{1,1−μ,Ω}( tZ 0 ‖|ω_{m−1}‖|^2_{,2,1−μ,Ω}dt^′)^{1/2}

≤ ct^{1/2}( tZ 0 ‖V_{m,x}‖^2_{1,1−μ,Ω}dt^′)^{1/2}‖ω_{m−1}‖_{2,1−μ,Ω}t

≤ ct^{1/2}‖V_m‖_{A1−μ(Ω}t_)‖ω_{m−1}‖_{2,1−μ,Ω}t ,

where we exploited that ω_{m−1} fi fi_{r=0} = 0.

Using (3.19) we obtain

(3.59)

‖W_m‖_{2,1−μ,Ω}t ≤ c|W_m|_{2,−(1+μ),Ω}t + φ(A)[|W_m|_{2,1−μ,Ω}t + (X_2 + t^{1/2}e^{ct}X_4)‖V_m‖_{A1−μ(Ω}t_)].

Applying [13, (5.17)] to (3.39) implies

(3.60) |W_m|^2_{,−μ,Ω} + |W_{m,x}|^2_{,−μ,Ω}t + |W_m|^2_{,−(1+μ),Ω}t ≤ φ(A)e^{ct}[X_2 + t^{1/2}e^{ct}X_4]‖V_m‖_{A1−μ(Ω}t_).

From (3.59) and (3.60) we have

(3.61) ‖W_m‖_{2,1−μ,Ω}t ≤ φ(A)e^{ct}[X_2 + t^{1/2}e^{ct}X_4]‖V_m‖_{A1−μ(Ω}t_).

In view of (3.54), (3.57), (3.61) and (3.25) we obtain from (3.48) the inequality

(3.62)

|||A^′_{m+1}|||_{2,2,1−μ,Ω}t ≤ φ(A) h t^a sup_t |A^′_{m+1}|_{2,1−μ,Ω} + |A_{1m+1}|_{2,−(1+μ),Ω}t

+ 0 @sup t fi fi fi fi A_{2m+1} r fi fi fi fi_{2,Ω} + 0 @ tZ 0 fl fl fl fl A_{2m+1} r fl fl fl fl 2 1,Ω dτ 1 A 1 A 1/2 X_2 + ‖V_m‖_{A1−μ(Ω}t_)X_7 i , where (3.63) X_7 = (Y_1 + e^{ct}X_5 + 1)X_2 + e^{ct}X_2 + t^{1/2}e^{ct}X_4 + X_6 Similarly (3.49) implies

(3.64)

|A^′_{m+1}(t)|_{2,Ω} ≤ φ(A) h sup_t fi fi fi A^{2m+1} r fi fi fi 2,Ω X_7

+ ε( tZ 0 |A_{3m+1,t}′ |^2_{,1−μ,Ω}dt^′)^{1/2} + c(ε)‖V_m‖_{A1−μ (Ω}t_)X_7 i . Continuing (3.51) takes the form

(3.65)

|A^′_{m+1}(t)|^2_{,Ω} + ν tZ 0 ‖A^′_{m+1}(τ)‖^2_{1,Ω}dτ ≤ ε tZ 0 |A_{3m+1,t}′ (t^′)|^2_{,1−μ,Ω}dt^′

+ c(ε)‖V_m‖^2_{A1−μ(Ω}t_)X^2_7 .

Finally (3.52) equals to

(3.66)

|A_{1m+1}|^2_{,−μ,Ω} + ν|A_{1m+1,x}|^2_{,−μ,Ω}t + ν|A_{1m+1}|^2_{,−(1+μ),Ω}t

≤ φ(A) h sup_t |A^′_{m+1}|^2_{,Ω} + |A_{1m+1}|^2_{,Ω}t + ‖V_m‖^2_{A1−μ(Ω}t_)X^2_7 + fi fi fi A_{2m+1} r fi fi fi 2 10/3,Ω^t

X^2_7 i . Using (3.65)–(3.66) in (3.62) yields

(3.67)

|||A^′_{m+1}|||_{2,2,1−μ,Ω}t ≤ φ(A) h sup_t fi fi A2m+1 r fi fi 2,Ω + ı^tZ 0 fl fl A2m+1 r fl fl^2 1,Ω dτ ȷ_{1/2}

+ ‖V_m‖_{A1−μ(Ω}t_) i X_7.

To apply Lemma 5.1 from [13] to (3.41) we write (3.41) in the form

(3.68)

A_{2m+1,t} + v_{mr}A_{2m+1,r} + v_{mφ} r A_{2m+1,φ} + v_{mz} A_{2m+1,z}

+ (v_{mr,r} + v_{mz,z})A_{2m+1} = ν 2 4 r ` A_{2m+1} r ´ ,r ! ,r + 1 r^2

A_{2m+1,φφ} + A_{2m+1,zz} + 2 ` A_{2m+1} r ´ ,r 3 5

− V_m∇α_{2m} − (V_{mr,r} + V_{mz,z})α_{2m} + 2ν r^2 ` −H_{mφ,z} + 1 r H_{mz,φ} ´

− 1 r ı ω_{m,z}H_{mr} − ω_{mr}H_{mz} + ω_m r H_{mz} ȷ + 2 r ω_mV_{mφ,z} − 1 r ` W_{m,z}h_{m−1r} − W_{m,r}h_{m−1z} +

W_m r h_{m−1z} ´ + 2 r W_mv_{m−1φ,z},

A_{2m+1} fi fi_S = 0,

A_{2m+1} fi fi_{t=0} = 0.

Multiplying (3.68) by^{A2m+1}_{r2} and integrating over Ω^t yields

(3.69) fi fi fi fi A_{2m+1} r fi fi fi fi 2 2,Ω + ν tZ 0 fl fl fl fl A_{2m+1} r fl fl fl fl 2 1,Ω dτ ≤ c sup_t ‖h_{mφ}‖^2_{1,−1,Ω} tZ 0 fl fl fl fl A_{2m+1} r fl fl fl fl 2 1,Ω dτ

+ fi fi fi fi fi Z Ω^t

V_m∇α_{2m}

A_{2m+1}

r^2 dx fi fi fi fi fi + fi fi fi fi fi Z Ω^t

(V_{mr,r} + V_{mz,z})α_{2m}

A_{2m+1}

r^2 dx fi fi fi fi fi + 2ν fi fi fi fi fi Z Ω^t 1 r^2 ` −H_{mφ,z} + 1 r H_{mz,φ} ´ A_{2m+1}

r^2 dx fi fi fi fi fi

+ fi fi fi fi fi fi Z Ω^t 1 r ı ω_{m,z}H_{mr} − ω_{m,r}H_{mz} + ω_m r H_{mz} ȷ A_{2m+1}

r^2 dx fi fi fi fi fi fi + fi fi fi fi fi Z Ω^t 2 r ω_mV_{mφ,z}

A_{2m+1}

r^2 dx fi fi fi fi fi + fi fi fi fi fi Z Ω^t 1 r ` W_{m,z} h_{m−1r} − W_{m,r}h_{m−1z} +

W_m r h_{m−1z} ´ A_{2m+1}

r^2 dx fi fi fi fi fi + fi fi fi fi fi Z Ω^t 2 r W_mv_{m−1φ,z}

A_{2m+1}

r^2 dx fi fi fi fi fi .

Now we have to estimate the particular terms on the r.h.s. of (3.69). The second term on the r.h.s. of (3.69)

we estimate by ε tZ 0 fi fi fi fi A_{2m+1} r fi fi fi fi 2 6,Ω dt + c(ε) tZ 0 fi fi fiVm ı ∇ α_{2m} r − α_{2m}

r^2 ∇r ȷfi fi^2_{65 ,Ω} dt ≡ I1,

where the second term in I_1 we estimate by tZ 0 `fi fi fiVm∇ α_{2m} r fi fi fi^2_{65 ,Ω} + fi fi fiVm α_{2m}

r^2 fi fi fi^2_{65 ,Ω} ´ dt

≤ tZ 0 |V_m|^2_{3,Ω} fi fi fi∇ α_{2m} r fi fi fi^2_{,Ω} dt + tZ 0 |V_m|^2_{3,−1+σ,Ω}|α_{2m}|^2_{,−(1+σ),Ω}dt ≡ I_2,

where σ is close to 1.

Using the Hardy inequality we obtain

I_2 ≤ c sup_t |V_m|^2_{3,−1+σ,Ω} tZ 0 fi fi∇ α2m r fi fi^2 2,Ω dt ≡ I_3.

Finally using (2.8) with 1 − μ − 1 +^3_2 −^3 ≤ σ − 1 which implies that μ ≥^3_2 − σ so μ >^1_2 we have

I_3 ≤ φ(A) sup_t ‖V_m‖^2_{1,1−μ,Ω} ≤ φ(A)t‖V_m‖^2_{A1−μ (Ω}t_).

The third term on the r.h.s. of (3.69) we estimate by tZ 0 |V_{m,x}| 3_{2 ,Ω} fi fi α2m r fi fi 6,Ω fi fi fi A_{2m+1} r fi fi fi_{6,Ω} dt

≤ ε tZ 0 fi fi fi A_{2m+1} r fi fi fi 2 6,Ω dt + c(ε) sup_t |V_{m,x}|^2_{3/2,Ω} tZ 0 fi fi α_{2m} r fi fi^2_{6,Ω} dt

≤ ε tZ 0 fi fi fi A_{2m+1} r fi fi fi 2 6,Ω dt + c(ε)φ(A)t‖V_m‖^2_{A1−μ(Ω}t_).

Repeating the proof of Lemma 5.1 [13] we estimate the fourth term on the r.h.s. of (3.69) by ε Z Ω^t fi fi fi A_{2m+1,φ} r^2 fi fi fi 2 dx + c(ε)‖H_m‖^2_{,−1,Ω}t .

The fifth term on the r.h.s. of (3.69) we estimate by c Z Ω^t ı |ω_{m,x}| + fi fi fi ω_m r fi fi fi ȷ fi fi fi H_m r^2 fi fi fi fi fi fi fi fi A_{2m+1} r fi fi fi fi dx

≤ ε tZ 0 fi fi fiA^{2m+1} r fi fi fi^2 6,Ω dt + c(ε) sup_t ` |ω_{m,x}|^2_{,Ω} + fi fi ωm r fi fi^2 2,Ω ´^tZ 0 fi fi fiH^m r^2 fi fi fi^2 3,Ω dt

≤ ε tZ 0 fi fi fi A_{2m+1} r fi fi fi 2 6,Ω dt + c(ε)φ(A)e^{ct}X_5‖H_m‖^2_{,−1,Ω}t ,

where we used (3.24).

The sixth term on the r.h.s. of (3.69) we estimate by

ε tZ 0 fi fi fi A_{2m+1} r fi fi fi 2 6,Ω dt + c(ε) tZ 0 fi fi ω_m r^{1+μ} fi fi^2_{,Ω} fi fi fi V_{mφ,z} r^{1−μ} fi fi fi 2 3,Ω dt

≤ ε tZ 0 fi fi fi A_{2m+1} r fi fi fi 2 6,Ω dt + c(ε) sup_t |ω_m|^2_{,−(1+μ),Ω}‖V_m‖^2_{A1−μ(Ω}t_)

≤ ε tZ 0 fl fl fl A_{2m+1} r fl fl fl 2 1,Ω dt + c(ε)φ(A)e^{ct}X_5‖V_m‖^2_{A1−μ(Ω}t_).

The seventh term on the r.h.s. of (3.69) we estimate by

ε tZ 0 fi fi fi A_{2m+1} r fi fi fi 2 6,Ω dt + c(ε) tZ 0 (|W_{m,x}|^2_{,1−μ,Ω} + |W_m|^2_{,−μ,Ω}) · ·|h_m|^2_{3,−3+μ,Ω}dt

≤ ε tZ 0 fl fl fl A_{2m+1} r fl fl fl 2 1,Ω dt + c(ε) sup_t (|W_{m,x}|^2_{,1−μ,Ω} + |W_m|^2_{,−μ,Ω})‖h_m‖^2_{,−1,Ω}t

≤ ε tZ 0 fl fl fl A_{2m+1} r fl fl fl 2 1,Ω dt + c(ε)φ(A)X^2_1 X^2_7 ‖V_m‖^2_{A1−μ(Ω}t_), where we used that sup_t |W_{m,x}|_{2,1−μ,Ω} ≤ c‖W_m‖_{2,1−μ,Ω}t

and (3.10), (3.60), (3.61).

Finally the last term on the r.h.s. of (3.69) we estimate by

ε tZ 0 fi fi fi A_{2m+1} r fi fi fi 2 6,Ω dt + c(ε) tZ 0 fi fi fi W_m r^{1+μ} fi fi fi 2 3,Ω fi fi v_{m−1φ,z}

r^{1−μ} fi fi^2_{3,Ω} dt

≤ ε tZ 0 fl fl fl A_{2m+1} r fl fl fl 2 1,Ω dt + c(ε) sup_t |W_m|^2_{,−(1+μ),Ω}|||v_{m−1}|||^2_{3,2,1−μ,Ω}t ,

where to estimate the first factor of the second term we apply the proof of (5.13) from [14] to (3.39). Hence we have

(3.70)

|W_{m,x}(t)|^2_{,−μ,Ω} + |W_m(t)|^2_{,−(1+μ),Ω} ≤ φ(A) h^tZ 0 ‖Q_m‖^2_{1,−1,Ω}dt

+ ‖H_m‖^2_{,−1,Ω}t + tZ 0 |V_m|^2_{,−μ,Ω}dt + tZ 0 |V_m∇ω_{m−1}|^2_{,−μ,Ω}dt

+ tZ 0 fi fi fiVm ω_{m−1} r fi fi fi^2_{,−μ,Ω} dt i ≤ φ(A)(t^a + X^2_7 )‖V_m‖^2_{A1−μ(Ω}t_),

where the last two terms in the middle expression we estimate by

sup_t ` |∇ω_{m−1}|^2_{,−μ,Ω} + fi fi ω_{m−1} r fi fi^2_{,−μ,Ω}

´^tZ 0 |V_m|^2_{∞,Ω}dt ≤ φ(A)X^2_7 ‖V_m‖^2_{A1−μ(Ω}t_),

and we exploited (3.57).

Using the above estimates in (3.69) and assuming that ε and sup_t ‖h_{mφ}‖_{1,−1,Ω} are sufficiently small we obtain

(3.71) fi fi fi fi A_{2m+1} r fi fi fi fi 2 2,Ω + ν tZ 0 fl fl fl fl A_{2m+1} r fl fl fl fl 2 1,Ω dt ≤ φ(A) h^tZ 0 ‖Q_m‖^2_{1,−1,Ω}dt

+ ‖H_m‖^2_{,−1,Ω}t + (X^2_7 + t^a)‖V_m‖^2_{A1−μ(Ω}t_) i ≤ φ(A)(X^2_7 + t^a)‖V_m‖^2_{A1−μ(Ω}t_),

where a > 0.

To obtain further estimates for A_{2m+1} we write (3.41) in the form

(3.72)

A_{2m+1,t} + v_m · ∇A_{2m+1} + (v_{mr,r} + v_{mz,z} )A_{2m+1} + ν

A_{2m+1} r^2 − νΔA_{2m+1} = −V_m · ∇α_{2m} − (V_{mr,r} + V_{mz,z} )α_{2m} + 2ν r^2 ` 1 r H_{mz,φ} − H_{mφ,z} ´ − 1 r ı W_{m,z} h_{mr} + ω_{m−1,z}H_{mr}

− W_{m,r}h_{mz} − ω_{m−1,r}H_{mz} +

W_m r h_{mz} + ω_{m−1} r H_{mz} ȷ + 2 r W_mv_{mφ,z} + 2 r ω_{m−1}V_{mφ,z},

A_{2m+1} fi fi_S = 0,

A_{2m+1} fi fi_{t=0} = 0.

Applying the proof of Lemma 5.1 from [15] to (3.72) yields

(3.73)

‖A_{2m+1}‖_{2,1−μ,Ω}t ≤ c(‖v_m‖_{A1−μ(Ω}t + ‖h_m‖_{2,1−μ,Ω}t + 1)· · 0 B @|A2m+1|2,−1,Ω + 0 @ tZ 0 fl fl fl fl A_{2m+1} r fl fl fl fl 2 1,Ω dτ 1 A 1/21 C A + c(‖ω_{m−1}‖_{2,1−μ,Ω}t + 1)‖H_m‖_{2,−1,Ω}t + c(‖h_m‖_{2,−1,Ω}t ‖W_m‖_{2,1−μ,Ω}t + sup_t ‖ω_{m−1}‖_{1,−μ,Ω}‖V_m‖_{A1−μ(Ω}t_) + ‖v_m‖_{A1−μ(Ω}t_) sup_t ‖W_m‖_{1,−μ,Ω}) + c(|∇α_{2m}V_m|_{2,1−μ,Ω}t + |α_{2m}V_{m,x}|_{2,1−μ,Ω}t ),

where the last two terms we estimate by (see [12])

ct^a‖α_{2m}‖_{2,1−μ,Ω}t ‖V_m‖_{A1−μ(Ω}t_),

where a > 0.

Summarizing we have

(3.74)

‖A_{2m+1}‖_{2,1−μ,Ω}t ≤ φ(A)[( tZ 0 ‖Q_m‖^2_{1,−1,Ω}dt)^{1/2} + ‖H_m‖_{2,−1,Ω}t

+ (t^a + X_7)‖V_m‖_{A1−μ(Ω}t_) + ‖W_m‖_{2,1−μ,Ω}t + sup_t ‖W_m‖_{1,−μ,Ω}] ≤ φ(A)(t^a + X_7)‖V_m‖_{A1−μ(Ω}t_),

where to show the second inequlaity we used (3.57), (3.61), (3.70).

From (3.43), (3.67), (3.71), (3.74) we obtain (3.37). This concludes the proof. From Lemmas 3.1, 3.2 we have Theorem 3.3. Let the assumptions of Lemmas 3.1, 3.2 hold. Then there exists a solution of (1.1) such that v ∈ A_{1−μ}(Ω^T ), p ∈ L_2(0, T ); W^2_{2,1−μ}(Ω)) and ‖v‖_{A1−μ(Ω}T_) ≤ A.

4. Global existence

To prove global existence we have to prolongate the local solution from Section 3. To prolongate the local solution we have to show (3.9) in the form

(4.1) ‖v_m‖_{A1−μ(Ω×(T0,t))} ≤ A,

where t ≤ T_0 + T , and T_0 is an arbitrary number. Then by Theorem 3.3 we show existence of solutions to (1.1) in the interval (T_0, T_0 + T ). For the inductive considerations we assume T_0 = kT , where k ∈ N.

To show (4.1) we have to satisfy the assumptions of Lemma 3.1 at t = T_0. For this purpose we define:

(4.2)

X_5(T_0) = |g|_{2,Ω×(T0,t)} + |f_φ|_{2,−μ,Ω×(T0 ,t)} + ‖h(T_0)‖_{1,−1,Ω} + |ω_{,x}(T_0)|_{2,−μ,Ω} + |ω(T_0)|_{2,−(1+μ),Ω}, X_6(T_0) = X_5(T_0) + |F^′|_{2,1−μ,Ω×(T0 ,t)} + |α^′(T_0)|_{2,1−μ,Ω}, D(T_0, t) = |f|_{2,Ω×(T0,t)} + | Z Ω v_η (T_0)dx|

+ sup_t | tZ T_0 dτ Z Ω f_η(x, τ)dx| + |v(T_0)|_{2,Ω},

Y_1(T_0) = |χ(T_0)|_{2,−1,Ω} + |F_2|_{2,−1,Ω×(T0,t)}, Y_2(T_0) = |F_2|_{2,1−μ,Ω×(T0 ,t)} + ‖χ(T_0)‖_{1,1−μ,Ω}, and t ∈ (T_0, T_0 + T ).

Let us introduce the quantities

(4.3)

X^∗_5 = max_{T0} X_5(T_0), X^∗_6 = max_{T0} X_6(T_0), D^∗ = max_{T0} D(T_0, t), Y^∗_1 = max_{T0} Y_1(T_0), Y^∗_2 = max_{T0} Y_2(T_0)

and let us formulate formally the inequalities

(4.4) c(Y^∗_1 + φ(A)e^{cT} X^∗_5 )^2D^∗ + c(Y^∗_1 + Y^∗_2 ) ≤ A, φ(A)(e^{cT} X^∗_5 + X^∗_6 ) + φ(A)X^∗_5 Y^∗_1 ≤ A.

If we show that Y^∗_1 , Y^∗_2 , D^∗ are bounded and if X^∗_5 and X^∗_6 are sufficiently small then (4.4) can be satisfied by finding an appropriate number A. Hence we can apply Lemma 3.1 and then Theorem 3.3 step by step up to infinity.

To simplify notation we introduce (4.5) A(t_1, t_2) = ‖v‖_{A1−μ(Ω×(t1 ,t2))}. We assume the decay (4.6) γ(t) ≡ |g(t)|_{2,−1,Ω} + |g_t(t)|_{2,Ω} ≤ γ(0)e^{−ν0t}. First we have Lemma 4.1. Assume that v ∈ A_{1−μ}(Ω^t) and h is a solution of (1.2). Assume that 0 < t_1 < t ≤ T . Assume (4.6). Then (4.7) ‖h(t)‖_{1,−1,Ω} ≤ φ(A(0, t))e^{−ν0 t1} (‖h(0)‖_{1,−1,Ω} + γ(0)), where φ is an increasing positive function and (4.5) is used.

Proof. Let ζ = ζ(t) be a smooth function such that ζ(t) = 0 for t ≤ t_1 and ζ(t) = 1 for t ≥ t_2, where t_2 < T and T is the time of local solution. Multiplying (1.2) by ζ(t) and introducing new quantities h̃ = hζ, q̃ = qζ, G̃ = Gζ, problem (1.2) takes the form

(4.8) h̃_t − divD(h̃) + ∇q̃ = G̃ + ζ̇h, divh̃ = 0, h̃ · n̄ = 0, n̄ · D(h̃) · τ̄_α = 0, α = 1, 2, h̃fi_{t=0} = 0.

Considering (4.8) in the interval (t_1, t) we obtain the estimate

(4.9)

‖h̃‖_{2,−1,Ω×(t1,t)} + ‖∇q̃‖_{0,−1,Ω×(t1,t)} ≤ c_1(‖G̃‖_{0,−1,Ω×(t1,t)} + 1 t_2 − t_1

‖h‖_{0,−1,Ω×(t1,t)}),

where c_1 does not depend on t (see [16]).

Now we examine the last term on the r.h.s. of (4.9). Applying the Hardy inequality and using that the domain Ω is bounded we obtain

(4.10)

‖h‖_{0,−1,Ω×(t1,t)} ≤ c‖h‖_{0,−1−ε,Ω×(t1,t)} ≤ c‖h_{,x}‖_{0,−ε,Ω×(t1,t)} ≤ c‖h_{,xx}‖_{0,1−ε,Ω×(t1,t)} ≤ c‖h_{,xx}‖_{0,Ω×(t1,t)}, where ε > 0 and the constants c do not depend on t.

To estimate the r.h.s. of (4.10) we apply the energy method to problem (1.2). Multiplying (1.2)_1 by h_t and integrating over Ω yields Z Ω h^2_t dx + Z Ω D(h) · D(h_t)dx = Z Ω G · h_tdx

Continuing we have

(4.11) d dt Z Ω |D(h)|^2dx + Z Ω h^2_t dx ≤ Z Ω G^2dx.

Integrating (4.11) with respect to t yields

(4.12) Z Ω |D(h(t))|^2dx + Z Ω^t

h^2_t dxdt ≤ Z Ω^t

G^2dxdt + Z Ω |D(h(0))|^2dx.

In view of Lemma 3.5 and Remark 3.6 from [13] we have the Korn inequality

(4.13) ‖h‖^2_{1,Ω} ≤ c|D(h)|^2_{,Ω}.

Using (4.13) in (4.12) implies

(4.14) ‖h(t)‖^2_{1,Ω} + |h_t|^2_{,Ω}t ≤ c(|G|^2_{,Ω}t + ‖h(0)‖^2_{1,Ω}),

where the constant c does not depend on t.

In view of (4.14) we have that h_t ∈ L_2(Ω^t), so instead of (1.2) we consider the elliptic problem

(4.15)

− divD(h) + ∇q = G − h_t, divh = 0, h · n̄ = 0, n̄ · D(h) · τ̄_α = 0, α = 1, 2.

For solutions of (4.15) we have the estimate

(4.16) ‖h‖^2_{,Ω} + ‖∇q‖^2_{0,Ω} ≤ c(‖G‖^2_{0,Ω} + ‖h_t‖^2_{0,Ω}),

where c does not depend on t.

Integrating (4.16) with respect to t and using (4.14) give

(4.17) ‖h‖^2_{,Ω}t + ‖∇q‖^2_{0,Ω}t ≤ c(‖G‖^2_{0,Ω}t + ‖h(0)‖^2_{1,Ω}),

where c does not depend on t.

Taking t_∗ < t_1 and using the form of G we obtain from (4.9), (4.10) and (4.17) the estimate

(4.18)

‖h(t)‖_{1,−1,Ω} ≤ c_1 h ‖v‖_{A1−μ(Ω×(t1,t))} sup_{t′ ∈(t1,t)} ‖h(t^′)‖_{1,Ω}

+ ‖g‖_{0,−1,Ω×(t1,t)} + 1 t_2 − t_1

‖h(t_∗)‖_{1,Ω} i , where t_∗ < t_1 and can be chosen as very close to t_1. From (5.63) in [14] we have

(4.19) ‖h(t)‖_{1,Ω} ≤ e^{−ν0 t+c‖v‖A1−μ(Ωt )} [‖h(0)‖_{1,Ω} + c( tZ 0 ‖g(t^′)‖^2_{0,Ω}e^{ν0t′−c‖v‖A1−μ (Ωt′ )} dt^′)^{1/2}],

where the constants c do not depend on t.

Using (4.6) and (4.19) in (4.18) yields

(4.20)

‖h(t)‖_{1,−1,Ω} ≤ h A(t_1, t)φ(A(0, t_1))e^{−ν0 t1} (‖h(0)‖_{1,−1,Ω} + γ(0)) + 1 t_2 − t_1 φ(A(0, t_1))e^{−ν0 t∗} (‖h(0)‖_{1,−1,Ω} + γ(0)) i . Using that t_2 is sufficiently greater than t_1 and t_∗ is sufficiently close to t_1 we obtain (4.7). This concludes the proof.

Let us introduce the quantity (4.21) Z_1(t) = |ω_{,x}(t)|_{2,−μ,Ω} + |ω(t)|_{2,−(1+μ),Ω}.

Lemma 4.2. Assume that v ∈ A_{1−μ}(Ω^t), ω ∈ L_∞(0, t; H^1_1 (Ω)), and the decay estimate (4.6) is satisfied. Then the inequality holds (4.22) Z_1(t) ≤ φ(A(0, t))[sup_t |ω|_{2,1,Ω} + γ(0) + ‖h(0)‖_{1,−1,Ω} + |f_φ|_{2,−μ,Ω}t + e^{−ν1t}Z_1(0)].

where φ is an increasing positive function and |ω(t)|_{2,1,Ω} is estimated by (4.29). Proof. From [14, (5.48)],

(4.23)

|h_{,t}(t)|^2_{,Ω} + ‖h(t)‖^2_{1,Ω} ≤ e^{−ν0t+c‖v‖A1−μ (Ωt )} [|h_t(0)|^2_{,Ω}

+ ‖h(0)‖^2_{1,Ω} + c tZ 0 (‖g(t^′)‖^2_{0,Ω} + ‖g_t′ (t^′)‖^2_{0,Ω})e^{ν0 t′ −c‖v‖A1−μ(Ωt′ )} dt^′]

≤ φ(A(0, t))e^{−ν0 t}[|h_t(0)|^2_{,Ω} + ‖h(0)‖^2_{1,Ω} + γ^2(0)], where (4.6) was used in the second inequality and constants c do not depend on t. From [14, (5.52)],

(4.24)

‖q(t)‖^2_{0,Ω} ≤ c(‖h_t(t)‖^2_{0,Ω} + ‖h(t)‖^2_{1,Ω} + ‖v(t)‖^2_{1,Ω}‖h(t)‖^2_{1,Ω} + ‖g(t)‖^2_{0,Ω}) ≤ c(1 + ‖v‖^2_{A1−μ(Ω}t_))(‖h_t(t)‖^2_{0,Ω} + ‖h(t)‖^2_{1,Ω}) + c‖g(t)‖^2_{0,Ω} ≤ φ(A(0, t))e^{−ν0 t}[|h_t(0)|^2_{,Ω} + ‖h(0)‖^2_{1,Ω} + γ^2(0)].

From [13, (5.16)] we get

(4.25)

‖h‖_{2,−1,Ω}t + ( tZ 0 ‖q(t^′)‖^2_{1,−1,Ω}dt^′)^{1/2} ≤ φ(‖v‖_{A1−μ (Ω}t_))(|g|_{2,−1,Ω}t

+ ‖h(0)‖_{1,−1,Ω}) ≤ φ(A(0, t))(γ(0) + ‖h(0)‖_{1,−1,Ω}).

From [14, (5.13)] we have

(4.26)

Z_1(t) ≤ φ(‖v‖_{A1−μ (Ω}t_)[(e^{−2ν0t} tZ 0 |ω(t^′)|^2_{,−μ,Ω}e^{2ν0 t′} dt^′)^{1/2}

+ ( tZ 0 |q|^2_{,−(1+μ),Ω} + |h|^2_{,−(2+μ),Ω} + |f_φ|^2_{,−μ,Ω})dt^′)^{1/2}]

+ ce^{−ν0t+c‖v‖A1−μ(Ωt )} Z_1(0)

≤ φ(A(0, t)[(e^{−2ν0 t} tZ 0 |ω(t^′)|^2_{,−μ,Ω}e^{2ν0 t′} dt^′)^{1/2} + γ(0) + ‖h(0)‖_{1,−1,Ω}

+ |f_φ|_{2,−μ,Ω}t + e^{−ν0 t}Z_1(0)], where (4.25) was used. From [14, (5.76)] we obtain

(4.27)

|ω(t)|_{2,−μ,Ω} ≤ φ(‖v‖_{A1−μ(Ω}t_))[sup_t |ω|_{2,1,Ω}

+ ( tZ 0 (|q|^2_{,−(1+μ),Ω} + |h|^2_{,−(1+μ),Ω} + |f_φ|^2_{,−μ,Ω})dt^′)^{1/2}

+ ce^{−ν1t+‖v‖A1−μ (Ωt )} |ω(0)|_{2,−μ,Ω}] ≤ φ(A(0, t))[sup_t |ω|_{2,1,Ω} + γ(0) + ‖h(0)‖_{1,−1,Ω} + |f_φ|_{2,−μ,Ω}t + e^{−ν1t}|ω(0)|_{2,−μ,Ω}], where (4.25) was used in the second inequality and ν_1 ≤ ν_0.

To estimate the first term on the r.h.s. of (4.27) we use [14, (5.34)] in the form

(4.28) |ω(t)|_{2,1,Ω} ≤ |ω(0)|_{2,1,Ω} + c tZ 0 (|h_{,x}(t^′)|_{2,Ω} + |q(t^′)|_{2,Ω} + |f_φ(t^′)|_{2,1,Ω})dt^′.

Applying (4.23) and (4.24) in (4.28) yields

(4.29) |ω(t)|_{2,1,Ω} ≤ |ω(0)|_{2,1,Ω} + φ(A(0, t))(|h_t(0)|_{2,Ω} + ‖h(0)‖_{1,Ω}) + c tZ 0 |f_φ(t^′)|_{2,1,Ω}dt^′.

Using (4.27) in (4.26) yields (4.22). This concludes the proof.

Lemma 4.3. Assume that v ∈ A_{1−μ}(Ω^t), ω ∈ L_∞(0, t; L_2(Ω)), f_φ ∈ L_{2,−1}(Ω^t), F ∈ L_{2,−1}(Ω^t), h(0) ∈ H^1_{−1}(Ω), χ(0) ∈ L_{2,−1}(Ω), ω(0) ∈ H^1_{−μ}(Ω) and the decay estimate (4.6) holds. Then

(4.30)

|χ(t)|_{2,−1,Ω} ≤ φ(A(0, t))[sup_t |ω|_{2,1,Ω} + γ(0) + ‖h(0)‖_{1,−1,Ω} + |f_φ|_{2,−μ,Ω}t ] + c|F_φ|_{2,−1,Ω}t + e^{−ν1t}Z_1(0) + e^{−νt}|χ(0)|_{2,−1,Ω}.

Proof. From [13, (5.7)] we have

(4.31) d dt |χ|^2_{,−1,Ω} + ν|χ|^2_{,−1,Ω} ≤ c(1 + ‖ω‖^2_{1,0,Ω})‖h‖^2_{,−1,Ω} + c‖ω‖^2_{1,−μ,Ω}|||ω|||^2_{,2,1−μ,Ω} + c|F_2|^2_{,−1,Ω}.

Integrating (4.31) with respect to time yields

(4.32)

|χ(t)|^2_{,−1,Ω} ≤ ce^{−νt} tZ 0 (1 + ‖ω‖^2_{1,0,Ω})‖h‖^2_{,−1,Ω}e^{+νt′} dt^′

+ c‖v‖^2_{A1−μ(Ω}t_) sup_t ‖ω‖^2_{1,−μ,Ω} + ce^{−νt} tZ 0 |F_φ(t^′)|^2_{,−1,Ω}e^{νt′} dt^′

+ e^{−νt}|χ(0)|^2_{,−1,Ω}. Continuing,

(4.33)

|χ(t)|_{2,−1,Ω} ≤ c(1 + sup_t ‖ω‖_{1,0,Ω})‖h‖_{2,−1,Ω}t + c‖v‖_{A1−μ(Ω}t_) sup_t ‖ω‖_{1,−μ,Ω}t_) + c|F_φ|_{2,−1,Ω}t + e^{−νt}|χ(0)|_{2,−1,Ω}.

Using (4.22) and (4.25) yields (4.30). This concludes the proof. Lemma 4.4. Assume that A(kT, (k + 1)T ) ≤ A for ∀k ∈ N, (4.34) Z_2(t) = |h_t(t)|_{2,Ω} + ‖h(t)‖_{1,Ω} + γ(t) φ(A)e^{−ν0 T} < 1,

R_∞ 0 |f_φ(t^′)|_{2,1,Ω}dt^′ < ε_1, where ε_1 is sufficiently small.

Then

(4.35) |ω(kT )|_{2,1,Ω} ≤ |ω(0)|_{2,1,Ω} + φ(A) 1 − φ(A)e^{−ν0 T}

Z_2(0) + c ∞Z 0 |f_φ(t^′)|_{2,1,Ω}dt^′,

for any k ∈ N.

Proof. From (4.29) and (4.23), (4.6) we obtain

(4.36) |ω(kT )|_{2,1,Ω} ≤ |ω(0)|_{2,1,Ω} + k−1X i=0 (φ(A)e^{−ν0 T} )^iφ(A)Z_2(0) + c kTZ 0 |f_φ(t^′)|_{2,1,Ω}dt^′.

Passing with k → ∞ on the r.h.s. of (4.36) and using the assumptions of the lemma we obtain (4.35). This concludes the proof.

Now we want to find X^∗_5 . From (4.2)_1 we have X_5(τ) ≤ |g|_{2,Ω×(τ,t)} + |f_φ|_{2,−μ,Ω×(τ,t)} + φ(A)e^{−ν0 (t−τ )}Z_3(τ) + φ(A)[sup_{t≥τ} |ω|_{2,1,Ω} + γ(τ) + Z_3(τ) + |f_φ|_{2,−μ,Ω×(τ,t)} + e^{−ν1 (t−τ )}Z_1(τ)],

where (4.37) Z_3(t) = ‖h(t)‖_{1,−1,Ω} + γ(t). In (4.7) we have that T > t_1 > 0. Let us assume that t_1 is so large that φ(A)e^{−νt1} ≡ a_1 < 1.

Then (4.7) implies Z_3(T ) ≤ a_1Z_3(0). Continuing Z_3(kT ) ≤ a^k_1 Z_3(0). Since |ω(t)|_{2,1,Ω} is bounded for all t > 0 we obtain from (4.22) that Z_1(kT ) ≤ a^k_2 (Z_3(0) + Z_1(0)) + φ(A)(sup_t |ω|_{2,1,Ω} + |f_φ|_{2,−μ,Ω}t ).

If a_2 ≡ φ(A)e^{−νT} < 1 then we obtain the bound

(4.38)

X^∗_5 = |g|_{2,Ω×(0,∞)} + |f_φ|_{2,−μ,Ω×(0,∞)} + ∞Z 0 |f_φ(t^′)|_{2,1,Ω}dt^′

+ φ(A)(|ω(0)|_{2,1,Ω} + Z_1(0) + Z_2(0) + Z_3(0)). To find X^∗_6 we need

Lemma 4.5. Assume that v ∈ A_{1−μ}(Ω^t), ω(0) ∈ L_{2,1}(Ω), h_t(0) ∈ L_2(Ω), h(0) ∈ H^1_{−1}(Ω), g(0) ∈ L_{2,−1}(Ω), g_t(0) ∈ L_2(Ω), f_φ ∈ L_{2,−μ}(Ω^t), f_φ ∈ L_1(0, t; L_{2,1}(Ω)), ω(0) ∈ H^1_{−μ}(Ω), F_2 ∈ L_2(0, t; L_{2,−1}(Ω)), F^′ ∈ L_2(0, t; L_{2,1−μ}(Ω)). Then

(4.39)

‖α^′(t)‖_{1,1−μ,Ω} ≤ φ(A(0, t))[|ω(0)|_{2,1,Ω} + |h_t(0)|_{2,Ω} + ‖h(0)‖_{1,−1,Ω}

+ γ(0) + |f_φ|_{2,−μ,Ω}t0 +

t_0Z

0 |f_φ(t^′)|_{2,1,Ω}dt^′ + e^{−ν1t0} Z_1(0)],

where t_0 < t.

Proof. Multiplying problems (3.3), (3.5) by the function ζ(t) (see the proof of Lemma 4.1) and using [15, (5.21)], [13, (5.5^′)] we have

(4.40)

‖α^′(t)‖_{1,1−μ,Ω} ≤ φ(A(0, t))[‖h‖_{2,−1,Ω×(t0,t)} + sup_{t′ ∈(t0,t)} ‖ω(t^′)‖_{1,−μ,Ω}

+ (|F_2|_{2,−1,Ω×(t0,t)} + |χ(t_0)|_{2,−1,Ω})‖h‖_{2,−μ,Ω×(t0,t)} + ‖ω‖_{2,Ω×(t0,t)} + |F^′|_{2,1−μ,Ω×(t0,t)}] + c t_2 − t_1

‖α^′‖_{0,1−μ,Ω×(t0,t)},

where 0 < t_0 < t_1 < t_2 < t.

Using the form of α^′ (see (1.11)) we have

(4.41)

|α^′(t_0)|_{2,Ω} ≤ c(‖h(t_0)‖_{0,−1,Ω} + ‖ω(t_0)‖_{1,0,Ω}) ≤ φ(A(0, t_0))e^{−ν1 t1} (‖h(0)‖_{1,−1,Ω} + γ(0)), ‖α^′‖_{0,1−μ,Ω×(t0,t)} ≤ c(‖h‖_{0,−μ,Ω×(t0,t)} + ‖ω‖_{1,1−μ,Ω×(t0,t)}) ≤ φ(A(0, t_0))[|ω(0)|_{2,1,Ω} + |h_t(0)|_{2,Ω} + ‖h(0)‖_{1,−1,Ω} + γ(0)

+ |f_φ|_{2,−μ,Ω}t0 +

t_0Z

0 |f_φ(t^′)|_{2,1,Ω}dt^′ + e^{−ν1t0} Z_1(0)],

where 0 < t_1 < t_0.

From (4.25) we have

(4.42)

‖h‖_{2,−1,Ω×(t0,t)} ≤ φ(A(t_0, t))[‖g‖_{0,Ω×(t0,t)} + ‖h(t_0)‖_{1,−1,Ω}] ≤ φ(A(0, t))e^{−ν1 t1} (‖h(0)‖_{1,−1,Ω} + γ(0)),

where 0 < t_1 < t_0.

Finally using (4.22) and (4.29) we have

(4.43) sup_t ‖ω(t)‖_{1,−μ,Ω} ≤ φ(A(0, t))[|ω(0)|_{2,1,Ω} + |h_t(0)|_{2,Ω} + ‖h(0)‖_{1,−1,Ω}

+ γ(0) + |f_φ|_{2,−μ,Ω}t + tZ 0 |f_φ(t^′)|_{2,1,Ω}dt^′ + e^{−ν1t}Z_1(0)].

Using Lemma 5.7 from [13] and (4.41)–(4.43) in (4.40) yield (4.39). This concludes the proof.

Assuming any decay of |F^′(t)|_{2,1−μ,Ω} we obtain that there exists sup_{T0} |F^′|_{2,1−μ,Ω×(T0 ,t)}. Therefore to determine X^∗_6 we have to show that sup_t ‖α^′(t)‖_{1,1−μ,Ω} could exist and remains small. The inequality (4.39) is proved for t ≤ T , where T is the time of local existence. From (4.36) we see that sup_t |ω(kT )|_{2,1,Ω} remains small.

Moreover we have the decay (4.44) |h_t(t)|_{2,Ω} + ‖h(t)‖_{1,Ω} + γ(t) ≤ e^{−νt}(|h_t(0)|_{2,Ω} + ‖h(0)‖_{1,Ω} + γ(0)). From (4.22) and (4.36) we see that Z_1(t) remains small for all t > 0. Assuming the decay |f_φ(t)|_{2,−μ,Ω} + |f_φ(t)|_{2,1,Ω} ≤ ce^{−ν2t}(|f_φ(0)|_{2,−μ,Ω} + |f_φ(0)|_{2,1,Ω}), we see that the two norms with f_φ remain small for all t > 0.

In this way we have shown that there exists Y^∗_6 which could remain as small as we wish. From [13, (3.30)] we have d dt |v|_{2,Ω} ≤ |f|_{2,Ω}, so (4.45) |v(t)|_{2,Ω} ≤ tZ 0 |f(t^′)|_{2,Ω}dt^′ + |v(0)|_{2,Ω}.

Therefore we have a global estimate for |v(t)|_{2,Ω} if we assume an appropriate decay (4.46) |f(t)|_{2,Ω} ≤ e^{−νt}|f(0)|_{2,Ω}. From [13, (3.28)] we have that

(4.47) | Z Ω v_η (t)dx| ≤ | Z Ω v_η (0)dx| + | tZ 0 dt^′ Z Ω f_η(x, t^′)dx|,

so R Ω v_η(t)dx remains bounded for all t > 0 if

(4.48) | tZ 0 dt^′ Z Ω f_η(x, t^′)dx| < ∞ for t > 0.

In view of the above remarks we see that there exists D^∗ < ∞ such that sup_k D(kT, (k + 1)T ) ≡ D^∗.

To find Y^∗_1 and Y^∗_2 it is enough to show that there exists sup_t ‖χ(t)‖_{1,−1,Ω} < ∞. For this purpose we need.

Lemma 4.6. Assume that v ∈ A_{1−μ}(Ω^T ), h ∈ H^{2,1}_{−1} (Ω^T ), ω ∈ L_∞(0, T ; H^1_{−μ}(Ω)), F_2 ∈ L_2(0, T ; L_{2,−1}(Ω)), χ(0) ∈ L_{2,−1}(Ω). Then (4.49) ‖α_2(t)‖_{1,1−μ,Ω} ≤ φ(A(0, t))[‖h‖_{2,−1,Ω}t + sup_t ‖ω‖_{1,−μ,Ω} + |F_2|_{2,−1,Ω}t + |χ(0)|_{2,−1,Ω}].

Proof. From [15, Lemma 5.5] we have

(4.50)

‖α_2(t)‖_{1,1−μ,Ω} ≤ φ(A(0, t)) h |α_2|_{2,−1,Ω} + 0 @ tZ 0 fl fl α2 r fl fl^2 1,Ω dτ 1 A 1/2

+ ‖h‖_{2,−1,Ω}t + sup_t ‖ω‖_{1,−μ,Ω} + |F_2|_{2,1−μ,Ω}t i + c|α_2|_{2,1−μ,Ω×(t1 ,t2)}, where 0 < t_1 < t_2 < t. Lemma 5.1 from [13] yields.

(4.51)

|α_2|_{2,−1,Ω} + 0 @ tZ 0 fl fl fl α_2 r fl fl fl^2_{1,Ω} dτ 1 A 1/2 ≤ A(0, t)[‖h‖_{2,−1,Ω}t

+ sup_t ‖ω‖_{1,−μ,Ω}] + c|F_2|_{2,−μ,Ω}t + |χ_0|_{2,−1,Ω}.

Using (4.51) in (4.50) yields (4.49). This concludes the proof.

From (4.49) in view of (4.43), (4.25) and (4.30) we see that there exists sup_t ‖χ(t)‖_{1,1−μ,Ω}. Therefore Y^∗_1 and Y^∗_2 exist.

Now we can prove Theorem 1. The proof will be done step by step. By Lemmas 4.1–4.6 we have the existence of numbers X^∗_1 , X^∗_2 , Y^∗_1 , Y^∗_2 , D^∗. Assuming that X^∗_1 , X^∗_2 are sufficiently small we have by Theorem 3.3 the existence of solutions to problem (1.1) such that v ∈ A_{1−μ}(Ω^T ), p ∈ L_2(0, T ; W^2_{2,1−μ}(Ω)) and ‖v‖_{A1−μ(Ω}T_) ≤ A.

Assume that we have proved the existence of solutions in the interval (0, kT ), where k ∈ N is fixed. Then in view of the decay estimates and Lemmas 4.1–4.6 we can repeat the proof of Theorem 3.3 in the interval (kT, (k + 1)T ), so ‖v‖_{A1−μ(Ω×(kT ;(k+1)T ))} ≤ A. Continuing we conclude the proof.

5. Uniqueness

To prove uniqueness of solutions to problem (1.1) we assume that we have two solutions of problems (1.4), (1.7), (1.8), (1.9) and (1.10): h^i, q^i, ω^i, α^i, v^i, p^i, i = 1, 2. Introducing

(5.1) H = h^1 − h^2, Q = q^1 − q^2, W = ω^1 − ω^2, A = α^1 − α^2, V = v^1 − v^2, P = p^1 − p^2,

we see that they are solutions to the problems (3.38)–(3.42^2), where H_m, V_m, . . ., are replaced by H, V, . . ., respectively, v_m, h_m, v_{m−1}, α_m by v^1, h^1, v^2, α^2, respectively.

Proof (of Theorem 2). We shall show uniqueness step by step on sufficiently small subintervals. Instead of (3.67) we obtain

(5.2) |||A^′|||_{2,2,1−μ,Ω}t ≤ φ(A) 2 6 4sup_t fi fi fi A_2 r fi fi fi_{2,Ω} + 0 @ tZ 0 fl fl fl A_2 r fl fl fl 2 1,Ω dt^′ 1 A 1/2 + ‖V ‖_{A1−μ(Ω}t_) 3 7 5 X7.

In view of (3.71) we get

(5.3) fi fi fi A_2 r fi fi fi_{2,Ω} + 0 @ tZ 0 fl fl fl A_2 r fl fl fl 2 1,Ω dt^′ 1 A 1/2 ≤ φ(A)(t^a + X_7)‖V ‖_{A1−μ(Ω}t_),

where a > 0.

Next, (3.74) implies

(5.4) ‖A_2‖_{2,1−μ,Ω}t ≤ φ(A)(t^a + X_7)‖V ‖_{A1−μ(Ω}t_).

From (5.2)–(5.4) we have

(5.5) |||A|||_{2,2,1−μ,Ω}t ≤ φ(A)(t^a + X_7)‖V ‖_{A1−μ(Ω}t_) ≤ φ(A)(t^a + X_7)|||A|||_{2,2,1−μ,Ω}t .

Therefore for sufficiently small t and X_7 we have uniqueness on interval [0, t]. Continuing such considerations we can show uniqueness on the interval of the time of local existence [0, T ]. Next using Theorem 1 we can repeat the considerations on any inteval [kT, (k + 1)T ], k ∈ N, k ≥ 0. This concludes the proof.

References

[1] Kochin, N. E.; Kibel, I. A.; Rose, N. V.: Theoretical hydrodynamics, Moscow 1963 (in Russian). [2] Landau, L.; Lifshitz, E.: Hydrodynamics, Nauka, Moscow 1986 (in Russian). [3] Ladyzhenskaya, O. A.: On unique global solvability of three-dimensional Cauchy problem for the Navier- Stokes equations under the axial symmetry, Zap. Nauchn. Sem. LOMI 7 (1968) 155–177 (in Russian).

[4] Ukhovskij, M. R.; Yudovich, V. I.” Axially symmetric motions of ideal and viscous fluids filling all space, Prikl. Mat. Mekh. 32 (1968) 59–69 (in Russian).

[5] Kochin, N. E.: Vectorial calculus and introduction to tensorial calculus, Akad. Nauk SSSR, Moscow 1951 (in Russian).

[6] Zaja̧czkowski, W. M.: Existence of solutions to some elliptic system in Sobolev spaces with the weight as a power of the distance to some axis (to be published).

[7] Zaja̧czkowski, W. M.: Existence of solutions of initial-boundary value problems for the heat equation is Sobolev spaces with the weight as a power of the distance to some axis (to be published).

[8] Solonnikov, V. A.; Shchadilov, V. E.: On a boundary value problem for a stationary system of Navier- Stokes equations, Trudy Mat Inst. Steklov 125 (1973) 196–210 (in Russian); English transl.: Proc. Steklov Inst. Math. 125 (1973) 186–199.

[9] Mazya, V. G.; Plamenevskii, B. A.: L_p-estimations for solutions of elliptic boundary value problems in domains with edges, Trudy Mosk. Mat. Obsch. 37 (1978) 49–93.

[10] Besov, O. V.; Ilyin, V. P.; Nikolskii, S. M.: Integral representation of functions and theorems of imbedding, Nauka, Moscow 1975 (in Russian).

[11] Zaja̧czkowski, W. M.: On imbedding theorem for weighted Sobolev spaces, (to be published). [12] Zaja̧czkowski, W. M.: Local existence of solutions to Navier-Stokes equations with boundary slip condition and in a cylindrical domain (to be published).

[13] Zaja̧czkowski, W. M.: On global special solutions to Navier-Stokes equations with boundary slip conditions in a cylindrical domain. Introduction (to be published).

[14] Zaja̧czkowski, W. M.: On global special solutions to Navier-Stokes equations with boundary slip conditions in a cylindrical domain. Velocity estimates.

[15] Zaja̧czkowski, W. M.: On global special solutions to Navier-Stokes equations with boundary slip conditions in a cylindrical domain. Vorticity estimates.