On an inequality for a free boundary problem for equations of a viscous compressible heat conducting capillary fluid

Ewa Zadrzyńska^1 Wojciech M. Zaja̧czkowski^2

Abstract. We derive an inequality for a local solution of a free boundary problem for a viscous compressible heat-conducting capillary fluid. This inequality is crucial in proving the global existence of solutions belonging to certain anisotropic Sobolev-Slobodetskii space and close to an equilibrium state.

Research supported by KBN grant no 2PO3A-003-14. 2000 Mathematics Subject Classification: 35Q35, 35R35, 76N10 Key words and phrases: free boundary, compressible viscous heat conducting fluid, surface tension.

1. Introduction

In this paper we obtain some crucial inequality for a local solution of equations of the motion of a viscous compressible heat-conducting capillary fluid bounded by a free surface. The motion of such a fluid in a bounded domain Ω_t ⊂ R^3 (which depends on time t ∈ R_+) is described by the following system with the boundary and initial conditions (see [6], [7]):

(1.1) ϱ[v_t + (v · ∇)v] − div T(v, p) = 0 in Ω̃^T ϱ_t + div (ϱv) = 0 in Ω̃^T , ϱc_v(θ_t + v · ∇θ) + θp_θdiv v − κΔθ − μ 2 3X i,j=1

(v_{ixj} + v_{jxi} )^2 − (ν − μ)(div v)^2 = ϱr in Ω̃^T ,

Tn̄ − σHn̄ = −p_0n̄ on S̃^T ,

v · n̄ = − ϕ_t |∇ϕ| on S̃^T , ∂θ ∂n = θ̄ on S̃^T , ϱ fi fi_{t=0} = ϱ_0, θ fi fi_{t=0} = θ_0 in Ω,

where Ω̃^T ≡ S t∈(0,T ) Ωt × {t}, Ω0 = Ω is an initial domain, S̃ T ≡ S t∈(0,T ) St × {t}, φ(x, t) = 0 describes

S_t, n̄ is the unit outward vector normal to the boundary, i.e. n̄ =^{∇φ}_{|∇φ|} . Moreover, v = v(x, t) is the velocity of the fluid, ϱ = ϱ(x, t) the density, θ = θ(x, t) the temperature, r = r(x, t) the heat sources per unit mass, θ̄ = θ̄(x, t) the heat flow per unit surface, p = p(ϱ, θ) the pressure, c_v = c_v(ϱ, θ) the specific heat at constant volume, μ and ν viscosity coefficients, κ the coefficient of heat conductivity, σ the constant coefficient of the surface tension, and p_0 the external (constant) pressure.

1 Faculty of Mathematics and Information Sciences, Warsaw University of Technology, Pl.

Politechniki 1, 00-661 Warsaw, Poland E-mail. emzad@impan.gov.pl 2 Institute of Mathematics, Polish Academy of Sciences, Śniadeckich 8, 00-950 Warsaw, Poland E-mail: wz@impan.gov.pl

From the thermodynamic considerations we have ν > 1 3 μ > 0, κ > 0, c_v > 0, σ > 0.

Further, T = T(v, p) denotes the stress tensor of the form

T(v, p) = {T_{ij} }_{i,j=1,2,3} = {μS_{ij} (v) + (ν − μ)δ_{ij} div v − pδ_{ij} }_{i,j=1,2,3}

where S(v) = {v_{ixj} + v_{jxi} }_{i,j=1,2,3} is the velocity deformation tensor.

Finally, we denote by H the double mean curvature of S_t which is negative for convex domains and can be expressed in the form Hn̄ = Δ_{St} (t)x, x = (x_1, x_2, x_3), where Δ_{St} (t) is the Laplace-Beltrami operator on S_t. Let S_t be determined by x = x(s_1, s_2, t), (s_1, s_2) ∈ U ⊂ R^2. Then we have Δ_{St} (t) = g^{− 12} ` ∂ ∂s_γ g^{12} g^{γδ} ∂ ∂s_δ ´ (γ, δ = 1, 2),

where the convention summation over repeated indices is assumed, g = det{g_{γδ}}_{γ,δ=1,2}, g_{γδ} =^{∂x}_{∂sγ} ·^{∂x}_{∂sδ} , {g^{γδ}} is the inverse matrix to {g_{γδ}}.

Assume that the domain Ω is given. Then by (1.1)_5, Ω_t = {x ∈ R^3 : x = x(ξ, t), ξ ∈ Ω}, where x = x(ξ, t) is the solution of the Cauchy problem

(1.2) ∂x ∂t = v(x, t), x fi fi_{t=0} = ξ ∈ Ω, ξ = (ξ_1, ξ_2, ξ_3).

Integrating (1.2) we obtain

x = ξ + tZ 0 u(ξ, t^′)dt^′ ≡ X_u(ξ, t),

where u(ξ, t) = v(X_u(ξ, t)) and x = X_u(ξ, t) describes the relation between the Eulerain x and the Lagrangian ξ coordinates. Moreover, by (1.1)_5, S_t = {x : x = x(ξ, t), ξ ∈ S = ∂Ω}.

By the continuity equation (1.1)_2 and the kinematic condition (1.1)_5 the total mass ins conserved, i.e. Z Ω_t

ϱ(x, t)dx = Z Ω ϱ_o(ξ)dξ = M.

Now, assume that p_ϱ > 0, p_θ > 0 for ϱ, θ ∈ R_+ and consider the equation

(1.3) p ` M 4 3 πR^3_e

, θ_e ´ = p_0 + 2σ R_e . We assume that there exist R_e > 0 and θ_e > 0 satisfying (1.3). Then we have the following definition.

Definition 1.1. Let r = θ̄ = 0. By an equilibrium state we mean a solution (v, θ, ϱ, Ω_t) of problem (1.1) such that v = 0, θ = θ_e, ϱ = ϱ_e, Ω_t = Ω_e for t ≥ 0, where ϱ_e =^M_{43 πR3e} , Ω_e is a ball of radius R_e, R_e > 0 and θ_e > 0 satisfy equation (1.3).

Next, we introduce

(1.4) ϱ_σ = ϱ − ϱ_e, θ_σ = θ − θ_e, p_σ = p − 2σ R_e

− p_0.

We can write p_σ in the form

(1.5) p_σ(ϱ, θ) = p_1ϱ_σ + p_2θ_σ, where

p_1(ϱ, θ) = 1Z 0 p_ϱ(ϱ_e + s(ϱ − ϱ_e), θ)ds,

p_2(θ) = 1Z 0 p_θ(ϱ_e, θ_e + s(θ − θ_e))ds.

Then by using (1.4) problem (1.1) can be rewritten in the Lagrangian coordinates as follows

(1.6) ηu_t − div_uT_u(u, p_σ) = 0 in Ω^T = Ω × (0, T ),

η_{σt} + ηdiv_uu = 0 in Ω^T , ηc_v ϑ_{σt} + ϑp_ϑdiv_uu − κ∇^2_uϑ_σ = μ 2 3X i,j=1

(ξ_{xi} · ∇_ξ u_j + ξ_{xj} · ∇_ξu_i)^2

− (ν − μ)(div_uu)^2 + ηk in Ω^T ,

T_u(u, p_σ)n̄_u − σ(H + H_e)n̄_u = 0 on S^T ,

n̄_u · ∇_uϑ_σ = ϑ̄ on S^T , η_σ fi fi_{t=0} = ϱ_{σ0}, ϑ_σ fi fi_{t=0} = θ_{σ0}, u fi fi_{t=0} = v_0, in Ω,

where η(ξ, t) = ϱ(X_u(ξ, t), t), ϑ(ξ, t) = θ(X_u(ξ, t), t), η_σ = η − ϱ_e, ϑ_σ = ϑ − θ_e, k(ξ, t) = r(X_u(ξ, t), t), ϑ̄(ξ, t) = θ̄(X_u(ξ, t), t), n̄_u(ξ, t) = n̄(X_u(ξ, t), t), ∇_u = ξ_{ix}∂_{ξi} = {ξ_{ixj} ∂_{ξi} }_{j=1,2,3}, T_u(u, p) = −pI + D_u(u), I = {δ_{ij} }_{i,j=1,2,3}, D_u(u) = {D_{uij} (u)}_{i,j=1,2,3} = {μ(∂_{xi} ξ_k ∂_{ξk} u_j + ∂_{xj} ξ_k∂_{ξk} u_i) + (ν − μ)δ_{ij} div_uu}_{i,j=1,2,3}, div_uu = ∇_u · u = ∂_{xi} ξ_k ∂_{ξk} u_i, div_uT_u(u, p) = {∂_{xj} ξ_k∂_{ξk} T_{uij} (u, p)}_{i=1,2,3} and ∂_{xi} ξ_k are elements of matrix ξ_x which is inverse to the matrix x_ξ = I +

R_t 0 u_ξ(ξ, t^′)dt^′.

The aim of our considerations is to prove the global existence of solutions to problem (1.1) which are sufficiently close to the equilibrium solution (see Definition 1.1) for all t > 0. Since the proof is very long we have divided it into the following parts:

1^0 the proof of the local existence of solutions to problem (1.1) (see [13]);

2^0 the global energy estimate and the estimate which shows an increase of regularity of solution after some time (see [14]);

3^0 the estimate proved in this paper;

4^0 the global existence of solutions to problem (1.1) which is proved by an appropriate combining estimates from points 2^0–3^0 and by extending step by step the local solution to all t > 0 (see [12]).

In this paper we derive an estimate for the local solution (u, ϑ_σ , η_σ) ∈ W^{2+α,1+ α2}_2 (Ω^T )×W^{2+α,1+ α2}_2 (Ω^T )× W^{1+α, 12 + α2}

2 (Ω^T ) ∩ C(0, T ; W^{1+α}_2 (Ω)), α ∈

�_3 4 , 1 � (see definitions in Section 2) in which the norms of u, ϑ_σ, η_σ are estimated by the sum of L_2-norms of these functions, the nonlinear terms consisting of the products of the highest order norms of u, ϑ_σ, η_σ and the norms of data. The main result is formulated in Theorem 3.1.

Moreover, the free boundary problem for a viscous barotropic compressible capillary fluid has been considered in [9], [10] and [15].

2. Notation and auxiliary results

In Section 3 we use a partition of unity ({Ω̃_i}, {ζ_i}), Ω = S i Ω̃_i. Let Ω̃ be one of the Ω̃′_is and ζ(ξ) = ζ_i(ξ) be the corresponding function. If Ω̃ is an interior subdomain then let ω̃ ⊂ Ω̃ and ζ(ξ) = 1 for ξ ∈ ω̃. Otherwise we assume that ¯Ω̃ ∩ S ≠ ∅, ¯ω̃ ∩ S ≠ ∅, ¯ω̃ ⊂ ¯Ω̃. Let β ∈ ¯ω̃ ∩ S ⊂ ¯Ω̃ ∩ S, S̃ ≡ S ∩ Ω̃.

Introduce local coordinates connected with {ξ} by

(2.1) y_k = α_{kl}(ξ_l − β_l) α_{3k} = n_k(β), k = 1, 2, 3, where α_{kl} is a constant orthogonal matrix such that S̃ is determined by

y_3 = F (y_1, y_2), F ∈ W^{52 +α}_2 and (2.2) Ω̃ = {y : |y_i| < d, i = 1, 2, F (y^′) < y_3 < F (y^′) + d, y^′ = (y_1, y_2)}.

Next, we introduce functions u^′, ϑ^′ and η^′ by

u^′_i(y) = α_{ij} u_j (ξ) fi fi_{ξ=ξ(y)}, ϑ^′(y) = ϑ(ξ) fi fi_{ξ=ξ(y)}, η^′(y) = η(ξ) fi fi_{ξ=ξ(y)},

where ξ = ξ(y) is the inverse transformation to (2.1). Further we introduce new variables by

(2.3) z_i = y_i, i = 1, 2, z_3 = y_3 − F̃ (y), y ∈ Ω̃

which will be denoted by z = Φ(y), where F̃ is an extension of F to Ω̃. Let (2.4) Ω̂ = Φ(Ω̃) = {z : |z_i| < d, i = 1, 2, 0 < z_3 < d}

and Ŝ = Φ(S̃).

Define f̂(z) = f^′(y)fi_{y=Φ−1(z)}, f ∈ {u, ϑ, η}.

Introduce ^∇_k = ξ_{lxk} z_{iξl} ∇_{zi} fi fi_{ξ=χ−1 (z)}, where χ(ξ) = Φ(ψ(ξ)) and y = ψ(ξ) is defined by (2.1). Introduce also the notation ũ(ξ) = u(ξ)ζ(ξ), ϑ̃_σ(ξ) = ϑ_σ (ξ)ζ(ξ), η̃_σ (ξ) = η_σ (ξ)ζ(ξ), ξ ∈ Ω̃, Ω̃ ∩ S = ∅, ũ(z) = û(z)ζ̂(z), ϑ̃_σ(z) = ϑ̂_σ (z)ζ̂(z), η̃_σ (z) = η̂_σ (z)ζ̂(z), z ∈ Ω̂ = Φ(Ω̃), ¯Ω̃ ∩ S ≠ ∅, where ζ̂(z) = ζ(ξ) fi ξ=χ^{−1} (z).

Under the above notation problem (1.6) has the following form in an interior subdomain:

(2.5) ηũ_{it} − ∇_j T_{ij} (ũ, p̃_σ ) = −∇_{ui} B_{uij} (u, ζ) − T_{uij} (u, p_σ)∇_{uj} ζ − (∇_iT_{ij} (ũ, p̃_σ) − ∇_{ui} T_{uij} (ũ, p̃_σ)) ≡ k_{1i}, i = 1, 2, 3, η̃_{σt} + ϱ_e∇ · ũ = ϱ_eu · ∇_uζ − η_σ ∇_u · uζ + ϱ_e(∇ · ũ − ∇_u · ũ) ≡ k_2, ηc_v (η, ϑ)ϑ̃_{σt} − κ∇^2ϑ̃_σ + θ_ep_ϑ(ϱ_e, θ_e)∇ · ũ

= ηk̃ + 2 4 μ 2 3X i,j=1

(ξ_{kxi} ∂_{ξk} u_j + ξ_{kxj} ∂_{ξk} u_i)^2 + (ν − μ)(∇_u · u)^2 3 5 ζ + θ_ep_ϑ(ϱ_e, θ_e)u · ∇_uζ + (θ_ep_ϑ(ϱ_e, θ_e) − ϑp_ϑ(ϱ, ϑ))∇_u · uζ + θ_ep_ϑ(ϱ_e, θ_e)(∇ · ũ − ∇_u · ũ) − κ(∇^2_uζϑ_σ + 2∇_uζ · ∇_uϑ_σ ) − κ(∇^2ϑ̃_σ − ∇^2_uϑ̃_σ) ≡ ηk̃ + k_3,

where B_u(u, ζ) = {B_{uij} (u, ζ)}_{i,j=1,2,3} = {μ(u_i∇_{ui} ζ + u_j ∇_{ui} ζ) + (ν − μ)δ_{ij} u · ∇_uζ}_{i,j=1,2,3}, ∇_{uj} = ξ_{ixj} ∂_{ξi} , p̃_σ = p_σ ζ and in a boundary subdomain:

(2.6) η̂ũ_{it} − ∇_j T_{ij} (ũ, p̃_σ) = − ^∇_jB̂_{ij} (û, ζ̂) − T̂_{ij} (û, p̂_σ) ^∇_jζ̂ − (∇_iT_{ij} (ũ, p̃_σ ) − ^∇_jT̂_{ij} (ũ, p̃_σ )) ≡ k_{4i}, i = 1, 2, 3, η̃_{σt} + ϱ_e∇ · ũ = ϱ_eû · ^∇ζ̂ − η̂_σ ^∇ · ûζ̂ + ϱ_e(∇ · ũ − ^∇ · ũ) ≡ k_5, η̂c_v(η̂, ϑ̂)ϑ̃_{σt} − κΔϑ̃_σ + θ_ep_{ϑ̂}(ϱ_e, θ_e)∇ · ũ

= η̂k̃ + 2 4 μ 2 3X i,j=1

( ^∇_iû_j + ^∇_jû_i)^2 + (ν − μ)( ^∇ · û)^2 3 5 ζ̂ + θ_ep_{ϑ̂}(ϱ_e, θ_e)û · ^∇ζ̂ + (θ_ep_{ϑ̂}(ϱ_e, θ_e) − ϑ̂p_{ϑ̂}(η̂, ϑ̂)) ^∇ · ûζ̂ + θ_ep_{ϑ̂}(ϱ_e, θ_e)(∇ · ũ − ^∇ · ũ) − κ( ^∇^2ζ̂ϑ̂_σ + 2 ^∇ζ̂ · ^∇ϑ̂_σ ) − κ(∇^2ϑ̃_σ − ^∇^2ϑ̃_σ ) ≡ η̂k̃ + k_6,

T(ũ, p̃_σ)n̂^′ = σΔ_Ŝξ̂ζ̂ + σΔ_Ŝ tZ 0 ũdt^′

+ T(ũ, p̃_σ )n̂^′ − T̂(ũ, p̃_σ)n̂ + B̂(û, ζ̂)n̂

− σ(2 ^∇ tZ 0 ûdt^′ ^∇ζ̂ + tZ 0 ûdt^′ ^∇^2ζ̂) + 2σ R_e n̂ζ̂ ≡ 2σ R_e n̂ζ̂ + k_7,

n̂^′ · ∇ϑ̃_σ = ~ϑ̄ + n̂ · ^∇ζ̂ϑ̂_σ + n̂^′ · ∇ϑ̃_σ − n̂ · ^∇ϑ̃_σ ≡ ~ϑ̄ + k_8,

where T̂ and B̂ indicate that the operator ∇_u is replaced by ^∇; n̂^′ = (0, 0, 1), n̂ is the vector n̄_u = n̄(x(ξ, t), t) written in z coordinates and

(2.7) Δ_Ŝ (t) = 1 √ g_û ∂ ∂z_γ ` √ g_ûg^{γδ}_û ∂ ∂z_δ ´ ,

{g^{γδ}_û } is the inverse matrix to {g^{γδ}_û },

g^{γδ}_û = ∂x ∂z_γ · ∂x ∂z_δ

, x = ξ̂ + tZ 0 û(z, t^′)dt^′, g_û = det{g_{ûγδ} }.

From (2.7) we have

Δ_Ŝ (0) = 1 √ g ∂ ∂z_γ ` √ gg^{γδ} ∂ ∂z_δ ´ , where by (2.1) and (2.3) g = det{g_{γδ}} = det n_{∂ξ}

∂z_γ · ∂ξ ∂z_δ o = 1 + F^2_{z1} + F^2_{z2} and

g^{11} = g^{−1}(1 + F^2_{z2} ), g^{22} = g^{−1}(1 + F^2_{z1} ), g^{12} = g^{21} = −g^{−1}F_{z1} F_{z2} .

We assume that d from (2.2) and (2.4) is so small that

(2.8) |F_{zi} | ≤ 1 4 , i = 1, 2.

Now, we introduce the notation and the spaces used in the paper. Let Ω ⊂ R^3 be a bounded domain with the boundary S.

By W^{k+α, k2 + α2}

2 (Ω^T ), k ∈ N ∪ {0}, α ∈ (0, 1) we denote Sobolev-Slobodetskii space with the norm

‖u‖_{W k+α,} k_{2 +} α_2

2 (Ω^T ) = X |β|+2i≤k

‖∂^β_x ∂^i_t u‖^2_{L2(Ω}T_)

+ X |β|=k TZ 0 Z Ω Z Ω |∂^β_x u(x, t) − ∂^β_x′ u(x^′, t)|^2 |x − x^′|^{3+2α} dxdx^′dt

+ Z Ω TZ 0 TZ 0 |∂ [^k_2 ]_t

u(x, t) − ∂

[^k_2 ]_{t′}

u(x, t^′)|^2 |t − t^′|^{1+α+k−2}[^{k2} ] dxdtdt^′,

where ∂^β_x = ∂^{β1}_{x1} ∂^{β2}_{x2} ∂^{β3}_{x3} , β = (β_1, β_2, β_3) is a multi-index, |β| = β_1 + β_2 + β_3. Similarly we can define the norms in spaces W^{k+α}_2 (Ω) and W^{k+α, k2 + α2}_2 (S^T ).

Moreover, we shall use the notation: ‖u‖_{W k+α,} k_{2 +} α_2

2 (Ω^T )

= ‖u‖_{k+α,Ω}T , ‖u‖_W k+α_{2 (Ω)} = ‖u‖_{k+α,Q}, Q ∈ {Ω, S, S^1} (S^1 is the unit sphere); ‖u‖_{Lp(Q)} = |u|_{p,Q}, p ∈ [1, ∞], Q ∈ {Ω, S}; ‖u‖_{L2(Q)} = ‖u‖_{0,Q}, q ∈ {Ω, S, Ω^T , S^T }; ‖u‖ (α+2,^α_2 +1)

Ω^T = ” ‖u‖^2_{+α,Ω}T + T^{−α} 0 @‖u_t‖^2_{0,ΩT} + X |β|=2

‖∂^β_x u‖^2_{0,Ω}T 1 A

+ sup_{t≤T} ‖u(·, t)‖^2_{α+1,Ω}

# 1_2 ; ‖u‖ (α,^α_2 )

Q^T = (‖u‖ 2 α,Q^T + T

−α‖u‖^2_{0,Q}T )^{1/2}, Q ∈ {Ω, S}.

Next, we define the isotropic Besov spaces by introducing the norm (see [3], Sect. 18)

(2.9) ‖u‖_Bl_{p(R}n_) = ‖u‖_{Lp(R}n_) + nX i=1 0 @ h_0Z

0 dh Z R^n dx |Δ^m_i (h)∂^k_{xi} u|^p h^{1+(l−k)p} 1 A 1/p ,

where p ∈ [1, +∞], Δ^m_i (h)f(x) =

P_m j=0(−1)^{m−j} c_{jm}f(x + jhe_i), c_{jm} = ı_m j ȷ =^{m!}_{j!(m−j)!} , x ∈ R^n, e_i is the unit vector of the coordinate axis i, i = 1, . . . , n and m > l − k, m, k ∈ N ∪ {0}, l ∈ R_+, l ∉ Z.

It is proved in [4] that the Besov spaces defined by (2.9) are equivalent for all m, k satisfying m > l − k. Now, we define the Sobolev-Slobodetskii spaces by introducing the norm

‖u‖_W l_{p(R}n_) = ‖u‖_{Lp(R}n_) + nX i=1 0 @ h_0Z

0 dh Z R^n dx |Δ_i(h)∂^{[l]}x_i u|^p h^{1+p(l−[l])} 1 A 1/p ,

where Δ_i(h) = Δ^1_i (h), l ∉ Z, [l] is the integer part of l.

By the Golovkin theorem from [4] the norms of spaces B^l_p(R^n) and W^l_p(R^n) are equivalent. We also define the spaces B̃^l_p(R^n) and W̃^l_p(R^n) by introducing the norms

‖u‖_{B̃}l_{p(R}n_) = ‖u‖_{Lp(R}n_) + 0 @ Z R^n dx Z R^n dy |Δ^m(x − y)∂^k_y u(y)|^p |x − y|^{n+p(l−k)} 1 A 1/p

and ‖u‖_{W̃} l_{p(R}n_) = ‖u‖_{Lp(R}n_) + 0 @ Z R^n dx Z R^n dy |Δ(x − y)∂^{[l]}_y u(y)|^p |x − y|^{n+p(l−[l])} 1 A 1/p , where Δ^m(x − y)f(y) =

P_m i=1 Δ^m_i (h)f(y), (x − y) · e_i = h, Δ(x − y)f(y) = Δ^1(x − y)f(y) and m > l − k, m, k ∈ N ∪ {0}, l ∈ R_+, l ∉ Z.

By Lemma 7.44 of [2] the spaces B̃^l_p(R^n), B^l_p(R^n) (with h_0 = ∞), W̃^l_p(R^n) and W^l_p(R^n) (with h_0 = ∞) are equivalent.

Now, we recall the following imbedding for the Besov spaces (2.9) (see [3, Sect. 18]):

(2.10) ∂^σ_x B^l_p(R^n) ⊂ B^ϱ_q (R^n) for n p − n q + |σ| + ϱ ≤ l.

Moreover, for κ =^1_l ı_n

p −^n_q + |σ| + ϱ ȷ > 0 and κ_1 =^3_p −^3_r we have the interpolation inequality

‖∂^σ_x u‖_B^ϱ_{q (R}n_) ≤ (ε^{1−κ} + cε^{−κ}ε^{1−κ1}_1 )‖u‖_Bl_{p(R}n_) + cε^{−κ} ε^{−κ1}_1 ‖u‖_{Lr(R}n_)

with r ≥ 1.

In the above notation B^l_p(R^n) with l ∈ Z_+ is the Sobolev space.

All above remarks can be applied for spaces of functions defined on a bounded domain Ω ⊂ R^n, and by using a partition of unity we can also define spaces of traces on the boundary of Ω and formulate corresponding trace theorems.

3. Inequality for global existence

In order to derive global estimates we assume the following condition: Ω_t is diffeomorphic to a ball, so S_t can be described by |x| = r = R(ω, t), ω ∈ S^1.

Then the following theorem holds.

Theorem 3.1. Assume k ∈ W^{α, α2}_2 (Ω^T ), ϑ̄ ∈ W^{α+ 12 , α2 + 14}_2 (S^T ), α ∈

�_3 4 , 1 � and there exists the local solution determined by Theorem 3.4 of [13]. Then the following inequality holds

(3.1) ϕ(t, Ω) + c̄‖u‖^2_{+α,Ω}t + ‖ϑ_σ‖^2_{+α,Ω}t + ‖η_σ ‖^2_{1+α,Ω}t

≤ c(t, Z_1, Z_2) h ‖u‖^2_{0,Ω}t + ‖η_σ‖^2_{0,Ω}t + ‖ϑ_σ‖^2_{0,Ω}t + ‖k‖^2_{α,Ω}t + ‖ϑ̄‖^2_{α+} 1_{2 ,St}

+ ε_1Z_4 + Z_1Z_3 + (Z_1 + Z_4)Z_5 i + ϕ(0, Ω),

where t ≤ T , T is the time of the local existence, ϕ(t, Ω) is defined by (3.86), c = c(t, Z_1, Z_2) is a positive continuous function nondecreasing with respect to its arguments, c̄ ≤ 1 is a positive constant, ε_1 ∈ (0, 1) is a sufficiently small constant and

Z_1 = ‖u‖^2_{+α,Ω}t + ‖ϑ_σ‖^2_{+α,Ω}t + ‖η_σ ‖^2_{1+α,Ω}t ,

Z_2 = sup_{0≤t′ ≤t} ‖u‖^2_{1+α,Ω} + sup_{0≤t′≤t} ‖ϑ_σ‖^2_{1+α,Ω} + sup_{0≤t′≤t} ‖η_σ ‖^2_{1+α,Ω},

Z_3 = ˇ ‖u‖(^{α+2, α2 +1})

Ω^t + ‖ϑσ ‖

(α+2,^α_2 +1)

Ω^t

˘_2 + ‖η_σ ‖^2_{1+α,Ω}t + sup_{0≤t′≤t} ‖η_σ ‖^2_{1+α,Ω},

Z_4 = t fl fl fl flH(·, 0) + 2 R_e fl fl fl fl 2 α+1/2,S^1

+ ‖R(·, t^′) − R(·, 0)‖^2_{+α,S}1_{×(0,t)},

Z_5 = fl fl tZ 0 udt^′ fl fl^2_{+α,S} = X i∈N fl fl tZ 0 ũdt^′ fl fl^2_{+α,Ŝi} .

Proof. Similarly as in [5] we first obtain the inequality for interior subdomains. Let us consider an interior subdomain Ω̃ and let ζ ∈ C^∞_0 (R^n) be the corresponding function from the partition of unity. We can assume that Ω̃ is a ball with the centre at a point ξ_0 and assume that ζ(ξ) = 1 for ξ ∈ B_λ(ξ_0) = {ξ ∈ R^3 : |ξ−ξ_0| < λ}, ζ(ξ) = 0 for ξ ∈ R^3 \ B_{2λ}(ξ_0), where B_λ(ξ_0) ⊂ Ω̃ and ¯Ω̃ ⊂ B_{2λ}(ξ_0).

Denote by Δ^s(z)f(ξ) the s-th finite difference of f such that

Δ^s(z)f(ξ) = sX k=0 ı s k ȷ (−1)^{s−k}f(ξ + kz).

Similarly as in [5] we apply Δ^2(z) to (2.5)_1–(2.5)_3 and multiply the resulting equations by Δ^2(z)ũ_i,

p_1 ϱ_e Δ

2(z)η̃_σ and^{p2}_{θepϑ(ϱe ,θe)} Δ^2(z)ϑ̃_σ, respectively. Then integrating each of the equations over B_{2λ}(ξ_0) and with respect to z over R^3 with the measure^1_{|z|3+2(α+1)} and using (1.5), (1.6)_2 and the Korn inequality we obtain

(3.2)

1 2 d dt Z R^3 dz Z B_{2λ}(ξ_0 ) dξ ı η|Δ2(z)ũ|2

|z|^{3+2(1+α)} + p_1|Δ^2(z)η̃_σ |^2 ϱ_e|z|^{3+2(1+α)} + p_2ηc_v θ_ep_ϑ(ϱ_e, θ_e)

|Δ^2(z)ϑ̃_σ |^2 |z|^{3+2(1+α)} ȷ +

+ c_1 Z R^3 dz ‖Δ^2(z)ũ‖^2_{1,B2λ(ξ0 )} |z|^{3+2(1+α)} + κ Z R^3 dz Z B_{2λ}(ξ_0 ) dξ p_2|Δ^2(z)∇ϑ̃_σ|^2 |z|^{3+2(1+α)}

≤ I_1 + Z R^3 dz Z B_{2λ} (ξ_0) dξ p_2Δ^2(z)k_3Δ^2(z)ϑ̃_σ |z|^{3+2(1+α)} ,

where c_1 > 0 is a constant and

(3.3)

|I_1| ≤ ε 0 B @‖ũ‖^2_{+α,Ω̃} + ‖ϑσ ‖^2_{+α,Ω̃} + Z R^3 dz Z B_{2λ}(ξ_0 ) dξ |Δ^2(z)η̃_σ |^2 |z|^{3+2(1+α)} 1 C A

+ ψ_1 ` 1 ε , a ´ (‖ũ‖^2_{1+α,Ω̃} + ‖η_σ‖^2_{α,Ω̃} + ‖ϑ_σ‖^2_{α,Ω̃})

+ ψ_2 ` 1 ε , a ´ h^tZ 0 ‖u‖^2_{+α,Ω}dt^′(‖ũ‖^2_{+α,Ω̃} + ‖η_σ ‖^2_{1+α,Ω̃}

+ ‖ϑ_σ‖^2_{1+α,Ω̃} + ‖η̃_σ ‖^2_{1+α,Ω̃}‖ũ‖^2_{+α,Ω̃} + ‖ϑ̃_σ ‖^2_{1+α,Ω̃}‖ũ‖^2_{+α,Ω̃}) + ‖u‖^2_{+α,Ω}‖ũ‖^2_{+α,Ω̃} + ‖η_σ ‖^2_{1+α,Ω}‖ũ_t‖^2_{α,Ω̃}+

+ (‖η̃_σ‖^2_{1+α,Ω̃} + ‖ũ‖^2_{+α,Ω̃} + ‖ϑ̃_σ ‖^2_{1+α,Ω̃})(‖η_σ ‖^2_{1+α,Ω} + ‖ϑ_σ ‖^2_{1+α,Ω})

+ (‖ϑ_{σt}‖^2_{1+α,Ω} + ‖ϑ_σ‖^2_{+α,Ω})‖ϑ̃_σ ‖^2_{1+α,Ω̃} + ‖η_σ ‖^2_{1+α,Ω}‖k̃‖^2_{α,Ω̃} i ,

where a = T^{1/2}(

R_T 0 ‖u‖^2_{+α,Ω}dt^′)^{1/2}, ψ_i (i = 1, 2) and all functions ψ_i occuring below are positive continuous functions.

Next, we obtain

(3.4)

Z R^3 dz Z B_{2λ}(ξ_0 ) dξ p_2Δ^2(z)k_3Δ^2(z)ϑ̃_σ |z|^{3+2(1+α)} = − Z B_{2λ}(0) dz Z B_{2λ}(ξ_0) dξ Δ(z)k_3Δ(z)p_2Δ^2(z)ϑ̃_σ |z|^{3+2(1+α)} − Z B_{2λ}(0) dz Z B_{2λ} (ξ_0) dξ p_2Δ(z)k_3Δ^3(z)ϑ̃_σ |z|^{3+2(1+α)} ≤

ε Z B_{2λ}(0) dz Z B_{2λ} (ξ_0) dξ |Δ^3(z)ϑ̃_σ |^2 |z|^{3+2(2+α)}

+ c(ε) Z B_{2λ} (0) dz Z B_{2λ}(ξ_0 ) dξ |Δ(z)k_3|^2 |z|^{3+2α}

+ c 2 6 4 Z B_{2λ}(0) dz Z B_{2λ} (ξ_0) dξ |Δ(z)η_σ |^{p1} |z|^{3+ p1}2^{(1+α)} + Z B_{2λ}(0) dz Z B_{2λ}(ξ_0 ) dξ |Δ(z)ϑ_σ |^{p1} |z|^{3+ p1}2^{(1+α)} 3 7 5 1/p_1 ·

· 0 B @ Z B_{2λ}(0) dz Z B_{2λ}(ξ_0 ) dξ |Δ(z)k_3|^{p2} |z|^{3+ p2}2^{(1+α)} 1 C A 1/p_2 0 B @ Z B_{2λ}(0) dz Z B_{2λ} (ξ_0) dξ |Δ^2(z)ϑ̃_σ |^{p3} |z|^{3+p3(1+α)} 1 C A 1/p_3

≤ ε‖ϑ_σ‖^2_{+α,Ω̃} + I_2 + I_3

with

(3.5)

|I_2| ≤ c Z B_{2λ} (0) dz Z B_{2λ} (ξ_0) dξ 1 |z|^{3+2α}

(|Δ(z)ξ^2_xu^2_ξ |^2 + |Δ(z)u · ∇_uζ|^2

+ |Δ(z)(θ_ep_ϑ(ϱ_e, θ_e) − ϑp_ϑ(η, ϑ))∇_u · uζ|^2 + |Δ(z)(∇ · ũ − ∇_u · ũ)|^2

+ |Δ(z)(∇^2_uζϑ_σ + 2∇_uζ · ∇_uϑ_σ )|^2 + |Δ(z)(∇^2ϑ̃_σ − ∇^2_uϑ̃_σ )|^2) = 6X i=1 I^i_2 and (3.6) |I_3| ≤ ε‖ϑ_σ‖^2_{+α,Ω̃} + c(ε)[‖k_3‖^2_{α,Ω̃}(‖η_σ‖^2_{1+α,Ω̃} + ‖ϑ_σ‖^2_{1+α,Ω̃})],

where^1_{p1} +^1_{p2} +^1_{p3} = 1 and we have used imbeddings B^{1+α}_2 (Ω) ⊂ B^{(1+α)/2}_{p1} (Ω), B^α_2 (Ω) ⊂ B^{(1+α)/2}_{p2} (Ω), B^{2+α}_2 (Ω) ⊂ B^{1+α}_{p3} (Ω) valid for^3_2 −^3_{p1} +^{1+α}_2 ≤ 1 + α,^3_2 −^3_{p2} +^{1+α}_2 ≤ α,^3_2 −^3_{p3} + 1 + α ≤ 2 + α which all hold for suitable p_i if α >^1_2 .

Now, we estimate the terms on the right-hand side of (3.5). We have

(3.7)

|I^1_2 | ≤ c Z B_{2λ} (0) dz Z B_{2λ} (ξ_0) dξ |Δ(z)u_ξ u_ξ|^2

|z|^{3+2α} + c Z B_{2λ} (0) dz Z B_{2λ}(ξ_0 ) dξ |Δ(z)

R_t 0 u_ξdt^′ψ_3(b)u^2_ξ |^2 |z|^{3+2α}

+ c Z B_{2λ}(0) dz Z B_{2λ}(ξ_0 ) dξ | R_t 0 u_ξdt^′Δ(z)ψ_3(b)u^2_ξ |^2 |z|^{3+2α} + c Z B_{2λ}(0) dz Z B_{2λ}(ξ_0) dξ | R_t 0 u_ξdt^′ψ_3(b)Δ(z)u_ξu_ξ|^2 |z|^{3+2α}

≤ c|u_ξ|^2_{∞,Ω} Z R^3 dz Z B_{2λ}(ξ_0 ) dξ |Δ(z)u_ξ|^2 |z|^{3+2α}

+ cψ_4(a)|u_ξ |^2_{∞,Ω} 2 6 6 4 0 B @ Z B_{2λ} (0) dz Z B_{2λ}(ξ_0 ) dξ |u_ξ|^{2p} |z|^{3−δp} 1 C A 1 2p 3 7 7 5 2 ·

· 2 6 6 4 0 B @ Z R^3 dz Z B_{2λ}(ξ_0) dξ |Δ(z)

R_t 0 u_ξdt^′|^{2p′} |z|^{3+2p′ α+δp′} 1 C A 1 2p′ 3 7 7 5 2 + cψ_5(a)| tZ 0 u_ξ(ξ, t^′)dt^′|^2_{∞,Ω}|u_ξ|^2_{∞,Ω} Z R^3 dz Z B_{2λ}(ξ_0) dξ |Δ(z)u_ξ|^2 |z|^{3+2α} , where u^2_ξ =

P_3

i,j=1 u 2 iξ_j , δ > 0 is sufficiently small and 1 p +^1_{p′} = 1, b =

R_t 0 u_ξdt^′ and we used that ξ_x = I + bψ_3(b), I is the unit matrix and ψ_3(0) ≠ 0, ψ_3 is a positive continuous increasing function.

Using the imbeddings B^α_2 (Ω) ⊂ L_{2p}(Ω) and B^{1+α}_2 (Ω) ⊂ B^{α+ δ2}_{2p}′ (Ω) which hold simultaneously for α >^1_2 and some δ, p, p^′ such that^1_p +^1_{p′} = 1,^3_2 −^3_{2p} ≤ α and^3_2 −^3_{2p′} + α +^δ_2 ≤ 1 + α (see imbedding (2.10)) we get

(3.8) |I^1_2 | ≤ c‖u‖^2_{+α,Ω}‖u‖^2_{1+α,Ω} + ψ_6(a)‖u‖^2_{+α,Ω}‖u‖^2_{1+α,Ω} tZ 0 ‖u‖^2_{+α,Ω}dt^′.

In the same way we obtain

(3.9) |I^2_2 | + |I^5_2 | ≤ c(‖u‖^2_{α,Ω} + ‖ϑ_σ‖^2_{1+α,Ω}) + ψ_7(a) tZ 0 ‖u‖^2_{+α,Ω}dt^′(‖u‖^2_{1+α,Ω} + ‖ϑ_σ‖^2_{+α,Ω}).

Next, we estimate

(3.10)

|I^6_2 | ≤c Z B_{2λ}(0) dz Z B_{2λ}(ξ_0) dξ |Δ(z)

R_t 0 u_ξdt^′ψ_3(b)ϑ̃_{σξξ} |^2 |z|^{3+2α}

+ c Z B_{2λ} (0) dz Z B_{2λ}(ξ_0 ) dξ | R_t 0 u_ξdt^′Δ(z)ψ_3(b)ϑ̃_{σξξ} |^2 |z|^{3+2α}

+ c Z B_{2λ} (0) dz Z B_{2λ}(ξ_0 ) dξ | R_t 0 u_ξdt^′ψ_3(b)Δϑ̃_{σξξ} |^2 |z|^{3+2α}

= I^1_4 + I^2_4 + I^3_4 ,

where

(3.11) |I^1_4 | ≤ ψ_8(a) 2 6 4 0 B @ Z B_{2λ}(0) dz Z B_{2λ} (ξ_0) dξ |ϑ̃_{σξξ} |^{2p} |z|^{3−δp} 1 C A 1 2p 3 7 5 2 · 2 6 4 0 B @ Z R^3 dz Z B_{2λ}(ξ_0 ) dξ |Δ(z)

R_t 0 u_ξdt^′|^{2p′} |z|^{3+2p′α+δp′} 1 C A 1 2p′ 3 7 5 2 ,

δ > 0 is sufficiently small and^1_p +^1_{p′} = 1. Hence, we get

(3.12) |I^1_4 | ≤ ψ_9(a)‖ϑ̃_σ ‖^2_{+α,Ω̃} tZ 0 ‖u‖^2_{+α,Ω}dt^′.

I^2_4 we estimate in the same way, and

(3.13) |I^3_4 | ≤ ψ_{10}(a)| tZ 0 u_ξdt^′|_{∞,Ω} Z R^3 dz Z B_{2λ}(ξ_0 ) dξ |Δ(z)ϑ̃_{σξξ} |^2

|z|^{3+2α}

≤ ψ_{11}(a) tZ 0 ‖u‖^2_{+α,Ω}dt^′‖ϑ̃_σ ‖^2_{+α,Ω̃}.

Hence

(3.14) |I^6_2 | ≤ ψ_{12}(a) tZ 0 ‖u‖^2_{+α,Ω}dt^′‖ϑ̃_σ ‖^2_{+α,Ω̃}.

Finally,

(3.15) |I^3_2 | ≤ ψ_{13}(a)(‖ϑ_σ ‖^2_{α,Ω̃} + ‖η_σ ‖^2_{α,Ω̃} + 1)(‖η_σ ‖^2_{1+α,Ω̃} + ‖ϑ_σ‖^2_{1+α,Ω̃})‖u‖^2_{+α,Ω̃} tZ 0 ‖u‖^2_{+α,Ω}dt^′.

Taking into estimates (3.2)–(3.15) we obtain

(3.16)

1 2 d dt Z R^3 dz Z B_{2λ}(ξ_0) dξ η|Δ^2(z)ũ|^2 |z|^{3+2(1+α)} + p_1|Δ^2(z)η̃_σ |^2 ϱ_e|z|^{3+2(1+α)} + p_2ηc_v θ_ep_ϑ(ϱ_e, θ_e)

|Δ^2(z)ϑ̃_σ |^2 |z|^{3+2(1+α)} !

+ c_1 Z R^3 dz ‖Δ^2(z)ũ‖^2_{1,B2λ(ξ0 )}

|z|^{3+2(1+α)} + κ Z R^3 dz Z B_{2λ}(ξ_0 ) dξ p_2|∇(Δ^2(z)ϑ̃_σ )|^2 |z|^{3+2(1+α)}

≤ ε(‖u‖^2_{+α,Ω̃} + ‖η_σ‖^2_{1+α,Ω̃} + ‖ϑ_σ‖^2_{+α,Ω̃})

+ ψ_{14} ` 1 ε , a ´ 2 4X_1X_2 + X_1(1 + X^2_2 ) tZ 0 ‖u‖^2_{+α,Ω}dt^′ + ‖η_σ ‖^2_{1+α,Ω}‖ũ_t‖^2_{α,Ω̃} 3 5

+ ψ_{15} ` 1 ε , a ´ ı ‖u‖^2_{1+α,Ω̃} + ‖η̃_σ‖^2_{α,Ω̃} + ‖ϑ̃_σ ‖^2_{α,Ω̃} + ‖ϑ_σ ‖^2_{1+α,Ω̃} ȷ + ψ_{16} ` 1 ε , a ´ ‖k̃‖^2_{α,Ω̃},

where

(3.17) X_1 = ‖u‖^2_{+α,Ω} + ‖η_σ‖^2_{1+α,Ω} + ‖ϑ_σ‖^2_{+α,Ω},

(3.18) X_2 = ‖u‖^2_{1+α,Ω} + ‖η_σ‖^2_{1+α,Ω} + ‖ϑ_σ‖^2_{1+α,Ω}.

Now, we shall derive the energy type estimate for the local solution of problem (2.5). In order to do this multiply equations (2.5)_1 by ũ_i (i = 1, 2, 3) and equations (2.5)_2–(2.5)_3 by^{p1}_{ϱe} η̃_σ and

p_2 θ_ep_ϑ(ϱ_e,θ_e)

ϑ̃_σ , respectively. Then integrating the resulting equations over Ω̃, using the boundary condition ũ fi fi_{∂Ω̃} = 0, the equation of continuity, the Korn inequality and relation (1.5) and next adding these equations we get

(3.19)

1 2 d dt Z Ω̃ ` ηũ^2 + p_1 ϱ_e η̃^2_σ + p_2ηc_v(η, ϑ) θ_ep_ϑ(ϱ_e, θ_e) ϑ̃^2_σ ´ dξ + c_2(‖ũ‖^2_{1,Ω̃} + ‖∇ϑ̃_σ ‖^2_{0,Ω̃}) ≤ ε(‖ũ‖^2_{1,Ω̃} + ‖η_σ‖^2_{0,Ω̃}

+ ‖ϑ_σ ‖^2_{0,Ω̃} + ‖ϑ̃_σ‖^2_{1,Ω̃}) + ψ_{17} ` 1 ε , a ´ {(‖ũ‖^2_{,Ω} + ‖η_σ‖^2_{1,Ω̃}

+ ‖ϑ_σ ‖^2_{,Ω̃}) tZ 0 ‖u‖^2_{,Ω}dt^′ + (‖ϑ̃_σ ‖^2_{,Ω̃} + 1)‖ũ‖^2_{1,Ω} tZ 0 ‖u‖^2_{+α,Ω}dt^′

+ ‖η_σ ‖^2_{1,Ω̃}[‖ϑ_{σt}‖^2_{1,Ω̃} + ‖ϑ̃_σ ‖^2_{,Ω̃} + ‖u‖^2_{,Ω̃}(1 + ‖η̃_σ ‖^2_{1,Ω̃} + ‖ϑ̃_σ ‖^2_{1,Ω̃})] + ‖ϑ_σ ‖^2_{1,Ω̃}(‖u‖^2_{,Ω̃} + ‖ϑ̃_σ ‖^2_{,Ω̃} + ‖ϑ_{σt}‖^2_{1,Ω̃}) + ‖u‖^2_{1,Ω̃}‖ũ‖^2_{1,Ω̃} + ‖u‖^2_{1,Ω̃} + ‖ϑ_σ‖^2_{0,Ω̃} + ‖k̃‖^2_{0,Ω̃}},

where c_3 > 0 is a constant.

Now, using the equivalence of norms for fractional spaces (see [4]) and estimates (3.16) and (3.19) we obtain

(3.20)

1 2 d dt Z Ω̃ ` ηũ^2 + p_1 ϱ_e η̃^2_σ + p_2ηc_v(η, ϑ) θ_ep_ϑ(ϱ_e, θ_e) ϑ̃^2_σ ´ dξ

+ 1 2 d dt Z R^3 dz Z B_{2λ} (ξ_0) dξ ` η|Δ^2(z)ũ|^2 |z|^{3+2(1+α)} + p_1|Δ^2(z)η̃_σ |^2 ϱ_e|z|^{3+2(1+α)} + p_2ηc_v (η, ϑ) θ_ep_ϑ(ϱ_e, θ_e)

|Δ^2(z)ϑ̃_σ |^2 |z|^{3+2(1+α)} ´ + c_3(‖ũ‖^2_{+α,Ω̃} + ‖∇ϑ̃_σ ‖^2_{1+α,Ω̃})

≤ ε(‖u‖^2_{+α,Ω̃} + ‖η_σ‖^2_{1+α,Ω̃} + ‖ϑ_σ‖^2_{+α,Ω̃})+ + c‖k̃‖^2_{α,Ω̃} + c(‖u‖^2_{1+α,Ω̃} + ‖η̃_σ‖^2_{α,Ω̃} + ‖ϑ̃_σ ‖^2_{α,Ω̃} + ‖ϑ_σ‖^2_{1+α,Ω̃} + ‖η_σ‖^2_{0,Ω̃})

+ cX_1[X_2(1 + X_2) + (1 + X^2_2 ) tZ 0 ‖u‖^2_{+α,Ω}dt^′]

+ c‖η_σ ‖^2_{1+α,Ω}‖u_t‖^2_{α,Ω̃}, where X_1 and X_2 are given by (3.17) and (3.18) respectively, c_4 > 0 is a constant.

To examine the third term on the r.h.s. of (3.20) we apply the interpolation inequality

(3.21)

‖u‖^2_{1+α,Ω̃} + ‖η̃_σ‖^2_{α,Ω̃} + ‖ϑ̃_σ‖^2_{α,Ω̃} + ‖ϑ_σ ‖^2_{1+α,Ω̃} ≤ ε(‖u‖^2_{+α,Ω̃} + ‖η̃_σ‖^2_{1+α,Ω̃} + ‖ϑ_σ ‖^2_{1+α,Ω̃}) + c(ε)(‖u‖^2_{0,Ω̃} + ‖η̃_σ‖^2_{0,Ω̃} + ‖ϑ̃_σ ‖^2_{0,Ω̃}).

From (2.5)_1 we have

(3.22)

‖η̃_σ‖^2_{1+α,Ω̃} ≤ ε(‖u‖^2_{+α,Ω̃} + ‖η_σ ‖^2_{1+α,Ω̃} + ‖ϑ_σ ‖^2_{1+α,Ω̃}) + c(‖ũ‖^2_{+α,Ω̃} + ‖ũ_t‖^2_{α,Ω̃}

+ ‖u‖^2_{0,Ω̃} + ‖η_σ‖^2_{0,Ω̃} + ‖ϑ_σ‖^2_{0,Ω̃}) + c tZ 0 ‖u‖^2_{+α,Ω}dt^′(X_1 + X^2_2 ) + cX^2_2 .

Inequalities (3.20)–(3.22) imply

(3.23)

1 2 d dt Z Ω̃ ` ηũ^2 + p_1 ϱ_e η̃^2_σ + p_2ηc_v(η, ϑ) θ_ep_ϑ(ϱ_e, θ_e) ϑ̃^2_σ ´ dξ

+ 1 2 d dt Z R^3 dz Z B_{2λ} (ξ_0) dξ ` η|Δ^2(z)ũ|^2 |z|^{3+2(1+α)} + p_1|Δ^2(z)η̃_σ |^2 ϱ_e|z|^{3+2(1+α)} + p_2ηc_v (η, ϑ) θ_ep_ϑ(ϱ_e, θ_e)

|Δ^2(z)ϑ̃_σ |^2 |z|^{3+2(1+α)} ´ + c_4(‖ũ‖^2_{+α,Ω̃}

+ ‖ϑ̃_σ ‖^2_{+α,Ω̃} + ‖η̃_σ‖^2_{+α,Ω̃}) ≤ ε‖ũ_t‖^2_{α,Ω̃} + ε(‖u‖^2_{+α,Ω̃} + ‖η_σ‖^2_{1+α,Ω̃} + ‖ϑ_σ‖^2_{1+α,Ω̃}) + c‖k̃‖^2_{α,Ω̃} + c(ε)(‖u‖^2_{0,Ω̃} + ‖η̃_σ ‖^2_{0,Ω̃} + ‖ϑ̃_σ‖^2_{0,Ω̃}) + cX_1[X_2(1 + X_2)

+ (1 + X^2_2 ) tZ 0 ‖u‖^2_{+α,Ω}dt^′] + c‖η_σ‖^2_{1+α,Ω}‖ũ_t‖^2_{α,Ω̃}, where c_5 > 0 is a constant.

To examine the norm ‖ũ_t‖^2_{α,Ω̃} from the r.h.s. of (3.23) we use the interpolation inequality (see [8]):

(3.24) tZ 0 ‖ũ_t′ ‖^2_{α,Ω̃}dt ≤ ε tZ 0 ‖ũ‖^2_{+α,Ω̃}dt + c(ε) Z Ω̃ ‖ũ_t′ ‖^2α_{2 ,(0,t)}dξ,

where c(ε) does not depend on t.

To estimate the last term on the r.h.s. of (3.24) we consider the time differences

Δ^k_t (h)f(ξ, t) = kX j=0 c^j_k(−1)^{k−j} f(ξ, t + jh), k > α.

Applying Δ_t(h) to (2.5)_1 we obtain

(3.25) ηΔ_tũ_{it} − ∇_j T_{ij} (Δ_tũ, Δ_tp̃_σ ) = ηΔ_tũ_{it} − Δ_t(ηũ_{it}) + Δ_tk_{1i}.

In the same way as in [5] from (3.25) we get

(3.26)

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̃ η|Δ_t′ũ_t′ |^2dξ

+ h_0Z

0 dh h^{1+α} Z Ω̃ ` μ 4 |S(Δ_t′ũ)|^2 + ν − μ 2 |div Δ_t′ũ|^2 ´ dξ fi fi_{t′ =t−h0}

− h_0Z

0 dh h^{1+α} Z Ω̃ ` μ 4 |S(Δ_t′ũ)|^2 + ν − μ 2 |div Δ_t′ũ|^2 ´ dξ fi fi_{t′ =0}

= h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̃ [ηΔ_t′ũ_t′ − Δ_t′ (ηũ_t′ )] · Δ_t′ũ_t′ dξ

+ h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̃ Δ_t′ k_1 · Δ_t′ũ_t′ dξ

− h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̃ ∇(Δ_t′ p̃_σ) · Δ_tũ_tdξ ≡ I_5 + I_6 + I_7,

where S(v) = {v_{iξj} + v_{jξi} }_{i,j=1,2,3}, 0 < h_0 < t.

First, we estimate I_5. Using the continuity equation (1.6)_2 we have

(3.27)

|I_5| ≤

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̃ |Δ_t′ (η_σ )ũ_t′ ||Δ_t′ũ_t′ |dξ

≤ ε‖ũ‖^2_{+α,Ω̃t} + c(ε)

h_0Z

0 dh t−h_0Z

0 dt^′ Z Ω̃ dξ | R_t′_{+h}

t^′ uξdτ|

2|ũ_t|^2 h^{1+α}

≤ ε‖ũ‖^2_{+α,Ω̃t} + c(ε)t^{1−α} tZ 0 |u_ξ|^2_{∞,Ω̃}dt^′ tZ 0 |ũ_t′ |^2_{,Ω̃}dt^′

≤ ε‖ũ‖^2_{+α,Ω̃t} + c(ε)t^{1−α}‖u‖^4_{2+α,Ω̃t} .

Next, we get

(3.28)

|I_6| ≤ ε‖ũ‖^2_{+α,Ω̃t} + c(ε)

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̃ dξ(|Δ_t′ u|^2 + |Δ_t′ η_σ |^2

+ |Δ_t′ ϑ_σ |^2 + |Δ_tu_ξ|^2) + c(ε)

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̃ dξ| t^′+hZ

t^′

u_ξdτ|^2(|u|^2 + |η_σ |^2 + |ϑ_σ |^2

+ |u_ξ|^2 + |ũ_{ξξ}|^2 + |η̃_{σξ} |^2 + |ϑ̃_{σξ} |^2) + c(ε)

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̃ dξ| t^′Z

0 u_ξdτ|^2(|Δ_tũ_{ξξ}|^2

+ |Δ_tη̃_{σξ} |^2 + |Δ_tϑ̃_{σξ} |^2) + c(ε)

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̃ dξ| t^′+hZ

t^′

u_ξdτ|^2| tZ 0 u_{ξξ}dτ|^2(|ũ_ξ|^2

+ |η̃_σ |^2 + |ϑ̃_σ |^2) + c(ε)

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̃ dξ| t^′+hZ

t^′

u_{ξξ}dτ|^2(|ũ_ξ|^2

+ |η̃_σ |^2 + |ϑ̃_σ |^2) + c(ε)

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̃ dξ| t^′Z

0 u_{ξξ}dτ|^2(|Δ_tũ_ξ|^2

+ |Δ_tη̃_σ |^2 + |Δ_tϑ̃_σ |^2) ≡ ε‖ũ‖^2_{+α,Ω̃t} + 6X i=1 I^i_6.

Let us estimate the terms on the r.h.s. of (3.28). We obtain

(3.29)

|I^1_6 | ≤ c

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̃ dξ(|

t^′+hZ

t^′

u_τ dτ|^2 + |

t^′+hZ

t^′

ϑ_{στ} dτ|^2)

≤ ct^{1−α}(‖u_t′ ‖^2_{0,Ω̃t} + ‖ϑ_{σt}′ ‖^2_{0,Ω̃t} ).

From equations (1.6)_1 and (1.6)_3 we get respectively

(3.30)

‖u_t′ ‖^2_{0,Ω} ≤ ε^{1−κ}_1 (‖u‖^2_{+α,Ω} + ‖η_σ ‖^2_{1+α,Ω} + ‖ϑ_σ ‖^2_{1+α,Ω}) + cε^{−κ}_1 (‖u‖^2_{0,Ω} + ‖η_σ ‖)^2_{0,Ω} + ‖ϑ_σ ‖^2_{0,Ω})+ + c‖u‖^2_{+α,Ω}t ‖u‖^2_{1+α,Ω} and

(3.31)

‖ϑ_{σt}′ ‖^2_{0,Ω} ≤ ε^{1−κ}_1 (‖u‖^2_{1+α,Ω} + ‖ϑ_σ‖^2_{+α,Ω}) + cε^{−κ}_1 (‖u‖^2_{0,Ω} + ‖ϑ_σ‖^2_{0,Ω}) + c(‖k‖^2_{0,Ω} + ‖u‖^2_{+α,Ω}‖u‖^2_{1,Ω}).

Using (3.30)–(3.31) in (3.29) and assuming ε_1 =

�_ε

ct^{1−α}

� 1_{1−κ} yields

|I^1_6 | ≤ ε(‖u‖^2_{+α,Ω}t + ‖ϑ_σ‖^2_{+α,Ω}t + ‖η_σ‖^2_{1+α,Ω}t ) + c(ε)t^{(1−α)/(1−κ)}(‖u‖^2_{0,Ω}t + ‖η_σ ‖^2_{0,Ω}t + ‖ϑ_σ‖^2_{0,Ω}t + ‖k‖^2_{0,Ω}t + ‖u‖^2_{+α,Ω}t sup_{0≤t′≤t} ‖u‖^2_{1+α,Ω}), where ε ∈ (0, 1) is sufficiently small.

Next, we have

|I^2_6 | ≤ ct^{1−α}| tZ 0 |u|^2_{∞,Ω̃}dt^′( tZ 0 |u|^2_{,Ω̃}dt^′ + tZ 0 |η_σ |^2_{,Ω̃}dt^′ + tZ 0 |ϑ_σ|^2_{,Ω̃}dt^′

+ tZ 0 |u_ξ|^2_{,Ω̃}dt^′ + tZ 0 |ũ_{ξξ}|^2_{,Ω̃}dt^′ + tZ 0 |η̃_{σξ} |^2_{,Ω̃}dt^′

+ tZ 0 |ϑ̃_{σξ} |^2_{,Ω̃}dt^′) ≤ ct^{1−α}|‖u‖^2_{+α,Ω̃t} (‖u‖^2_{,Ω̃t} + ‖η_σ‖^2_{1,Ω̃t} + ‖ϑ_σ ‖^2_{1,Ω̃t} ).

I^3_6 we estimate in the following way:

|I^3_6 | ≤ ct tZ 0 |u_ξ|^2_{∞,Ω̃}dt^′

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′(|Δ_tũ_{ξξ}|^2_{,Ω̃} + |Δ_tη̃_{σξ} |^2_{,Ω̃} + |Δ_tϑ̃_{σξ} |^2_{,Ω̃}) ≤ ct‖u‖^2_{+α,Ω̃t} (‖ũ‖^2_{+α,Ω}t + ‖η̃_σ ‖^2_{1+α,Ω̃t} + ‖ϑ̃_σ‖^2_{+α,Ω}t ).

Next, we get |I^4_6 | ≤ ct^{2−α} tZ 0 |u_ξ|^2_{∞,Ω̃}dt^′ tZ 0 |u_{ξξ}|^2_{,Ω̃}dt^′( tZ 0 |ũ_ξ|^2_{∞,Ω̃}dt^′

+ tZ 0 |η̃_σ |^2_{∞,Ω̃}dt^′ + tZ 0 |ϑ̃_σ |^2_{∞,Ω̃}dt^′) ≤ ct^{2−α}‖u‖^4_{2+α,Ω̃t} (‖ũ‖^2_{+α,Ω̃t} + ‖η̃_σ ‖^2_{1+α,Ω̃t} + ‖ϑ̃_σ‖^2_{+α,Ω̃t} ).

Estimating I^5_6 in the same way we obtain |I^5_6 | ≤ ct^{1−α}‖u‖^2_{+α,Ω̃t} (‖ũ‖^2_{+α,Ω̃t} + ‖η̃_σ‖^2_{1+α,Ω̃t} + ‖ϑ̃_σ ‖^2_{+α,Ω̃t} ).

Finally, we have |I^6_6 | ≤ ct tZ 0 |u_{ξξ} |^2_{4,Ω̃}dt^′

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′(|Δ_tũ_ξ|^2_{4,Ω̃} + |Δ_tη̃_σ |^2_{4,Ω̃} + |Δ_tϑ̃_σ |^2_{4,Ω̃}) ≤ ct‖u‖^2_{+α,Ω̃t}

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt[ε_1(|Δ_tũ_{ξξ}|^2_{,Ω̃} + |Δ_tη̃_{σξ} |^2_{,Ω̃} + |Δ_tϑ̃_{σξ} |^2_{,Ω̃}) + c(ε_1)(|Δ_tũ|^2_{,Ω̃} + |Δ_tη̃_σ |^2_{,Ω̃} + |Δ_tϑ̃_σ |^2_{,Ω̃})] ≤ ct‖u‖^2_{+α,Ω̃t} (‖ũ‖^2_{+α,Ω̃t} + ‖η̃_σ‖^2_{1+α,Ω̃t} + ‖ϑ̃_σ‖^2_{+α,Ω̃t} ).

Summarizing the above considerations we get

(3.32)

|I_6| ≤ ε(‖u‖^2_{+α,Ω}t + ‖ϑ_σ‖^2_{+α,Ω}t + ‖η_σ ‖^2_{1+α,Ω}t ) + c(ε, t)[‖u‖^2_{0,Ω}t + ‖ϑ_σ‖^2_{0,Ω}t + ‖η_σ ‖^2_{0,Ω}t + ‖k‖^2_{0,Ω}t + ‖u‖^2_{+α,Ω}t sup_{0≤t′ ≤t} ‖u‖^2_{1+α,Ω} + ‖u‖^2_{+α,Ω̃t} (‖u‖^2_{+α,Ω̃t}

+ ‖ϑ_σ‖^2_{+α,Ω̃t} + ‖η_σ ‖^2_{1+α,Ω}t )(1 + ‖u‖^2_{1+α,Ω̃t} )],

where c(ε, t) is a positive continuous function increasing with respect to t.

In the same way we estimate I_7 and we get

(3.33)

|I_7| ≤ ε(‖u‖^2_{+α,Ω}t + ‖ϑ_σ‖^2_{+α,Ω}t ) + d‖ϑ̃_σ ‖^2_{+α,Ω̃t} + c(ε, t)[‖u‖^2_{0,Ω}t + ‖ϑ_σ‖^2_{0,Ω}t + ‖k‖^2_{0,Ω}t + sup_{0≤t′ ≤t} ‖u‖^2_{1+α,Ω̃}(‖ϑ_σ ‖^2_{α,Ω̃t} + ‖η_σ‖^2_{1+α,Ω̃t} )

+ sup_{0≤t′≤t} ‖u‖^2_{1+α,Ω}t ‖u‖^2_{+α,Ω̃t} + ‖u‖^2_{+α,Ω̃t} · (‖u‖^2_{+α,Ω̃t} + ‖ϑ̃_σ ‖^2_{,Ω̃t} + ‖η̃_σ‖^2_{1,Ω̃t} )

+ ‖ϑ_σ‖^2_{+α,Ω̃t} (‖ϑ̃_σ ‖^2_{1+α,Ω̃t} + ‖η̃_σ ‖^2_{1+α,Ω̃t} )],

where d is given in (2.4).

Thus, taking into account (3.26), (3.27), (3.32) and (3.33) we get

(3.34)

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̃ η|Δ_t′ũ_t′ |^2dξ

+ h_0Z

0 dh h^{1+α} Z Ω̃ ` μ 4 |S(Δ_t′ũ)|^2 + ν − μ 2 |div Δ_t′ũ|^2 ´ dξ fi fi_{t′ =t−h0}

≤ h_0Z

0 dh h^{1+α} Z Ω̃ ` μ 4 |S(Δ_t′ ũ)|^2 + ν − μ 2 |div Δ_t′ũ|^2 ´ dξ fi fi_{t′=0}

+ ε(‖u‖^2_{+α,Ω}t + ‖ϑ_σ ‖^2_{+α,Ω}t + ‖η_σ‖^2_{1+α,Ω}t ) + d‖ϑ̃_σ ‖^2_{+α,Ω̃t} + c(ε, t)[‖u‖^2_{0,Ω}t + ‖ϑ_σ ‖^2_{0,Ω}t + ‖η_σ‖^2_{0,Ω}t + ‖k‖^2_{0,Ω}t + ‖u‖^2_{+α,Ω}t sup_{0≤t′≤t} ‖u‖^2_{1+α,Ω} + ‖u‖^2_{+α,Ω̃t} (‖u‖^2_{+α,Ω̃t}

+ ‖ϑ_σ ‖^2_{+α,Ω̃t} + ‖η_σ‖^2_{1+α,Ω}t )(1 + ‖u‖^2_{1+α,Ω̃t} )+ + sup_{0≤t′ ≤t} ‖u‖^2_{1+α,Ω̃}(‖ϑ_σ‖^2_{α,Ω̃t} + ‖η_σ ‖^2_{1+α,Ω̃t} ) + ‖ϑ_σ‖^2_{+α,Ω̃t} ·

· (‖ϑ̃_σ‖^2_{1+α,Ω̃t} + ‖η̃_σ ‖^2_{1+α,Ω̃t} )],

where c(ε, t) is positive continuous function increasing with respect to t

Now, we obtain an estimate for

R_t 0 ‖ϑ̃_{σt}′ ‖^2_{α,Ω̃}dt^′. In order to do this we use (3.24) and to estimate R_~ Ω ‖ϑ̃_{σt}′ ‖^2α_{2 ,(0,t)}dξ we apply Δ_t′ (h) to (2.5)_3 and then multiply the equation by Δ_t′ϑ̃_{σt}′ . We get

(3.35)

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̃ ηc_v(η, ϑ)|Δ_t′ ϑ̃_σ |^2dξ

+ κ 2 h_0Z

0 dh h^{1+α} Z Ω̃ (|∇(Δ_t′ϑ̃_σ )|^2) fi fi_{t′=t−h0} dξ

≤ κ 2 h_0Z

0 dh h^{1+α} Z Ω̃ (|∇(Δ_t′ϑ̃_σ )|^2) fi fi_{t′=0}dξ

+ ε(‖ϑ_σ ‖^2_{+α,Ω}t + ‖u‖^2_{+α,Ω}t + ‖η_σ‖^2_{1+α,Ω}t ) + d‖ϑ̃_σ ‖^2_{+α,Ω̃t} + c(ε, t)[‖u‖^2_{0,Ω}t + ‖ϑ_σ‖^2_{0,Ω}t + ‖η_σ ‖^2_{0,Ω}t + ‖k‖^2_{α,Ω}t + ‖ϑ̄‖^2_{α+1/2,S}t + ‖u‖^2_{+α,Ω̃t} · · (‖u‖^2_{+α,Ω̃t} + sup_{0≤t′ ≤t} ‖ϑ_σ ‖^2_{1+α,Ω̃} + sup_{0≤t′ ≤t} ‖η_σ ‖^2_{1+α,Ω̃}

+ sup_{0≤t′ ≤t} ‖u‖^2_{1+α,Ω̃} + ‖u‖^2_{1+α,Ω̃t} · sup_{0≤t′≤t} ‖u‖^2_{1+α,Ω̃} + ‖ϑ̃_σ ‖^2_{+α,Ω̃t}

+ ‖u‖^2_{+α,Ω̃t} ‖ϑ̃_σ‖^2_{+α,Ω}t ) + ‖u‖^2_{+α,Ω}t · ‖u‖^2_{1+α,Ω}t

+ sup_{0≤t′ ≤t} ‖η‖^2_{1+α,Ω̃}‖k̃‖^2_{α,Ω̃t} + ‖ϑ_σ‖^2_{+α,Ω̃t} · ‖ϑ̃_σ ‖^2_{+α,Ω̃t} ],

where c(ε, t) is a positive continuous function increasing with respect to t.

Let us introduce the quantity

(3.36) ϕ_1(t, Ω̃) = Z Ω̃ ` ηũ^2 + p_1 ϱ_e η̃^2_σ + p_2ηc_v (η, ϑ) θ_ep_ϑ(ϱ_e, θ_e) ϑ̃^2_σ ´ dξ

+ Z R^3 dz Z B_{2λ}(ξ_0 ) dξ ı η|Δ2(z)ũ|2 |z|^{3+2(1+α)} + p_1|Δ^2(z)η̃_σ|^2 ϱ_e|z|^{3+2(1+α)} + p_2ηc_v (η, ϑ) θ_ep_ϑ(ϱ_e, θ_e)

|Δ^2(z)ϑ̃_σ|^2 |z|^{3+2(1+α)} ȷ

+ h_0Z

0 dh h^{1+α} Z Ω̃ ` μ 4 |S(Δ_t′ũ)|^2 + ν − μ 2 |div Δ_t′ũ|^2 ´ fi fi_{t′ =t−h0} dξ

+ κ 2 h_0Z

0 dh h^{1+α} Z Ω̃ (|∇(Δ_t′ϑ̃_σ )|^2) fi fi_{t′=t−h0} dξ,

which is such that c̄_1(‖ũ‖^2_{1+α,Ω̃} + ‖η̃_σ ‖^2_{1+α,Ω̃} + ‖ϑ̃_σ ‖^2_{1+α,Ω̃}) ≤

≤ ϕ_1(t, Ω̃) ≤ c̄_2(‖ũ‖^2_{1+α,Ω̃} + ‖η̃_σ‖^2_{1+α,Ω̃} + ‖ϑ̃_σ‖^2_{1+α,Ω̃}), where c̄_1, c̄_2 depend on the bound from the estimate for the local solution.

Integrating (3.23) with respect to time, using (3.24) (for ũ and ϑ̃_σ ) (3.34) and (3.35) we obtain for t ≤ T .

(3.37) ϕ_1(t, Ω̃) + c̄(‖ũ‖^2_{+α,Ω̃t} + ‖ϑ̃_σ‖^2_{+α,Ω̃t} + ‖η̃_σ ‖^2_{1+α,Ω̃t} ) ≤ ε(‖u‖^2_{+α,Ω̃t} + ‖ϑ_σ‖^2_{+α,Ω̃t} + ‖η_σ ‖^2_{1+α,Ω̃t} ) + c(ε, t){‖u‖^2_{0,Ω̃t} + ‖ϑ_σ ‖^2_{0,Ω̃t} + ‖η_σ ‖^2_{0,Ω̃t} + (1 + sup_{t′} ‖η‖^2_{1+α,Ω})‖k‖^2_{α,Ω̃t} + ‖ϑ̄‖^2_{1/2+α,S}t

+ X_3[X_4(1 + X_4) + (1 + X^2_4 )X_3]} + ϕ_1(0, Ω̃), where X_3 = ‖u‖^2_{+α,Ω}t + ‖η_σ‖^2_{1+α,Ω}t + ‖ϑ_σ ‖^2_{+α,Ω}t and (3.39) X_4 = sup_{t′ ≤t} ‖u‖^2_{1+α,Ω} + sup_{t′≤t} ‖η_σ ‖^2_{1+α,Ω} + sup_{t′≤t} ‖ϑ_σ‖^2_{1+α,Ω},

T is the time of the local existence, c(ε, t) is a positive continous function increasing with respect to t.

Now, we shall derive an estimate in a boundary subdomain. We apply Δ^2(τ) (where Δ^s(τ)f(z) = P_s k=0 �_s k � (−1)^{s−k}f(z^′ + kτ, z_3), z^′ = (z_1, z_2), τ = (τ_1, τ_2)) to (2.6)_1–(2.6)_3 and multiply the resulting equations by Δ^2(τ)ũ_i,^{p1}_{ϱe} Δ^2(τ)η̃_σ and^{p2}_{θepϑ(ϱe,θe)} Δ^2(τ)ϑ̃_σ , respectively. Then integrating each of the equations over Ω̂(ξ_0) and with respect to τ over R^2 with the measure^1_{|τ |2+2(1+α)} and using (1.5), the Korn inequality and the equation of continuity in Ω̂, i.e. η̂_t + η̂ ^∇ · û = 0 we get

(3.40)

1 2 d dt Z R^2 dτ Z Ω̂(ξ_0) dz ı η̂|Δ2(τ)ũ|2 |τ|^{2+2(1+α)} + p_1 ϱ_e

|Δ^2(τ)η̃_σ |^2 |τ|^{2+2(1+α)}

+ p_2η̂c_v θ_ep_ϑ(ϱ_e, θ_e)

|Δ^2(τ)ϑ̃_σ |^2 |τ|^{2+2(1+α)} ȷ + c_5 Z R^2 dτ ‖Δ^2(τ)ũ‖^2_{1,Ω̂(ξ0 )} |τ|^{2+2(1+α)} + κ Z R^2 dτ Z Ω̂(ξ_0 ) dz p_2|Δ^2(τ)∇ϑ̃_σ |^2 |τ|^{2+2(1+α)} +

− Z R^2 dτ Z Ŝ(ξ_0 )

dz_ŝ

T(Δ^2(τ)ũ, Δ^2(τ)p̃_σ )n̂^′ · Δ^2(τ)ũ |τ|^{2+2(1+α)}

− Z R^2 dτ Z Ŝ(ξ_0 )

dz_ŝ n̂^′ · ∇(Δ^2(τ)ϑ̃_σ ) · Δ^2(τ)ϑ̃_σ |τ|^{2+2(1+α)} ≤

≤ ε(‖û‖^2_{+α,Ω̂} + ‖η̂_σ‖^2_{1+α,Ω̂} + ‖ϑ̂_σ‖^2_{+α,Ω̂})

+ ψ_{18} ` 1 ε , a ´ [X_1X_2 + X_1(1 + X^2_2 ) tZ 0 ‖u‖^2_{+α,Ω}dt^′

+ ‖η̂_σ ‖^2_{1+α,Ω}‖ũ_t‖^2_{α,Ω̂}] + ψ_{19} ` 1 ε , a ´ (‖ũ‖^2_{1+α,Ω̂} + ‖η̃_σ‖^2_{α,Ω̂}

+ ‖ϑ̃_σ ‖^2_{α,Ω̂} + ‖ϑ_σ‖^2_{1+α,Ω̂}) + ψ_{20} ` 1 ε , a ´ ‖k̃‖^2_{α,Ω̂},

where X_1 and X_2 are given by (3.17) and (3.18) respectively.

Using boundary condition (2.6)_4, definition (2.4) and imbedding (2.10) we obtain

(3.41)

Z R^2 dτ Z Ŝ(ξ_0 )

dz_Ŝ

T(Δ^2(τ)ũ, Δ^2(τ)p̃_σ )n̂^′ · Δ^2(τ)ũ |τ|^{2+2(1+α)}

= − σ 2 d dt Z R^2 dτ Z Ŝ(ξ_0)

dz_Ŝ g^{γδ}_û

R_t 0 Δ^2(τ)^{∂ũ}_{∂zγ} dt^′ ·

R_t 0 Δ^2(τ)^{∂ũ}_{∂zδ} dt^′ |τ|^{2+2(1+α)}

+ σ Z R^2 dτ Z Ŝ(ξ_0 )

dz_Ŝ

Δ^2(τ) ıı Δ_Ŝξ̂ +^2_{Re} n̂ ȷ ζ̂ ȷ · Δ^2(τ)ũ |τ|^{2+2(1+α)}

+ I_8 ≡ J_1 + J_2 + I_8.

where

(3.42)

|I_8| ≤ ψ_{21}(a, ‖F ‖ 5_{2 +α,Ŝ} )[(ε + d)‖ũ‖^2_{+α,Ω̂} + ε(‖η̃_σ‖^2_{1+α,Ω̂}

+ ‖ϑ̃_σ ‖^2_{1+α,Ω̂}) + ε_1 fl fl fl tZ 0 ûdt^′ fl fl fl^2_{+α,Ŝ} + ε1 fl fl fl tZ 0 ûdt^′ fl fl fl^4_{2+α,Ŝ}

+ ‖ũ‖^2_{+α,Ω̂}( tZ 0 ‖û‖^2_{+α,Ω̂}dt^′ + fl fl fl tZ 0 ûdt^′ fl fl fl^2_{+α,Ŝ} )

+ tZ 0 ‖ũ‖^2_{+α,Ω̂}dt^′ fl fl fl tZ 0 ûdt^′ fl fl fl^2_{+α,Ω̂}(1 + fl fl fl tZ 0 ûdt^′ fl fl fl^2_{+α,Ŝ} ) + ‖ũ‖^2_{0,Ω̂}],

where ε_1 and ε are sufficiently small positive constants, d is given in (2.4).

Now, we estimate the second term on the right-hand side of (3.41). We have

(3.43)

J_2 = σ Z R^2 dτ Z Ŝ(ξ_0 )

dz_Ŝ

Δ^2(τ) ıı H(·, 0) +^2_{Re} ȷ n̂_0ζ̂ ȷ · Δ^2(τ)ũ

|τ|^{2+2(1+α)} + 2σ R_e Z R^2 dτ Z Ŝ(ξ_0 )

dz_Ŝ

Δ^2(τ)(n̂ − n̂_0) · Δ^2(τ)ũ

|τ|^{2+2(1+α)}

≡ J^1_2 + J^2_2 ,

where n̂_0(z^′) = n̂(z^′_10) and

(3.44)

|J^2_2 | ≤ c Z R^2 dτ Z Ŝ(ξ_0)

dz_Ŝ

|Δ^2(τ)

R_t 0 û_z′ dt^′||Δ^2(τ)ũ|

|τ|^{2+2(1+α)}

≤ ε_1 fl fl fl tZ 0 ûdt^′ fl fl fl^2_{+α,Ŝ} + c(ε1)(ε‖ũ‖^2_{+α,Ω̂} + c(ε)‖ũ‖^2_{0,Ω̂}).

Next, we obtain

(3.45)

J^1_2 = − σ 2 d dt Z R^2 dτ Z Ŝ(ξ_0 )

2Δ(τ) ıı H(·, 0) +^2_{Re} ȷ n̂_0ζ̂ ȷ · R_t 0 Δ^3(τ)ũdt^′

|τ|^{2+2+(1+α)}

= − σ 2 d dt Z R^2 dτ Z Ŝ(ξ_0)

dz_Ŝ ı 4 √ ĉ Δ(τ) ıı H(·, 0) +^2_{Re} ȷ n̂_0ζ̂ ȷ |τ|^{1+α}

+ 1 4 √ ĉ R_t 0 Δ^3(τ)ũdt^′

|τ|^{1+2+α} ȷ_2 + σ 32c̄ d dt Z R^2 dτ Z Ŝ(ξ_0 )

dz_Ŝ ( R_t 0 Δ^3(τ)ũdt^′)^2

|τ|^{2+2(2+α)} ,

where ĉ > 0 is a constant such that

(3.46) Z R^2 dτ Z Ŝ(ξ)

dz_Ŝ ( R_t 0 Δ^3(τ)ũdt^′)^2

|τ|^{2+2(2+α)} ≤ ĉ Z R^2 dτ Z Ŝ(ξ_0)

dz_Ŝ

P_2 γ=1(

R_t 0 Δ^2(τ)ũ_{zγ} dt^′)^2

|τ|^{2+2(1+α)}

(see [3], [4]).

By (3.41)–(3.45) we get

(3.47)

− Z R^2 dτ Z Ŝ(ξ_0 )

dz_Ŝ

T(Δ^2(τ)ũ, Δ^2(τ)p̃_σ )n̂^′ · Δ^2(τ)ũ |τ|^{2+2(1+α)}

= σ 2 d dt Z R^2 dτ Z Ŝ(ξ_0)

dz_Ŝ g^{γδ}_û

R_t 0 Δ^2(τ)ũ_{zγ} dt^′ ·

R_t 0 Δ^2(τ)ũ_{zδ} dt^′ |τ|^{2+2(1+α)}

+ σ 2 d dt Z R^2 dτ Z Ŝ(ξ_0 )

dz_Ŝ ı 4 √ ĉ Δ(τ) ıı H(·, 0) +^2_{Re} ȷ n̂_0ζ̂ ȷ |τ|^{1+α}

+ 1 4 √ ĉ R_t 0 Δ^3(τ)ũdt^′ |τ|^{1+2+α} ȷ_2 − σ 32ĉ d dt Z R^2 dτ Z Ŝ(ξ_0)

dz_Ŝ ( R_t 0 Δ^3(τ)ũdt^′)^2 |τ|^{2+2(2+α)}

+ I_8 + J^2_2 , where estimates for I_8 and J^2_2 are given by (3.42) and (3.44), respectively.

Next, using boundary condition (2.6)_5 we have

(3.48)

Z R^2 dτ Z Ŝ(ξ_0)

dz_Ŝ n̂^′ · ∇(Δ^2(τ)ϑ̃_σ ) · Δ^2(τ)ϑ̃_σ |τ|^{2+2(1+α)}

≤ ψ_{22}(a, ‖F ‖_{2+α,Ŝ})[(ε + d)‖ϑ̂_σ ‖^2_{+α,Ω̂} + ‖~ϑ̄‖_{α+} 1_{2 ,Ŝ}

+ ‖ϑ̂_σ ‖^2_{0,Ω̂} + ‖ϑ̂_σ‖^2_{0,Ω̂} fl fl fl tZ 0 ûdt^′ fl fl fl^2_{+α,Ŝ} ].

Taking into account (3.40), (3.42), (3.46), (3.44) and the considerations for interior subdomains we get

(3.49) d dt ϕ_2(t, Ω̂) + Φ_1(t, Ω̂) ≤ cX,

where

(3.50) ϕ_2(t, Ω̂) = 1 2 Z R^2 dτ Z Ω̂(ξ_0 ) dz ` η̂|Δ^2(τ)ũ|^2 |τ|^{2+2(1+α)} + p_1 ϱ_e

|Δ^2(τ)η̃_σ |^2 |τ|^{2+2(1+α)}

+ p_2η̂c_v(η̂, ϑ̂) θ_ep_{ϑ̂}(ϱ_e, θ_e)

|Δ^2(τ)ϑ̃_σ |^2 |τ|^{2+2(1+α)} ´ + 1 2 Z Ω̂(ξ_0)

η̂ũ^2 + p_1 ϱ_e η̃^2_σ + p_2η̂c_v (η̂, ϑ̂) θ_ep_{ϑ̂}(ϱ_e, θ_e) ϑ̃^2_σ ! dz

+ σ 2 Z R^2 dτ Z Ŝ(ξ_0 )

dz_Ŝ g^{γδ}_û

R_t 0 Δ^2(τ)^{∂ũ}_{∂zγ} dt^′ ·

R_t 0 Δ^2(τ)^{∂ũ}_{∂zδ} dt^′ |τ|^{2+2(1+α)} ,

σ 2 Z R^2 dτ Z Ŝ(ξ_0)

dz_Ŝ 0 @2 √ ĉ Δ(τ) ıı H(·, 0) +^2_{Re} ȷ n̂_0ζ̂ ȷ |τ|^{1+α} + 1 2 √ ĉ R_t 0 Δ^3(τ)ũdt^′ |τ|^{1+2+α} 1 A 2

− σ 8c̄ Z R^2 dτ Z Ŝ(ξ_0 )

dz_Ŝ ( R_t 0 Δ^3(τ^′)ũdt^′)^2 |τ|^{2+2(2+α)} ,

(3.51)

Φ_1(t, Ω̂) = c ı ‖ũ‖^2_{1,Ω̂} + ‖ϑ̃_{σx}‖^2_{0,Ω̂}+ + Z R^2 dτ ‖Δ^2(τ)ũ‖^2_{1,Ω̂(ξ0)} |τ|^{2+2(1+α)} + Z R^2 dτ Z Ω̂(ξ_0 ) dz p_2|∇(Δ^2(τ)ϑ̃_σ )|^2 |τ|^{2+2(1+α)} ȷ ,

(3.52)

X = ψ_{23}(a, ‖F ‖ 5_{2 +α,Ŝ} ){d(‖ũ‖^2_{+α,Ω̂} + ‖ϑ̃_σ ‖^2_{+α,Ω̂}) + ε(‖û‖^2_{+α,Ω̂} + ‖ϑ̂_σ‖^2_{+α,Ω̂})

+ ε‖η̃_σ‖^2_{1+α,Ω̂} + ε_1 fl fl fl tZ 0 ûdt^′ fl fl fl^2_{+α,Ŝ} + ε1 fl fl fl tZ 0 ûdt^′ fl fl fl^4_{2+α,Ŝ} + fl fl fl tZ 0 ûdt^′ fl fl fl^2_{+α,Ŝ} [‖ũ‖^2_{+α,Ω̂}

+ tZ 0 ‖ũ‖^2_{+α,Ω̂}dt^′(1 + fl fl fl tZ 0 ûdt^′ fl fl fl^2_{+α,Ŝ} )] + A + ‖ϑ̂σ‖^2_{0,Ω̂} fl fl fl tZ 0 ûdt^′ fl fl fl^2_{+α,Ŝ}

+ X_1X_2 + X_1(1 + X^2_2 ) tZ 0 ‖û‖^2_{+α,Ω}dt^′ + ‖η_σ ‖^2_{1+α,Ω}‖ũ_t‖^2_{α,Ω̃}},

(3.53) A = ‖û‖^2_{0,Ω̂} + ‖η̂_σ‖^2_{0,Ω̂} + ‖ϑ̂_σ‖^2_{0,Ω̂} + ‖k̂‖^2_{α,Ω̂} + ‖~ϑ̄‖^2_{α+ 12 ,Ŝ},

X_1 and X_2 are given by (3.17) and (3.18), respectively.

Now, repeating the argument from Lemma 4.4 of [15] we obtain the estimate

(3.54)

1 2 d dt Z R^2 dτ Z Ω̂(ξ_0 ) dz ` η̂ |Δ(τ)ũ_z |^2

|τ|^{2+2α} + p_1

ϱ_e

|Δ(τ)η̃_σ |^2

|τ|^{2+2α} ´

+ σ 2 d dt Z R^2 dτ Z Ŝ(ξ_0 )

dz_Ŝ g^{γδ}_û

R_t 0 Δ(τ)ũ_{zβ zγ} dt^′ ·

R_t 0 Δ(τ)ũ_{zβ zδ} dt^′

|τ|^{2+2α}

σ 2 d dt Z R^2 dτ Z Ŝ(ξ_0)

dz_Ŝ 0 @ 4Δ(τ) ı H(·, 0) +^2_{Re} ȷ n̂_0ζ̂

|τ|^{1+α} + 1 4 P_2 γ=1 R_2 0 Δ(τ)ũ_{zγ zγ} dt^′

|τ|^{1+α} 1 A 2

− σ 32 d dt Z R^2 dτ Z Ŝ(ξ_0)

dz_Ŝ ( P_2 γ=1 R_t 0 Δ(τ)ũ_{zγ zγ} dt^′)^2

|τ|^{2+2α} + μ 2 Z R^2

‖Δ(τ)ũ‖^2_{,Ω̂}

|τ|^{2+2α} dτ + Z R^2

‖Δ(τ)η̃_{σz} ‖^2_{0,Ω̂}

|τ|^{2+2α} dτ

≤ ε ı ‖ tZ 0 ũdt^′‖^2_{+α,Ŝ} + ‖û‖^2_{+α,Ω̂} + fl fl flH(·, 0) + 2

R_e fl fl fl^2

α,S^1

+ ‖R(·, t) − R(·, 0)‖^2_{+α,S}1 ȷ

+ c(‖û‖^2_{0,Ω̂} + ‖η̂_σ ‖^2_{0,Ω̂} + ‖ϑ̂_σ ‖^2_{0,Ω̂} + cX_2(X_1 + tZ 0 ‖u‖^2_{+α,Ω}dt^′).

Next, boundary condition (2.6)_4 yields

(3.55) fl fl fl tZ 0 ũdt^′ fl fl fl^2_{+α,Ŝ} ≤ Z R^2

‖Δ(τ)

R_t 0 ũdt^′‖^2_{,Ŝ}

|τ|^{2+2α} dτ + fl fl fl tZ 0 ũdt^′ fl fl fl^2_{0,Ŝ}

≤ ε(‖ũ‖^2_{+α,Ω̂} + ‖η̂_σ ‖^2_{1+α,Ω̂} + ‖ϑ̂_σ‖^2_{1+α,Ω̂}) + c ı ‖ũ‖^2_{0,Ω̂} + ‖q_σ ‖^2_{0,Ω̂} + fl fl tZ 0 ûdt^′ fl fl^2

0,Ω̂ + fl fl flH(·, 0) + 2 R_e fl fl fl 2 α,S^1

+ ‖R(·, t) − R(·, 0)‖^2_{+α,S}1 ȷ

+ c(‖û‖^2_{+α,Ω̂} + ‖η̂_σ ‖^2_{1+α,Ω̂} + ‖ϑ̂_σ‖^2_{1+α,Ω̂}) tZ 0 ‖û‖^2_{+α,Ω̂}dt^′.

Now, we consider the problem

(3.56) κΔϑ̃_σ =η̂c_v(η̂, ϑ̂)ϑ̃_{σt} + θ_ep_{ϑ̂}(ϱ_e, θ_e)∇ · ũ − η̂k̃ − k_6 ≡ K_3 in Ω̂, n̂ · ∇ϑ̃_σ = ~ϑ̄ + k_8 ≡ K_4 on Ŝ.

From Agmon-Douglis-Nirenberg theory (see [1]) we get

(3.57)

Z R^2

‖Δ(τ)ϑ̃_σ ‖^2_{,Ω̂} |τ|^{2+2α} dτ ≤ c Z R^2

‖Δ(τ)∇ · ũ‖_{1,Ω̂} |τ|^{2+2α} dτ+

+ c Z R^2

‖Δ(τ)K_3‖^2_{0,Ω̂} |τ|^{2+2α} dτ + c Z R^2

‖Δ(τ)K_4‖^2_{12 ,Ŝ} |τ|^{2+2α} dτ ≤ c(X + ‖ϑ̃_{σt}‖^2_{α,Ω̂}) ≡ cX̄.

Next, applying Δ_3(n) to (3.56)_1 we obtain the estimate

(3.58) Z R^1_+ dn Z Ω̂(ξ_0) dz |Δ_3(n)ϑ̃_{σz3 z3} |^2 |n|^{1+2α} ≤ c Z R^1_+ dn Z Ω̂(ξ_0) dz |Δ_3(n)ϑ̃_{σzz}′ |^2 |n|^{1+2α}

+ CX̄,

where the first term on the right-hand side of (3.58) we estimate using the following interpolation inequality

(3.59) Z R^1_+ dn Z Ω̂(ξ_0) dz |Δ_3(n)ϑ̃_{σzz}′ |^2 |n|^{1+2α} ≤ c Z R^2 dτ Z Ω̂(ξ_0)

|Δ(τ)ϑ̃_{σzz}′ |^2 |τ|^{2+2α} dz + c Z R^2 dτ Z Ω̂(ξ_0)

|Δ(τ)ϑ̃_{σzz} |^2 |τ|^{2+2α} dz.

Repeating the considerations from [5] (see the proof of Lemma 3.2) and taking into account (3.49),(3.52), (3.54), (3.56)–(3.58) we get

(3.60) d dt ϕ_3(t, Ω̂) + Φ_2(t, Ω̂) ≤ cY,

where ϕ_3(t, Ω̂) = ϕ_2(t, Ω̂) + μ + ν

ϱ_e Z R^2 dτ Z Ω̂(ξ_0 ) dz |Δ(τ) ^∇_3η̃_σ|^2 |τ|^{2+2α}

+ μ + ν ϱ_e Z R^1_+ dn Z Ω̂(ξ_0 ) dz |Δ_3(n) ^∇_3η̃_σ |^2 |n|^{1+2α} +

+ 1 2 Z R^2 dτ Z Ω̂(ξ_0 ) dz ` η̂ |Δ(τ)ũ_z |^2 |τ|^{2+2α} + p_1 ϱ_e

|Δ(τ)η̃_σ |^2 |τ|^{2+2α} ´

+ σ 2 Z R^2 dτ Z Ŝ(ξ_0)

dz_Ŝ g^{γδ}_û

R_t 0 Δ(τ)ũ_{zβ zγ} dt^′ ·

R_t 0 Δ(τ)ũ_{zβ zδ} dt^′ |τ|^{2+2α}

+ σ 2 Z R^2 dτ Z Ŝ(ξ_0)

dz_Ŝ 0 @ 4Δ(τ) ı H(·, 0) +^2_{R2} ȷ n̂_0ζ̂ |τ|^{1+α} + 1 4 P_2 γ=1 R_t 0 Δ(τ)ũ_{zγ zγ} dt^′ |τ|^{1+α} 1 A 2

− σ 32 Z R^2 dτ Z Ŝ(ξ_0 )

dz_Ŝ ( P_2 γ=1 R_t 0 Δ(τ)ũ_{zγ zγ} dt^′)^2 |τ|^{2+2α} ,

(3.61)

Φ_2(t, Ω̂) = Φ_1(t, Ω̂) + Z R^2 dτ Z Ω̂(ξ_0 ) dz |Δ(τ) ^∇_3η̂_σ |^2 |τ|^{2+2α}

+ Z R^2 dτ Z Ω̂(ξ_0 ) dz |Δ(τ) ^∇^2_3ũ_3|^2 |τ|^{2+2α} + Z R^1_+ dn Z Ω̂(ξ_0 ) dz |Δ_3(n)ũ_{zz}′ |^2 |n|^{1+2α}

+ Z R^1_+ dn Z Ω̂(ξ_0 ) dz |Δ_3(n) ^∇_3η̃_σ |^2 |n|^{1+2α} + + Z R^1_+ dn Z Ω̂(ξ_0 ) dz |Δ_3(n)ũ_{z3z3} |^2 |n|^{1+2α}

+ Z R^1_+ dn Z Ω̂(ξ_0 ) dz |Δ_3(n)η̃_{σz}′ |^2 |n|^{1+2α} + μ Z R^2

‖Δ(τ)ũ‖^2_{,Ω̂} |τ|^{2+2α} dτ

+ Z R^2

‖Δ(τ)η̃_{σz} ‖^2_{0,Ω̂} |τ|^{2+2α} dτ + Z R^2

‖Δ(τ)ϑ̃_σ ‖^2_{,Ω̂} |τ|^{2+2α} dτ

+ Z R^1_+ dn Z Ω̂(ξ_0 ) dz |Δ_3(n)ϑ̃_{σz3 z3} |^2 |n|^{1+2α} + Z R^1_+ dn Z Ω̂(ξ_0) dz |Δ_3(n)ϑ̃_{σzz}′ |^2 |n|^{1+2α} ,

(3.62)

Y = ψ_{24}(a, ‖F ‖ 5_{2 +α,Ŝ} ) ( X + X_2‖u‖^2_{+α,Ω}t

+ ‖ũ_t‖^2_{α,Ω̂} + ‖ϑ_{σt}‖^2_{α,Ω̂} + ε fl fl fl tZ 0 ũdt^′ fl fl fl^2_{+α,Ŝ} + fl fl fl flH(·, 0) + 2 R_e fl fl fl fl 2 α,S^1

+ ‖R(·, t) − R(·, 0)‖^2_{+α,S}1 !) ,

ϕ_2, Φ_1, X_2 A are given by (3.50), (3.51), (3.18), (3.53), respectively.

Now, using (2.8) and assuming that δ from the local existence theorem (see Theorem 3.4 of [13]) such that T^{1/2}‖u‖_{2+α,Ω}T ≤ δ is sufficiently small we get

(3.63) g^{γδ}_û tZ 0 Δ(τ)ũ_{zβ zγ} dt^′ · tZ 0 Δ(τ)ũ_{zβ zδ} dt^′· ≥ 3 4 2X γ=1 ı^tZ 0 Δ(τ)ũ_{zγ zγ} dt^′ ȷ_2 .

Moreover,

(3.64) g^{γδ}_û tZ 0 Δ^2(τ) ∂ũ ∂z_γ dt^′ · tZ 0 Δ^2(τ) ∂ũ ∂z_δ dt^′

≥ 3 4 2X γ=1 ı^tZ 0 Δ^2(τ) ∂ũ ∂z_γ dt^′ ȷ_2 .

Therefore integrating (3.60) with respect to time and using (3.63), (3.64), (3,47) we obtain for t ≤ T

(3.65) ϕ_4(t, Ω̂) + tZ 0 Φ_2(t^′, Ω̂)dt^′ ≤ c tZ 0 Y dt^′ + ϕ_4(0, Ω̂), where

(3.66) ϕ_4(t, Ω̂) = Z R^2 dτ Z Ω̂(ξ_0 ) dz ` η̂|Δ^2(τ)ũ|^2 |τ|^{2+2(1+α)} + p_1 ϱ_e

|Δ^2(τ)η_σ |^2 |τ|^{2+2(1+α)}

+ p_2η̂c_v(η̂, ϑ̂) θ_ep_{ϑ̂}(ϱ_e, θ_e)

|Δ^2(τ)ϑ̃_σ |^2 |τ|^{2+2(1+α)} ´ + Z Ω̂(ξ_0 ) ` η̂ũ^2 + p_1 ϱ_e η̃^2_σ + p_2η̂c_v (η̂, ϑ̂) θ_ep_{ϑ̂}(ϱ_e, θ_e) ϑ̃^2_σ ´ dz

+ 2(μ + ν)

ϱ_e 2 6 4 Z R^2 dτ Z Ω̂(ξ_0 ) dz |Δ(τ) ^∇_3η̃_σ |^2

|τ|^{2+2α} + Z R^1_+ dn Z Ω̂(ξ_0 )

|Δ_3(n) ^∇_3η̃_σ |^2 |n|^{1+2α} 3 7 5

+ Z R^2 dτ Z Ω̂(ξ_0 ) dz ` η̂ |Δ(τ)ũ_2|^2 |τ|^{2+2α} + p_1 ϱ_e

|Δ(τ)η̃_σ |^2 |τ|^{2+2α} ´

+ σ Z R^2 dτ Z Ŝ(ξ_0 )

dz_Ŝ ` 4 √ ĉ Δ(τ) ıı H(·, 0) +^2_{Re} ȷ n̂_0ζ̂ ȷ |τ|^{1+α} + 1 4 √ ĉ R_t 0 Δ^3(τ)ũdt^′ |τ|^{1+2+α}

´_2

+ σ Z R^2 dτ Z Ŝ(ξ_0 )

dz_Ŝ

` 4Δ(τ) ıı H(·, 0) +^2_{Re} ȷ n̂_0ζ̂ ȷ |τ|^{1+α} + 1 4 P_2 γ=1 R_t 0 Δ(τ)ũ_{zγ zγ} dt^′ |τ|^{1+α}

´_2

+ σ 4 Z R^2 dτ Z Ŝ(ξ_0)

dz_Ŝ ( P_2 γ=1 R_t 0 Δ(τ)ũ_{zγ zγ} dt^′)^2 |τ|^{2+2α} + σ 4 Z R^2 dτ Z Ŝ(ξ_0)

dz_Ŝ ( P_2 γ=1 R_t 0 Δ^2(τ)ũ_{zγ} dt^′)^2 |τ|^{2+2(1+α)} ,

Φ_2 and Y are given by (3.61) and (3.62) respectively.

In order to finish the proof of the lemma we have only to estimate

R_t 0 ‖ũ_t‖^2_{α,Ω̂}dt^′ and

R_t 0 ‖ϑ̃_{σt}‖^2_{α,Ω̂}dt^′.

We obtain these estimates in the same way as for interior subdomains but in this case we have to take into account boundary conditions (2.6)_5 and (2.6)_4 respectively. We get

(3.67)

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̂ η̂c_v(η̂, ϑ̂)|Δ_t′ϑ̃_σ |^2dz + κ 2 h_0Z

0 dh h^{1+α} Z Ω̂ (|∇(Δ_t′ ϑ̃_σ )|^2) fi t^′ =t−h_0 dz

≤ κ 2 h_0Z

0 dh h^{1+α} Z Ω̂ (|∇(Δ_t′ ϑ̃_σ)|^2) fi fi_{t′=t−h0} dz + ε(‖ϑ_σ‖^2_{+α,Ωt} + ‖u‖^2_{+α,Ωt} + ‖η_σ‖^2_{1+α,Ωt} )

+ d‖ϑ̃_σ ‖^2_{+α,Ω̂t} + c(ε, t)[‖u‖^2_{0,Ω}t + ‖ϑ_σ‖^2_{0,Ω}t + ‖η_σ‖^2_{0,Ω}t + ‖k‖^2_{α,Ω}t + ‖ϑ̄‖^2_{α+1/2,S}t

+ ‖û‖^2_{+α,Ω̂t} (‖û‖^2_{+α,Ω̂t} + sup_{0≤t′ ≤t} ‖ϑ̂_σ‖^2_{1+α,Ω̂} + sup_{0≤t′ ≤t} ‖η̂_σ‖^2_{1+α,Ω̂} + sup_{0≤t′≤t} ‖û‖^2_{1+α,Ω̂}

+ ‖û‖^2_{1+α,Ω̂t} · sup_{0≤t′≤t} ‖û‖^2_{1+α,Ω̂} + ‖ϑ̃_σ‖^2_{+α,Ω̂t} + ‖û‖^2_{+α,Ω̂t} ‖ϑ̃_σ‖^2_{+α,Ω̂t} ) + ‖u‖^2_{+α,Ω}t ‖u‖^2_{1+α,Ω}t

+ sup_{0≤t′ ≤t} ‖η̂‖^2_{1+α,Ω̂}‖k̃‖^2_{α,Ω̂t} + ‖ϑ̂_σ‖^2_{+α,Ω̂t} · ‖ϑ̃_σ ‖^2_{+α,Ω̂t} ]

and

(3.68)

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̂ η̂|Δ_t′ũ_t′ |^2dz +

h_0Z

0 dh h^{1+α} Z Ω̂ ` μ 4 |S(Δ_t′ũ)|^2 + ν − μ 2 |div Δ_t′ũ|^2 ´ dz fi fi fi_{t′ =t−h0}

≤ h_0Z

0 dh h^{1+α} Z Ω̂ ` μ 2 S(Δ_t′ ũ)|^2 + ν − μ 2 |div Δ_t′ , ũ|^2 ´ dz fi fi t^′=0

+ I + 5X i=1 K_i,

where

(3.69)

|I| ≤ ε(‖u‖^2_{+α,Ω}t + ‖ϑ_σ‖^2_{+α,Ω}t + ‖η_σ ‖^2_{1+α,Ω}t ) + d‖ϑ̃_σ‖^2_{+α,Ω̂t} + c(ε, t)[‖u‖^2_{0,Ω}t + ‖ϑ_σ‖^2_{0,Ω}t + ‖η_σ‖^2_{0,Ω}t + ‖k‖^2_{0,Ω}t + ‖u‖^2_{+α,Ω}t sup_{0≤t′≤t} ‖u‖^2_{1+α,Ω}

+ ‖û‖^2_{+α,Ω̂t} (‖û‖^2_{+α,Ω̂t} + ‖ϑ̂_σ ‖^2_{+α,Ω̂t} + ‖η_σ‖^2_{1+α,Ω}t )·

· (1 + ‖û‖^2_{1+α,Ω̂t} ) + sup_{0≤t′≤t} ‖û‖^2_{1+α,Ω̂}(‖ϑ̂_σ ‖^2_{+α,Ω̂t} +

+ ‖η̂_σ‖^2_{1+α,Ω̂t} ) + ‖ϑ̂_σ ‖^2_{+α,Ω̂t} · (‖ϑ̃_σ ‖^2_{1+α,Ω̂t} + ‖η̃_σ‖^2_{1+α,Ω̂t} )

+ ‖û‖^2_{+α,Ω̂t} ( sup_{0≤t′ ≤t} ‖η̃_σ‖^2_{1+α,Ω̂} + sup_{0≤t′≤t} ‖ϑ̃_σ‖^2_{1+α,Ω̂})]. and (3.70) K_1 =

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ŝ Δ_t′p̃_σ In̂^′Δ_t′ũ_t′ dz_Ŝ ,

(3.71) K_2 = −σ

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ŝ Δ_t′ (Δ_Ŝ )

t^′Z

0 ũdτ · Δ_t′ũ_t′ dz_Ŝ ,

(3.72) K_3 = −σ

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′Δ_Ŝ Δ_t tZ 0 ũdt^′ · Δ_t′ũ_t′ dz_Ŝ ,

(3.73) K_4 =

h_0Z

0 dh h^{1+α}

T −h_0Z

0 dt^′ Z Ŝ T̂(ũ, p̃_σ )Δ_{t′}n̂ · Δ_{t′}ũ_tdz_Ŝ .

First, we have

(3.74)

|K_1| ≤ ε Z Ŝ dz_Ŝ

h_0Z

0 dh t−h_0Z

0 dt^′

|Δ_t′ũ_t′ |^2 h^{1+2}(^{α2 − 14} )

+ c(ε) Z Ŝ dz_Ŝ

h_0Z

0 dh t−h_0Z

0 dt^′

|Δ_t′ (p_1η̃_σ + p_2ϑ̃_σ )|^2 h^{3/2+α}

≤ ε‖ũ‖^2_{3/2+α,Ŝt} + c(ε) Z Ŝ dz_Ŝ

h_0Z

0 dh t−h_0Z

0 dt^′

|Δ_t′ p_1η̃_σ |^2 h^{3/2+α}

+ c(ε) Z Ŝ dz_Ŝ

h_0Z

0 dh t−h_0Z

0 dt^′

|Δ_t′ p_2ϑ̃_σ |^2 h^{3/2+α}

+ c(ε) Z Ŝ dz_Ŝ

h_0Z

0 dh t−h_0Z

0 dt^′

|Δ_tη̃_σ|^2 h^{3/2+α}

+ c(ε) Z Ŝ dz_Ŝ

h_0Z

0 dh Z 0 dt^′

|Δ_tϑ̃_σ |^2 h^{3/2+α}

≤ ε‖ũ‖^2_{+α,Ω̂t} + 4X i=1 K^i_1.

We have to estimate the terms K^i_1 (i = 1, . . . , 4). First, we obtain

(3.75)

|K^4_1 | ≤ c(ε) Z Ŝ dz_Ŝ

h_0Z

0 dh t−h_0Z

0 dt^′ | R_t′_{+h}

t^′

ϑ̃_{στ} dτ|2 h^{3/2+α}

≤ c(ε)h^{3/2−α}_0

t−h_0Z

0 dt^′ Z Ŝ

0 @sup h>0 1 h t^′+hZ

t^′

|ϑ̃_{στ} |dτ 1 A 2

≤ c(ε)t^{3/2−α} tZ 0 ‖ϑ̃_{σt}′ ‖^2_{0,Ŝ}dt^′

≤ c(ε)t^{3/2−α}(ε^{1−κ}_1 tZ 0 ‖ϑ̃_{σt}′ ‖^2_{α,Ω̂}dt^′ + cε^{−κ}_1 tZ 0 ‖ϑ̃_{σt}′ ‖^2_{0,Ω̂}dt^′).

From equation (2.6)_3 we calculate

(3.76)

‖ϑ̃_{σt}‖^2_{0,Ω̂} ≤ ε^{1−κ2}_2 (‖u‖^2_{+α,Ω} + ‖ϑ_σ ‖^2_{+α,Ω}) + d‖ϑ̃_σ ‖^2_{+α,Ω̂} + cε^{−κ2}_2 [‖u‖^2_{0,Ω} + ‖ϑ_σ ‖^2_{0,Ω} + ‖k‖^2_{0,Ω} + ‖û‖^2_{1+α,Ω̂}(‖û‖^2_{1+α,Ω̂} + ‖ϑ̂_σ‖^2_{α,Ω̂} + ‖η̂_σ ‖^2_{α,Ω̂} + ‖û‖^2_{1+α,Ω̂t} ) + ‖û‖^2_{+α,Ω̂t} ‖ϑ̃_σ‖^2_{,Ω̂}].

Using (3.76) in (3.75) with appropriate choice of ε_1 and ε_2 yields

(3.77)

|K^4_1 | ≤ ε(‖u‖^2_{+α,Ω}t + ‖ϑ_σ‖^2_{+α,Ω}t ) + c(ε, t)(d‖ϑ̃_σ‖^2_{+α,Ω̂t} + ‖u‖^2_{0,Ω}t + ‖ϑ_σ ‖^2_{0,Ω}t + ‖k‖^2_{0,Ω}t + sup_{0≤t′≤t} ‖û‖^2_{1+α,Ω̂}(‖û‖^2_{1+α,Ω̂t} + ‖ϑ̂_σ‖^2_{α,Ω̂t} + ‖η̂_σ‖^2_{α,Ω̂t} ) + ‖û‖^2_{+α,Ω̂t} ‖ϑ̃_σ‖^2_{,Ω̂t} ],

where c(ε, t) is a positive continuous function increasing with respect to t. Now, we estimate

(3.78)

|K^3_1 | ≤ c(ε) Z Ŝ dz_Ŝ

h_0Z

0 dh t−h_0Z

0 dt^′ | R_t′_{+h}

t^′ ûzdτ| 2 h^{3/2+α}

≤ c(ε)h^{3/2−α}_0

t−h_0Z

0 dt^′ Z Ŝ (sup_{h>0} 1 h t^′ +hZ

t^′

|û_z|dτ)^2

≤ c(ε)t^{3/2−α} tZ 0 ‖û_z‖^2_{0,Ŝ}dt^′

≤ c(ε)t^{3/2−α}(ε^{1−κ}_1 ‖û‖^2_{+α,Ω̂t} + cε^{−κ}_1 ‖û‖^2_{0,Ω̂t} ) ≤ ε‖û‖^2_{+α,Ω̂t} + c(ε, t)‖û‖^2_{0,Ω̂t} ,

where we assumed ε_1 = ı_ε

c(ε)t^{3/2−α}

ȷ 1_{1−κ} .

Next, we have

(3.79)

|K^1_1 | ≤ c(ε) Z Ŝ dz_Ŝ

h_oZ

0 dh t−h_0Z

0 dt^′

|Δ_t′η̂_σ |^2|η̃_σ |^2 h^{3/2+α}

+ c(ε) Z Ŝ dz_Ŝ

h_0Z

0 dh t−h_0Z

0 dt^′

|Δ_t′ϑ̂_σ |^2|η̃_σ |^2 h^{3/2+α}

≤ c(ε) sup_{0≤t′ ≤t} ‖η̃_σ‖^2_{1+α,Ω̂}(|K^4_1 | + |K^3_1 |)

≤ c(ε)t^{3/2−α} sup_{0≤t′≤t} ‖η̃_σ ‖^2_{1+α,Ω̂}(‖ϑ̃_σ‖^2_{+α,Ω̂t} + ‖û‖^2_{+α,Ω̂t} ).

In the same way we estimate |K^2_1 |.

Thus, taking into account (3.74)–(3.79) we get

(3.80)

|K_1| ≤ ε(‖u‖^2_{+α,Ω}t + ϑ_σ ‖^2_{+α,Ω}t ) + c(ε, t)[d‖ϑ̃_σ ‖^2_{+α,Ω̂t} + ‖u‖^2_{0,Ω}t + ‖ϑ_σ‖^2_{0,Ω}t + ‖k‖^2_{0,Ω}t + sup_{0≤t′ ≤t} ‖û‖^2_{1+α,Ω̂}(‖û‖^2_{1+α,Ω̂t}

+ ‖ϑ̂_σ‖^2_{α,Ω̂t} + ‖η̂_σ ‖^2_{α,Ω̂t} ) + ‖û‖^2_{+α,Ω̂t} · ‖ϑ̃_σ ‖^2_{,Ω̂t} + sup_{0≤t′≤t} ‖η̃_σ ‖^2_{1+α,Ω̂}(‖ϑ̃_σ‖^2_{+α,Ω̂t} + ‖û‖^2_{+α,Ω̂t} )].

In the same way we estimate K_2, K_3, K_4 obtaining

(3.81) |K_2| ≤ ε‖ũ‖^2_{+α,Ω̂t} + c(ε)t^{3/2−α}‖ũ‖^4_{2+α,Ω}t · (1 + ‖ũ‖^2_{+α,Ω̂t} ),

(3.82) |K_3| ≤ ε‖ũ‖^2_{+α,Ω̂t} + c(ε)t^{3/2−α}(‖û‖^2_{+α,Ω}t · ‖ũ‖^2_{+α,Ω̂t} + ‖ũ‖^2_{0,Ω̂t} ) and

(3.83)

|K_4| ≤ ε‖ũ‖^2_{+α,Ω̂t} + c(ε)t^{3/2−α}( sup_{0≤t′ ≤t} ‖ũ‖^2_{1+α,Ω̂}

+ sup_{0≤t′ ≤t} ‖η̃_σ‖^2_{α,Ω̂} + sup_{0≤t′ ≤t} ‖ϑ̃_σ‖^2_{α,Ω̂})‖û‖^2_{+α,Ω̂t} · (1 + ‖û‖^2_{+α,Ω̂t} ).

Now, inequalities (3.68), (3.69), (3.74), (3.80)–(3.83) yield

(3.84)

h_0Z

0 dh h^{1+α}

t−h_0Z

0 dt^′ Z Ω̂ η̂|Δ_t′ũ_t′ |^2dz

+ h_0Z

0 dh h^{1+α} Z Ω̂ ` μ 4 |S(Δ_t′ũ)|^2 + ν − μ 2 |div Δ_t′ũ|^2 ´ dz fi fi_{t′ =t−h0}

≤ h_0Z

0 dh h^{1+α} Z Ω̂ ` μ 4 |S(Δ_t′ ũ)|^2 + ν − μ 2 |div Δ_t′ũ|^2 ´ dz fi fi_{t′=0}

+ ε(‖u‖^2_{+α,Ω}t + ‖ϑ_σ ‖^2_{+α,Ω}t + ‖η_σ‖^2_{1+α,Ω}t ) + c(ε, t)[d‖ϑ̃_σ ‖^2_{+α,Ω̂t} + ‖u‖^2_{0,Ω}t + ‖ϑ_σ‖^2_{0,Ω}t + ‖k‖^2_{0,Ω}t + (1 + X_3)X_3(X_3 + X_4)], where c(ε, t) is a positive continuous function nondecreasing with respect to its arguments, X_3 and X_4 are given by (3.38) and (3.39), respectively.

Finally, from (1.6)_2 we have η̃_{σt} + η̂div_ûûζ̂ = 0, so (3.85) Z Ω̂ ‖η̃_{σt}‖^2α_{2 ,(0,T )}dz ≤ ε‖u‖^2_{+α,Ω}t + c(ε, t)(‖u‖^2_{0,Ω}t + ‖ϑ_σ‖^2_{0,Ω}t + ‖η_σ‖^2_{0,Ω}t + ‖u‖^4_{2+α,Ω}t ).

Let us introduce a partition of unity such that Ω^{(k)}, k ∈ M, is an interior subdomain and Ω̂^{(k)}, k ∈ N, is a boundary subdomain. By χ_k, k ∈ N, we denote the transformation χ (see Section 2) in Ω^{(k)}, k ∈ N. Then we introduce the quantity

(3.86) ϕ(t, Ω) = X k∈M ϕ_1(t, Ω^{(k)}) + X k∈N ϕ_4(t, Ω̂^{(k)}) + X k∈N ϕ_5(t, Ω̂^{(k)}),

where ϕ_1 and ϕ_4 are given by (3.36) and (3.66), respectively and

ϕ_5(t, Ω̂^{(k)}) =

h_0Z

0 dh h^{1+α} Z Ω̂(k) ` μ 4 |S(Δ_t′ũ)|^2 + ν − μ 2 |div Δ_t′ũ|^2 ´ dz fi fi_{t′ =t−h0}

+ h_0Z

0 dh h^{1+α} Z Ω̂(k)

(|∇(Δ_t′ ϑ̃_σ)|^2)dz fi fi_{t′ =t−h0} .

Now, using estimates (3.67), (3.84) and (3.85), next passing in (3.65) to the old variables ξ and adding to (3.37) we obtain (3.1).

This completes the proof of the theorem. ■

References

[1] Agmon S., Douglis A., Nirenberg L., Estimates near the boundary for solutions of elliptic partial differential equations satisfying general boundary conditions, I, II, Comm. Pure Appl. Math. 12 (1959), 623–727, 17 (1964), 35–92.

[2] Adams, R. A., Sobolev spaces, Academic Press, New York, San Francisco, London 1975. [3] Besov O. V., III’in V. P., Nikol’skii S. M., Integral representations of functions and imbedding theorems, Nauka, Moscow 1975 (in Russian); English transl.: Washington D. C., Winston 1979, Scripta Series in Mathematics, Halsted Press Book.

[4] Golovkin K. K., On equivalent norms for fractional spaces, Proc. Inst. Math. Steklov 66 (1962), 364–383 (in Russian).

[5] Kobayashi T., Zaja̧czkowski W. M., On global motion of a compressible barotropic viscous fluid with boundary slip condition, Appl. Math. 26 (1999), 159–194.

[6] Landau L., Lifschitz E., Hydrodynamics, Nauka, Moscow 1986 (in Russian).

[7] Serrin J., Mathematical principles of classical fluid mechanics, in „Handbuch der Physik”, Bd. VIII/1, Berlin, Göttingen, Heidelberg, Springer 1959.

[8] Solonnikov V. A., A priori estimates for second order parabolic equations, Proc. Math. Inst. Steklov, 70 (1964), 133–212; Amer. Math. Soc. Translations (2), 65, 51–137.

[9] Solonnikov V. A., Tani A., Evolution free boundary problem for equations of motion of viscous compressible barotropic liquid, preprint, Lecture Notes in Mathematics, 1530; Springer, 1992, 30–55.

[10] Solonnikov V. A., Tani A., Free boundary problem for a viscous compressible flow with a surface tension, Constantin Caratheodory: An International Tribute, ed. by Th. M. Rassias, World Scientific Publ. Co. (1991), 1270–1303.

[11] Zadrzyńska E., On nonstationary motion of a fixed mass of a general viscous compressible heat conducting capillary fluid bounded by a free boundary, Appl. Math. 25 (1999), 489–511.

[12] Zadrzyńska E., Evolution free boudary problem for equations of viscous heat - conducting capillary fluids, Math. Meth. Appl. Sci. 24 (2001), 713–743.

[13] Zadrzyńska E., Zaja̧czkowski W. M., Local existence of solutions of a free boundary problem for equations of compressible viscous heat conducting capillary fluids, to appear in J. Appl. Anal.

[13] Zadrzyńska E., Zaja̧czkowski W. M., On some inequalities for solutions of equations describing the motion of a viscous compressible heat-conducting capillary fluid bounded by a free surface.

[14] Zaja̧czkowski W. M., On nonstationary motion of a compressible barotropic viscous capillary fluid bounded by a free surface, SIAM J. Math. Anal. 25 (1994), 1–84.

E. Zadrzyńska W. M. Zaja̧czkowski Faculty of Mathematics and Information Sciences, Institute of Mathematics Warsaw University of Technology Polish Academy of Sciences Pl. Politechniki 1 Śniadeckich 8 00-661 Warsaw, Poland 00-950 Warsaw, Poland E-mail:emzad@impan.gov.pl E-mail:wz@impan.gov.pl