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1 Introduction

The Laplace transformation determines a one-to-one correspondence be-
tween the class S’} (&, 00; X) of distributions of exponential growth on R with
values in a complex Banach space X and support in R, and some set He, (X)
of X-valued functions holomorphic on an open right halfplane. This implies
that if A is a Banach algebra, then each distribution semigroup belonging to
S’ (&, 00; A) is the inverse Laplace transform of an A-valued pseudoresolvent
belonging to He,(A). In the present paper it is proved that a similar repre-
sentation by pseudoresolvents also holds for ultradistribution semigroups in
the sense of Beurling. In this case the proof depends in an essential way on
algebraic properties of ultradistribution semigroups and does not work for
general ultradistributions with support in R*. Sections 1.1 and 1.2 describe
the situation for S’ (&§y, 0o; X') and distribution semigroups in &, (&, c0;.A). A
comparison with these sections elucidates the main result concerning ultradis-
tribution semigroups presented in Section 1.3, and discussed in Sections 1.4
and 1.5.

Email address: jan.kisynski@gmail.com (Jan Kisynski).



1.1 Laplace transforms of tempered distributions with support in Rt

Let D = C*(R), RT = [0,00[, DT = {1g+p : ¢ € D} where 1g+ denotes
the characteristic function of the subset R of R. Denote by D’(X) the space
of distributions of L. Schwartz on R with values in a complex Banach space X,
and let D' (X) = {S € D'(X) : suppS C R*}. The R. T. Seeley extension
theorem [S] implies that:

Dt is equal to the set of functions ¢ defined on R such that
@ll—c0f = 0 and p|g+ € CX(RT). Hence Dt may be endowed with
the topology inherited from C°(R™). (1.1)

A distribution S € D'(X) belongs to D' (X) if and only if there
is a (unique) continuous linear operator ST € L(DT, X) such that
S(p) = St(Ag+yp) for every p € D. (1.2)

For any A € C denote by e_j the exponential function
e_\(t) =exp(=X\t), teR.

Let 8'(X) be the space of tempered distributions on R with values in X. For
any & € R define

S (&, 00, X) ={S €D (X):e_S € §'(X) for every £ > &}

Denote by He,(X) the set of X-valued functions holomorphic on the open
halfplane (ng = {X € C: ReX > &} whose growth is at most polynomial
on every closed halfplane contained in C. If S € S (&,00; X), then the
X-valued function
R:CqoA— S(emn) € X (1.3)

makes sense and is called the Laplace transform of S.

This definition is compatible with the one given in a more general setting
in Chapter VIII of [Sch]. See also Sec. 7.4 of [H]. The following proposition is
closely related to the statement in Remark 2 on p. 310 of [Sch].

Proposition 1.1. The Laplace transformation £ maps S’ (&, 00; X) in one-
to-one manner onto He,(X). If R € He, (X), then the inverse Laplace trans-
form of R is the distribution S = L™'R € 8 (&, 00; X) such that

E+io0
S(p) L / G(IN)dN  for every ¢ € D and £ > &. (1.4)
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Here @(i)\) = [ eMp(t) dt is the value of the Fourier-Laplace transform of
p €D at i\
1.2 A corollary for tempered distribution semigroups

Let * denote convolution on R. From (1.1) it follows that D* « DT C DT,
so that D% is a convolution algebra. Let A be a complex Banach algebra. A



distribution S € D', (A) will be called a distribution semigroup if the operator
ST e L(DT,X), X = A, appearing in (1.2) is a homomorphism of the convolu-
tion algebra (DT, x) into the Banach algebra A (i.e. ST(¢px1) = ST(¢9)ST ()
for every ¢,¢ € DT). The set of A-valued distribution semigroups will be
denoted by D'8(.A). Whenever S € &' (§o,00;A), R € He,(A) and R = LS,
then S € D'S(A) if and only if R is a pseudoresolvent. The last means that R
satisfies on C£ the Hilbert equality

R(A1) — R(A2) = (A2 = M) R(A)R(Xy)  for every Ap, Ay € CJ.

The “if” may be deduced from (1.2) and Proposition 2.1 of the subsequent
section. The “only if” is a consequence of the equality

]].R+€_)\1 - ]].R+€_)\2 = ()\2 - Al)(]lR+€—)\1> * (]].R+€_)\2).

Corollary 1.1. The Laplace transformation L defined by (1.1) maps the set
of A-valued distribution semigroups belonging to S' (&y, 00; A) in a one-to-one
manner onto the set of A-valued pseudoresolvents belonging to He,(A). The
mapping inverse to L is determined by (1.4).

1.8 Analogue of Corollary 1.1 for ultradistribution semigroups in the sense
of A. Beurling

The purpose of the present paper is to prove an analogue of Corollary 1.1
for the class D/ ,§(A) of A-valued ultradistribution semigroups corresponding
to any Beurling’s test function space D,, = {¢ € C.(R) : pexp(nw) € L'(R)
for every n € N}. Here ~ denotes the Fourier transformation, and w is a non-
negative continuous subadditive function defined on R such that

log(1 + |z]) “

0) =0
WO =0, s

and

/_o:o 1wj£x:22 dr < oo. (1.5)

By a theorem of Beurling, if w is a non-negative continuous subadditive func-
tion on R such that w(0) = 0, then (1.5) holds if and only if D, # {0},
and these equivalent conditions imply that D, admits partitions of unity. The
conditions imposed on w imply that D, C C®(R). If w(z) = log(1l + |z]),
then D = CX(R). If w(x) = |z|'/*, s = const > 1, then D, is equal to the
M. Gevrey space D™,

In the definition of the ultradistribution semigroup in the sense of Beurl-
ing we use the convolution algebra D = {lg+¢ : ¢ € D,}, an analogue
of Dt from Sections 1.1 and 1.2. The formula (1.3) does not make sense for
general distributions, and we do not try to generalize Proposition 1.1. How-
ever, if S € D/ §(A), then, by means of a special construction going back to



J. Chazarain [C], it is possible to determine an A-valued pseudoresolvent R
representing the Laplace transform of S. For this pseudoresolvent R there are
a,b > 0 such that

R is defined on a set containing Ag,1p={A€C:ReA>aw(—ImA) + b} (1.6)
and R satisfies on A, p the growth condition: there is k € R such that

sup [[R(A)||laexp(—eRe A — kw(—ImA)) < oo for every e > 0. (1.7)

AEAaw+b

Conversely, if an A-valued pseudoresolvent R satisfies (1.6) and (1.7) for some
a,b > 0, then, by means of a formula similar to (1.2) but involving an integral
along a path running inside Ay ,p, R determines an ultradistribution semi-
group S € D! 8(A) which will be called the inverse Laplace transform of R.
The correspondence between the ultradistribution semigroups S and maximal
pseudoresolvents R satisfying (1.6) and (1.7) is one-to-one.

The sets Aq,1p Will be called w-regions. For the first time they appeared in
connection with distribution semigroups of normal operators in a Hilbert space
in the paper of C. Foiag [Fo|, where w(x) = log(1 + |z|), and then in the paper
of E. Larsson [La], where w(x) = |z|'/*, s = const > 1. In connection with
applications of the inverse Laplace transformation to differential equations in
Banach spaces, the w-regions appeared later in the articles of J. Chazarain [C]
and R. Beals [Be].

1.4 Operator-valued distribution semigroups

If A= L(X) is the Banach algebra of continuous linear operators on a com-
plex Banach space X, then every distribution semigroup S € D! §(L(X)) is
uniquely determined by its generator, every maximal L(X)-valued pseudore-
solvent R is uniquely determined by its generator, and S is the inverse Laplace
transform of R if and only if the generator of S is equal to the generator of R.
The details are similar to those presented in [K| for w(z) = log(1 + |z|).
If S e DSILX)), T ={r15wr)zr : n € N, ¢p € D,, 7, € X for
k=1,....,n} and N = {z € X : S(p)x = 0 for every ¢ € D,}, then the
generator of S is defined as the algebraic linear operator G : 3 — X /N such
that

GS(p)r = =S(Dp)x — p(0)x + N  for every ¢ € D, and z € X.

Correctness of this definition is a consequence of Proposition 2.1.

If R is an L(X)-valued pseudoresolvent, then the operators R(A) have range
J and null space N independent of A and the generator of R is defined as the
linear operator G : 3 — X/N such that, for some A,

GR(N)z = AR(N)x —x+ N for every z € X.



From the Hilbert equality it follows that this definition is independent of
the choice of A\. Theorem 2.1 yields a characterization of the generator of a
distribution semigroup S € DIS(L(X)) as the generator of an L(X)-valued
pseudoresolvent which satisfies (1.6) and (1.7) for some a > 0 and b € R. The
above result extends Theorem 6.1 from the pioneering paper [L] of J.-L. Lions
and Theorem 5.1 from [C] to distribution semigroups which, as in [W] and
[Ku], need not satisfy the denseness assumption (iv) from Definition 1.1 in
[L], nor the “non-degeneracy” assumption (v) from that definition. The con-
nection between “degenerate” distribution semigroups (for which N # {0})
and “degenerate” differential equations in Banach spaces is briefly explained
in Section 6.

1.5 Indispensability of the condition (1.5)

By Beurling’s Lemma [ in [B, p. 16], whenever w is a non-negative continuous
subadditive function defined on R, vanishing at zero and satisfying (1.5), then
there is a function @ satisfying the same conditions (including (1.5)) such
that w(z) < @(z) for every z € R, & is even, and @|g+ is concave. In the
present paper the condition (1.5) appears in connection with the framework
of Beurling’s ultradistributions and, by means of (1.6) and (1.7), imposes
restrictions on the pseudoresolvents R. In particular (1.5) & (1.6) says that
the w-region Ay, in which R has to exist must be a “sufficiently wide”
subset of the halfplane {A € C : ReX > b}. This last restriction on R is
indispensable in possible theorems similar to the one discussed in Section 1.3,
whether or not the Beurling ultradistributions are used. Namely an example
of a homogeneous ACP without non-trivial solutions given in Theorem 2 of
the paper [Be| of R. Beals implies the following

Corollary 1.2. Suppose that w is a non-negative, even, continuous function
on R such that w|g+ is concave and

/OO w(z) dzr = 00.
—ool+33’2

Then there is a closed densely defined linear operator A from a Hilbert space
X into X whose resolvent R(\) = (A—A)~! € L(X) exzists in Ay p ={N € C:
Re A > w(ImA) + b} for some b € |0, 00 and satisfies the condition

sup |[R(A)[zx) Re A < oo,

)\EAu+h

but A is not the generator of a D-distribution semigroup for any test function
space D satisfying the conditions (2.1)—(2.4) from the next section.



2 The setting and the main result
2.1 The convolution algebras D and D

Let D be an l.c.v.s. whose elements are infinitely differentiable complex-
valued functions on R with compact supports. For any ¢ € D and t € R
denote by ¢; the translate of ¢ by ¢, that is, pi(u) = ¢(u +1t), u € R. Let
R~ =]—00,0], RT = [0, 00[. Assume that:

D is sequentially complete and D_ = {p € D : suppy C R™} is a
closed subspace of D, (2.1)

D is translation-invariant and for every ¢ € I the D-valued function
t — , is continuous on R, (2.2)

if 0 # K C U CR, K is compact and U is open, then there is
a function ¢ € D with values in [0, 1] such that ¢ = 1 on K and
¢ = 0 outside U, (2.3)

if p € D and suppy C Uy U ---U U, where Uy, ..., U are non-
empty open subsets of R, then there are ¢, ..., ¢, € D such that
suppp; CU;fori=1,...,kand o = ¢y + -+ + ©p. (2.4)
If D is an algebra with respect to pointwise multiplication, then (2.3) implies
(2.4), by the argument in the proof of Theorem 1.4.4 in [H|. From (2.1) and
(2.2) it follows that

Q* 1) = /cp(u)w_u du  for every p,¢ € D,

where the integral of the D-valued compactly supported continuous function
u +— p(u)_, is computed in the sense of Riemann. Hence D is a convolution
algebra.

Examples of spaces D satisfying the conditions (2.1)—(2.4) are: the space
D = C*(R) of test functions of L. Schwartz, the test function spaces D, of
A. Beurling which will be discussed and applied in what follows, the spaces
DIMn} of C. Roumieu type, and the spaces DMn) of A. Beurling type used
by 1. Cioranescu in [Ci]. The spaces D™=} and DM~ both discussed in [Ko,
consist of compactly supported functions ultradifferentiable in the Denjoy—
Carleman sense. D is a particular case of D,,. The M. Gevrey spaces Dy, =
D™} and D) = D), s = const > 1, are particular cases of D} and
DM At the same time, if s > 1 and w(z) = |2|/%, then D(y) = D,,.

Following Sheng Wang Wang [W] and P. C. Kunstmann [Ku, for any ¢, 9
€ D put

o *0 P = Lgr * Lp+tp — Lg- * Lp-1). (2.5)
The assumptions (2.1) and (2.2) imply that if ¢, € D, then

oot = [ lplw — Y(—w)p] du € D, (26)



so that
Dx*xo D C D. (2.7)

Indeed, the integrand in (2.6) is a D-valued function of u continuous on R
and vanishing if © > a = max(0, maxsupp ¢, — minsupp ¢)). Since D is a
sequentially complete l.c.v.s., the integral in (2.6), taken in fact only over
[0,a] and computed in the sense of Riemann, makes sense and is equal to a
function n € D such that

n(t) = [ ettt —wdu— [T (=t +u) du

_ (/f—/f)so(u)w(t—wdu:/Otso<u>w<t—u>du
= (Ig+rpx Lg+))(t) — (Lg-@ * Lg-9)(t) for every t € R.

Let
D" = {lg+p: ¢ € D}. (2.8)
Since Lg+@ * Lg+1) = Lr+ (@ * ¥), from (2.7) it follows that

D« Dt C DY, (2.9)

The space Dt defined by (2.8) is algebraically isomorphic to D/D_, which,
by (2.1), is an l.c.v.s. equipped with the quotient topology. In the following
DT will be treated as an l.c.v.s. whose topology is inherited from D/D_. The
inclusion (2.9) means that (DT, *) is a convolution algebra. Let Df = {p € D :
suppp C RT}. Then Df C DT and Dy is an ideal in (DT, *). Indeed, if
p €D§ and ¢ € D, then p* Lg+1p € D7, because ¢ * Lr+1) = @ %1 € D and
supp(p * Ig+1) C RT.

2.2 Distribution semigroups

The space of continuous linear maps of D into a Banach space will be de-
noted by D'(X), and the maps belonging to I/(X) will be called X-valued
D-distributions. The condition (2.4) implies that every S € D/'(X) has a well
defined support. Sometimes it is convenient to use the fact that, by (2.2) and
(2.4), S(¢) = 0 whenever S € D'(X), ¢ € D, and there is an open interval [
(finite or infinite) such that supp .S C T and suppyp C R\ 1.

There is a one-to-one map of L(D*, X) onto {S € D'(X) : suppS C RT}
which to any ST € L(D™T, X) assigns the distribution S € D'(X) such that
S(p) = ST (Lg+yp) for every ¢ € D.

Let A be a Banach algebra. A distribution S € I'(A) is called a distribution
semigroup if

S(¢) = ST (Lg+p) for every ¢ €D, (2.10)
where ST € L(D*, A) satisfies the condition

ST(p)ST () = ST(p*1) for every ¢, € DT. (2.11)



The condition (2.11) makes sense thanks to (2.9) and means that ST is a
homomorphism of the convolution algebra (D%, *) into the Banach algebra .A.
The set of A-valued D-distribution semigroups will be denoted by D'S(.A).
From (2.5) it follows that a distribution S € I’(.A) is a distribution semigroup
if and only if

suppS C R and S(p)S(¥) = S(p*o1p) forevery p,p € D.  (2.12)

Let D denote the differentiation: (Dg)(t) = () for every ¢ € D and ¢ € R.

Proposition 2.1. Suppose that A is a Banach algebra and S € D'(A). Then
S € 'S(A) if and only if

supp SCR™ and  S(Dp)S(¥)+¢(0)S(1)) = S(¢)S(DY)+¥(0)S(p) (2.13)

for every ¢, € D.

Proof. If S € I’(A), then (2.13) is a consequence of (2.12) and the equalities
Dy g + o(0)Y) = D(p % 1) = %9 D + 1(0)¢. Conversely, suppose that
(2.13) holds. Fix any ¢, € D and let a = max(0, max supp ¢, — minsupp ).
By (2.6), one has

S(p*o 1)) = S(/Oa[cp(u)w_u — (—u) ] du)
- /Oa[%@s (V—u) = ¥-u(0)S ()] du.

Applying (1.13) to ¢, and 1_, one concludes that

S(p*o 1) = /()G[S(wu)S(D¢—u) — S(Dpy)S(_y)] du
- /oa %[5 (pu) S ()] du = S()S(¥) = S(¢a) S(ta).

Since supp ¢, = supp ¢ — a C R~ one has S(p,) = 0, and hence S(p *o 1)) =
S(p)S (). O

2.3 The test function spaces D, of A. Beurling

Throughout this paper the one-dimensional Fourier transformations F and
F~1 are defined by

Fo(x) = /_O:o e p(t)dt, FUf(t) = S /_O:O e f(x) da.

o

Consider the spaces L'(R) and Cy(R) of complex-valued functions. For any
non-negative continuous function w on R define

L,={feL'(R): fe € L'R) forn=1,2,...}, A, =F 'L,



For any ¢ € A, denote by @ the unique element of £, such that ¢ = F~15.
Equipped with the topology determined by the system of norms

- /_o; 16(2)| exp(nw(z))dz, n=0,1,..., (2.14)

A, is a Fréchet space, densely and continuously embedded in Cy(R). If in
addition w is subadditive, i.e.

w(r) + x3) <w(xq) +w(zy) for every zq, 29 € R,
then £, is a convolution algebra, and hence A, is an algebra with respect to
pointwise multiplication.

Theorem of Beurling ([B, Theorem IJ; [Bj, Theorem 1.3.7]) Suppose that

w 1S a non-negative continuous subadditive function on R

such that w(0) = 0. ()
Then

/_o:o ﬂx; du < o0 (8)

if and only if the condition (2.3) is satisfied with D, in place of D.

Henceforth we assume that w satisfies («) and (/). For any compact interval
la,b] C R let
D,la, bl = {p € A, : suppy C [a,b]}.
Then D,[a,b] C C.la,b], and if —co < a < b < oo, then D,[a,b] # {0} by
Beurling’s theorem. Let

D, = U  D.labl.

—oo<a<b<oo

Then D, C C.(R), and since each D,la,b] is a closed subalgebra of A, it
follows that, equipped with the inductive topology, D,, is an LF-space and an
algebra with respect to pointwise multiplication. Since (2.3) holds for D = D,,,,
by an argument mentioned in Section 2.1 it follows that D, admits partitions
of unity in the sense that (2.4) holds for D = D,,. Furthermore, by another
argument of Section 2.1, D,, is a convolution algebra, because D = D, satisfies
(2.1) and (2.2). Pointwise multiplication and convolution are both continuous
bilinear maps of D, x D, into D,,.

By Theorem 1.3.18 of G. Bjorck’s paper [Bj], whenever both w and @ satisfy
() and (3), then sup, g % < o0 if and only if D, is densely and continu-
ously embedded in D, If w(x) = log(1+ |z|), then w satisfies () and (3), and
D,, is equal to the L. Schwartz test function space D = C2°(R). The condition

log(1 + [z])
sup ———=
zeR 1+ w(x)

(7)

holds if and only if D, is densely and continuously embedded in D.



In the following, Q(«, 5) and Q(«, 3, v) will denote the sets of functions w
defined on R and satisfying respectively the Beurling conditions («) and (3)
or all the three conditions («), (3) and (7). If w € Q(«, 3,7), then D = D,
satisfies the assumptions of Section 2.1, and all the statements of Sections 2.1
and 2.2 remain valid for D,,,.

2.4 The M. Gevrey test function spaces D)

If w(z) = |z|'/* where s = const > 1, then w € Q(a, 3,7). The corresponding
D,, will be denoted by D). It follows from [H, Lemma 12.7.4] that if —oo <
a <b<ooand s> 1, then

D"p(t
D(S)[a,b]:{goeD:supngC[a,b], sup M<ooforalls>0}.

t€fa,b],neN  MET

In the terminology of [EDM 2, p. 650] this equality means that Dy)|a, b] coin-
cides with the set of those M. Gevrey functions of the class (s) whose supports
are contained in [a, b].

2.5 The Fourier transforms of elements of D,, and D! (X)
For any compact interval [a,b] C R denote its support function by Higy:

ay ify <0,

Hy,y(y) = sup ty = {by ity >0

te(a,b]

Let w € Q(a,3,7). By the equivalence (ii)<(iii) in Theorem 1.4.1 of [Bj],
proved in the present paper as Corollary 3.8, if —oo < a < b < oo, then the
Fourier transformation is an isomorphism of D,[a, b] onto the space Z,[a, b]
of entire functions f such that

sup | f(z+iy)| exp(nw(z) —Hp(y)—<ly|) < oo for every n € N and € > 0.
z+iyeC

Consequently, the Fourier transformation is an isomorphism of the union D, =
U—oo<a<b<oo Dw [CL, b] onto ZUJ - U—oo<a<b<oo ZUJ [a7 b]

Let X be a complex Banach space. The space D/ (X) of X-valued D,-
distributions of Beurling is defined as the space of continuous linear maps of
D, into X. Let v denote the reflection in 0. The Fourier transform S of a
distribution S € D/,(X) is defined as the unique linear map S : Z,v — X
satisfying the Parseval equality

S(p) = —S(p") for every p € D,

10



2.6 Peudoresolvents

Let A be an algebra over a commutative ring K. A map R of a non-empty
subset D(R) of K into A is called a pseudoresolvent if it satisfies the Hilbert
equality

R(A\) — R(p) = (p—AN)R(ANR(p)  for every A\, u € D(R).

An A-valued pseudoresolvent is called mazimal if it has no proper extension
to an A-valued pseudoresolvent.

Proposition 2.2. Fvery A-valued pseudoresolvent extends uniquely to a max-
imal A-valued pseudoresolvent.

Proof. Consider the binary relations — and <> on K x A defined as follows:
whenever (A, A), (u, B) € K x A, then

(M, A) — (u, B) means that A—B=(u—\AB
and
(A, A) < (u, B) means that (A, A) — (i, B) and (p, B) — (A, A).

(It follows that (A, A) < (u,B) if and only if A — B = (u — A\)AB and
AB = BA.) Suppose that (A, A) — (u, B) and (u, B) — (v,C). Then

B=A+(AN—pnAB=C+ (v —u)BC,
whence
A—-C=(u—NAB+ (v —u)BC

= (= NA[C + (v — W)BC) + (v — w)[A+ (A — ) ABC
= (v~ NAC,

so that (A, A) — (v,C). Thus the relation — is transitive, and hence so
is «». Since obviously « is reflexive and symmetric, it follows that it is an
equivalence relation. Therefore K x A splits into the equivalence classes of «.
Proposition 2.2 is a consequence of two obvious facts:

<

1° the graph of every A-valued pseudoresolvent is contained in some equiva-
lence class of <,

2° a subset of K x A is an equivalence class of < if and only if it is the graph
of a maximal A-valued pseudoresolvent. O

If A is a Banach algebra, then Proposition 2.2 coincides with Theorem 5.8.6
of [H-P]. The proof given in [H-P] is non-elementary. An application of the
C. Neumann series shows that every maximal pseudoresolvent, with values in
a Banach algebra over K, where K = R or K = C, is an analytic function
defined on an open subset of K.

11



2.7 The main result. Fourier transforms of D, -distribution semigroups

Let A be a complex Banach algebra. Let w € Q(«, 3,7). For any a,b > 0
let
Awiv={A€C:ReX > aw(—ImA\) + b}.
As in Section 2.6, for any A-valued pseudoresolvent R denote by D(R) the
subset of C on which R is defined.

Definition 2.1. For any a,b > 0, ¢ >0 and x € R denote by Ra,1s(A; e, K)
the set of A-valued pseudoresolvents R such that Ag,p C D(R) and

sup ||[R(N\)||aexp(—eRe A — kw(—Im\)) < oo. (2.15)
AEAqurto
Let
ﬁauJ-i-b(A) = ﬂ U RC&U-Q—EJ(A;‘C:? "i)v Raw+b(~/4) = U ﬂ RC&U-Q—EJ(A;‘C:? "i)v
_ e>0keR . KER >0
) = U Revis), o) = U RawolA).
a,6>0 4,60

Definition 2.2. For any w € Q(«, 3,7) such that w¥ = w, and any a,b > 0
and k € R denote by RY, ((A; x) the set of A-valued pseudoresolvents R such
that Ag+e C D(R) and

sup || R(A)[|.a exp(—rw([A])) < oc.

)\eAauH—h
Let
0
azu+b U Rwu+b (A; k) Ro( U Rw+b
KER a,6>0

Proposition 2.3. Ifw € Q(«, 3,7), then iiw(A)Nz Ro(A). If either w(z) =
log(1 + |z|) or w(z) = |z|'/*, s = const > 1, then R, (A) = R’ (A).

Denote by R **(A) the set of maximal pseudoresolvents belonging to R,,(.A),
and by €, the set of real uniformly lipschitzian functions @ on R such that
w — w is non-negative and = is bounded on R. For any a,b > 0 and @ € 2,
denote by Cqpz the path R 3 z — x —i(aw(—z) + b) € C directed by the
natural order in R.

Theorem 2.1. Assume that A is a complex Banach algebra and w € Q(a, 3,7).
Then there is a one-to-one map of D! 8(A) onto R2**(A) which to any dis-
tribution semigroup S € D! 8(A) assigns the unique pseudoresolvent R €
RI(A) such that

1

| Ie(=2)RG)aldzl <o and S(¢) =

a,b,&

/ [ B(-ARG=) = (216)

for every € D, & € Q, and every a,b > 0 such that R € ﬁw+b(¢4).
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Equality (2.16) means that, in the sense of the definition formulated in
Section 2.5, the map

Zuof H/C f(2)R(iz)dz € A
a,b,@

is the Fourier transform of the distribution semigroup S € D/ 8(.A). One can

rewrite (2.16) in the equivalent form

S@)= 5= [ BENRN  weD,,

211 JiCo .o

which resembles (1.4) and means that S is equal to the inverse Laplace trans-
form of R.

3 Paley—Wiener estimations of Fourier transforms of Beurling test
functions and distributions

A thorough exposition of the theory of Beurling test functions and dis-
tributions is presented in [Bj]. We limit ourselves to a concise selfcontained
presentation of the Paley—Wiener type results needed in the following.

For any y > 0 denote by P, the probability measure on R such that

Y dx
Py(B) =

7B 22+ 42

for every Lebesgue measurable subset B of R. Let Py be the Dirac measure
on R. The family (P,),>o is a convolution semigroup of probability measures
on R called the Poisson semigroup.

Proposition 3.1. Let —oo < a <b < oo and f € L'(R). Then the following
three conditions are equivalent:

(i) F1f vanishes outside [a,b],
(ii) there is an entire function F' such that F|g = f a.e. on R and
F(x+1y)| < exp([Pyy * log |f||(x) + Hiap(y))  for every v +iy € C, (3.1)

(iii) there is an entire function F such that F|g = f a.e. on R and

sup ([ 1P+l o) exp(-Hon) < 0. (32

yeR

Note that log|f| appearing in (3.1) is a function with values in [—o0, 00|
continuous and bounded from above on R, so that the convolution makes sense
and defines a function of z = x + iy with values in [—o00, co]. It is understood
that exp(—o0) = 0.

Proof. (i)=(ii). Suppose that ¢ € C(R), supp ¢ C [a,b] and f = @ a.e. on R.
For any z € C let F(z) = [Pe ™ p(t)dt. Then F is an entire function such
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that F|g = f a.e. on R and we have to prove that F' satisfies (3.1). To this
end notice first of all that

F(x+iy) = ¢y(x) exp(Hpp(y)) for every x + iy € C, (3.3)

where

py(t) = o(t) exp(ty — Hay(y))
for every t,y € R. If y € R is fixed, then ¢, € C(R), suppy, C [a,b] and
lpy| < || If e €]0,3(b—a)] and ¢ € [a+¢&,b— ], then

ey (t)] < lp()] exp( Inf, (t —s)y) < [o(t)] exp(—<ly]).

By the Lebesgue dominated convergence theorem, it follows that the map
R > y+— ¢, € L'(R) is continuous and lim,_. ||¢yl|21r) = 0. Consequently,
the map R > y — @, € Cy(R) is continuous and lim|—. ||@y|lcom) = 0,
which, by (3.3), implies that

| l|im F(2)exp(—Hp(Imz)) = 0. (3.4)
The inequality (3.1) is an immediate consequence of the fact that both the
entire functions

®(2) = F(2)e™ and ®(z) = F(z)e " (3.5)
satisfy the inequality

log |®(z + iy)| < (P, xlog|f|)(z) for every z € Rand y € R*.  (3.6)

In the proof of (3.6) we shall use (3.4), and we shall follow the idea indicated
in the proof of Lemma 1.4.2 of [Bj]. By (3.4), for both the functions (3.5) one
has

lim  ®(z) =0,

Im 2>0, |z|]—o0
and hence g(z) = log|®(2)| is a continuous function of z € C with values in
[—00, oo[ such that
lim  g(z) = —oc0. (3.7)

Im 2>0, |z] —o0

Since @ is holomorphic, the functions g and g = max(g, —k), k = 1,2,...,
are subharmonic on C. It follows that for every k = 1,2, ... the function

is bounded and continuous on {Imz > 0} and harmonic in {Imz > 0}, and
the function g — hy with values in [—o00, co[ is continuous on {Imz > 0} and
subharmonic in {Im z > 0}. Furthermore

g(x) — hg(z) = g(x) — gp(x) <0 for every x € R

14



and, by (3.7),
lim  (g(z) — hg(z)) = —oc.

Im 2>0, |z] o0

Hence from the maximum principle for subharmonic functions it follows that
g(z) —hg(z) <0  whenever Imz >0 and k=1,2,....
This means that
g(x +iy) < (P, * grlr)(z) foreveryz € R,y e R" and k=1,2,....

By the Lebesgue monotone convergence theorem, passing to the limit as
k — oo, one concludes that

g(z +1iy) < (P, *glg)(z) for every z € R and y € R,

so that (3.6) holds.
(ii)=-(iii). If (ii) holds, then, by Jensen’s inequality,

|F(z +1y)| < (P * | f])(x) - exp(Hq(y)) for every x + iy € C.

This implies (3.2), because the operators P, *, y € R, are contractions in
L'(R).

(iii)=(i). Suppose that (iii) holds and take any ¢ € ]0, oo[. Then, by Fubini’s
theorem,

J[socacn [P+ )] ddy < o0
—c<y<c
and hence
lim mf/ |F(z +iy)| dy = hgiogf/ |F(z+iy)|dy=0.  (3.8)

r——0Q0

By the Cauchy integral theorem, from (iii) and (3.8) it follows that

o0

/OO MW B (1 4 iy do = / e f(x)dr for allt,y € R. (3.9)
Let X
p(t) = FLf(t) = %/ e f(z)dx, teR.

Then ¢ € Cy(R) and we have to prove that supp ¢ C [a,b]. From (3.9) and
(3.2) it follows that there is C' € ]0, 0o such that

e

e < 5= [ IF@+iy)lde < = exp(Hn(y) = ty) = r(t,y)

for every t,y € R. If t € |—o00,a[, then lim, ... r(t,y) = 0, and if ¢ € b, 00|,
then lim, . r(t,y) = 0. Hence supp ¢ C [a, b].
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Lemma 3.2 ([Bj, Lemma 1.3.11]). Ifw € Q(«, (), then for every § € 10, 00|
there is Cys €10, 00| such that

|(Py *xw)(x) —w(z)| <oy +Cs  for every x € R and y € 10,00[.  (3.10)
Proof. By (), there is r € ]0, oo[ such that

(L))

Since ¥ [73 uz‘ny =1, it follows that

y [ w(u) B
p /_OO FE du < dy+ Cs, where Cs= —E«%%}érw(u)'

This implies (3.10), because

(P, *w)(x) y/oo e x;;:Ly w(@) dy

and —w(u) < w(x —u) — w(x) < w(—u), by (a). O
Proposition 3.3. If w € Q(«a, 3), then for every n € N and ¢ > 0 there is
Che €10, 00[ such that

le—iz@llne < Cnellpllng exp(nw(—Rez) + Higp(Im 2) + eflmz])  (3.11)

whenever —oo < a < b < oo, ¢ € D,la,b], and z € C.

Proof. Fix w € Q(o,3), n € Nand ¢ > 0. Let 6 = ¢/n. We will prove
that (3.11) holds for C,, . = exp(nCjs) where Cj € |0, oo is the constant from
Lemma 3.2. The equality

—

e—iz@( ) @(ZL’ + Z)

implies that

lle—izollnw = / |§(x + i Im 2)| exp(nw(z — Re 2)) dz

< exp(nw(—Re 2)) / |@(x + i Im 2)| exp(nw(z)) d.

—00

Therefore (3.11) will follow once it is shown that

| 1+ il expro(@) dr < Cocllplh ep(Hay(y) +elyl)  (3.12)

—0o0

for any —oco < a < b < 00, ¢ € D,la,b] and y € R. In the proof of (3.12)
we repeat the argument which may be found on pp. 366-367 of [Bj]. Let
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¢ € Dyla,b] and z,y € R. Then, by (i)=-(ii) of Proposition 3.1,

|P(2 + iy)| exp([Pyy) * nw](x))
< exp([Pyy) * (log [@lr| + nw)l(z) + Hiap(y))
[

< exp([Pyy| * log(|@]z| exp(nw))](2)) - exp(Hiap)(y)),

whence, by Jensen’s inequality,

|@(x + dy)| exp([Pyy) * nw](z)) < [Py * (|@[r] exp(nw)](@) - exp(Hio,p(y))-
By (3.10), it follows that

@(x + iy)| exp(nw(x) — ndly| — nCs)

Cpel@(@ +iy)| exp(nw (@) —ely|) < |
< [Py *(|@le| exp(nw))](2) - exp(Hap (y)),

and so

|P(z + iy)| exp(nw () < Ch [Py * (|@[r| exp(nw))](2) - exp(Hia) + €lyl)-
Since the operators P, * are contractions in L' (R), the last inequality implies
(3.12), by integration with respect to . O

Corollary 3.4. Ifw € Q(a,3), —00 < a < b < 00, and ¢ € D,la,b], then
e_ip is an entire D,[a, b]-valued function of z.

For any w € Q(«, ), ¢ € D, and n € N put
llllnew = Sup |6(2)] exp(nw(z)). (3.13)

Proposition 3.5. (A) Ifw € Q(«, ), then for everyn € N and every a,b € R
with a < b there is C,, 4 € 10, 00[ such that

lelllne < Crapllellng — for every ¢ € Dyfa, b].

(B) ([Bj, Proposition 1.3.26]) If w € Q(«, 3,7), then there are m € N and
D €10, 00[ such that

¢llnw < Dl|@l|miny  for every ¢ € D, and every n € N.

Proof. (A) ([Bj, pp. 365-366]) Fix » > 0 and € > 0. For every ¢ € D,la,b|
and x € R one has

1

85(55)——2// &(z + u + iv) du dv,
r lutiv|<r

because @ is an entire function. Hence, by (3.12),
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|6(x)] exp(nw(z))

< # _: [/_Tr |&(x + u + iv)| exp(nw(x + u)) exp(nw(—u)) du |dv

< iM(T) max /_O:O |@(x + iv)| exp(nw(x)) dz

™ —r<v<r

2
< —M(r)N b)Chclleell,
< —M(r)N(r,a,)Crc o]

where M (r) = max_,<y<, exp(nw(—u)), N(r,a,b) = max_,<,<, exp(Hqp(v)
+ elv]).

(B) Let K = sup,g %. Then K < oo, by (), and

/OO exp(—mw(zx)) dx < e™ /OO (14 |z|) ™K dz < oo

—00 —

whenever m > K. By («), for any such m one has

ellne <l lllgrrmye /_OO exp(—mw(z)) dz

for every ¢ € D, and n € N. O

Corollary 3.6. If w € Q(a,,7) and —o00 < a < b < oo, then both the
systems of norms, (2.14) and (3.13), determine on Dyla,b] the same topology
of a Fréchet space.

Proposition 3.7 ([Bj, Theorem 1.4.1, (iii)=(ii)]). Letw € Q(a, B). Then
for every n € N and € > 0 there is C,, . € |0, 00] such that

2@z +iy)| < Cuelll@lllng exp(=nw(z) + Hiap(y) + £lyl) (3.14)

for any —o0o < a <b< o0, ¢ € Dyla,b], and x,y € R.

Proof. Let ¢ € D,[a,b]. By Lemma 3.2, for every ¢ > 0 there is Cs € ]0, 00|
such that

[Py *1og |@lel](x) < [Py * (log [ll¢ [l — nw)l(z)
< log|llplllnw — nw(z) + ndly| + nC;s

for every x,y € R and n € N. Hence, by Proposition 3.1,

|P(z +iy)| < exp([Py) * log[Pl[](z) + Hiap(y))
< exp(nCs)||@lllnw exp(—nw(z) + Hiap (y) + ndlyl),
so that (3.14) holds for any € > 0 with C,, . = exp(nCs), 0 = ¢/n. O

Corollary 3.8. Ifw € Q(«,3,7) and —oco < a < b < oo, then the Fourier
transformation F is an isomorphism of D,[a,b] onto the space Z,[a,b] of
entire functions defined in Section 2.5. O
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Proof. Proposition 3.7 says that F maps D,[a, b] into Z,[a, b]. Since F|p, [
is invertible, it remains to prove that for every f € Z,]a, b there is ¢ € D,[a, b]
such that Fp = f. So, take any f € Z,[a, b]. Then estimations similar to those
used in the proof of Proposition 3.5(B) show that

sup </oo |f(z +iy)| exp(nw(x)) dx) exp(—Hja—cp1¢)(y)) < 00

r+iyeC —00

for every n € N and ¢ > 0. Hence, for £, and A, defined in Section 2.3, one
has f|lgr € L, and ¢ := F!f|g € A,. Moreover, by (iii)=(i) of Proposition
3.1, supp ¢ C Nesgla — €,b+¢] = [a, b], so that ¢ € D,[a,b]. 0O

Assume that w € Q(«, 3,7), X is a complex Banach space, and —oco < a <
b < oco. Let
D! (a,b; X)={S € D,(X) :supp S C [a, b},
and denote by U, (a,b; X) the set of X-valued entire functions U such that
there is my = my(U) € N for which

sup || U(2)]| x exp(—mow(— Re 2) — Hjgp)(Im 2) — ¢[Im 2|) < o0 (3.15)
zeC

for every ¢ > 0. Let S € D/ (a,b; X). Take any x € D, such that y = 1 on
la, b]. Then, by Corollary 3.4, the formula

U(z) = S(e—izx), =z¢€C, (3.16)

defines an entire X-valued function U. Since supp S C |[a, b], another choice
of x € D, does not affect U provided that x = 1 on [a,b]. By (2.3) for
any € > 0 one can choose y € D, so that x = 1 on [a,b] and x vanishes
outside [a — £,b + €]. Then applying Proposition 3.3 one concludes that the
transformation S — U maps D, (a, b; X) into U, (a, b; X).

The following theorem is equivalent to a combination of Theorem 1.8.11
and (b)<(c) from Theorem 1.8.14 of [Bj]. A complete proof of this theorem
is given because of its crucial role in the subsequent section.

Theorem 3.9. Assume that w € Q(a, 3,7), a,b € R, a < b, and X is a
Banach space.

(A) Let U € U,(a,b; X), and let v be a real function uniformly lipschitzian
on R such that
|v(2)|

ilelg T < 0. (3.17)
Denote by C, the oriented path R > z — x —iv(—x) € C. Then for every
¢ € D, the integral [, @(—2z)U(z)dz is absolutely convergent in the sense of
the norm in X, and the value of this integral is independent of the choice of a

uniformly lipschitzian v satisfying (3.17). Furthermore, the formula

! /U@(—z)U(Z)dz, »cD,, (3.18)

" or e

S(p)

determines a distribution S € D, (a,b; X).
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(B) The map D/, (a,b;X) > S — U € U,(a,b; X) determined by (3.16) is
an isomorphism of D! (a,b; X) onto U,(a,b, X), and its inverse is the map
U,(a,b; X) > U — S €Dl (a,b; X) determined by (3.18).

Taking v = 0 and comparing (3.18) with the Parseval equality from Sec-
tion 2.5, one concludes that for every distribution S € D/ (a,b; X) its Fourier

transform S : Z,. — X is represented by the X-valued entire function U
determined by (3.16).

Proof. (A) By Propositions 3.5(A) and 3.7, if —oco < ¢ < d < 00, ¢ € Dy|c, d],
n €N, e>0and z € C, then

|8(=2)| < Ceanell@llnwexp(—nw(—=Rez) + Hieq(—Im2) +¢/Imz|) (3.19)

where C, 4, is a function of (¢, d,n,e) with values in |0, co[. Suppose now
that U € U, (a,b; X) is fixed, and v is a real function uniformly lipschitzian on
R, satisfying (3.17). By (3.15) and (3.19), if —0o < ¢ < d < 00, ¢ € D,[ec, d],
neN,e>0and z =z +iy € C, then

1B(—=2)U (2)[lx < Codnell@llmw exp((mo(U) — n)w(—z)
+ Hiay(y) + Heq(—y) +2¢ly]).  (3.20)

Consequently,

6(=U)lx
< Creanell@llnw exp((mo(U) + 2K (M +¢) — n)w(—z) + 2K (M +¢)) (3.21)

for every z=z+1iy € C,, where K =sup,g l‘igc()x') and M =max(|al, |b], ||, |d]).
If n € Nis sufficiently large, then, by (7), the right side of the last inequality is
a function of x belonging to L'(R). Since v is uniformly lipschitzian, it follows
that the integral [, @(—2)U(z)dz is absolutely convergent in the sense of the

norm in X. Furthermore, by (3.20), (3.21) and by Cauchy’s integral theorem,

[e.e]

/cv P=2)U(z) dz = / ¢(—r —iy)U(z +iy) dx (3.22)

—00

for every ¢ € D,[c,d] and y € R. Consequently, the formula (3.18) defines a
distribution S € D/ (X) which is independent of the choice of v. It remains
to prove that supp S C [a,b]. To this end it is sufficient to show that if a
compact integral [c, d] is disjoint from [a,b] and ¢ € D, e, d], then S(p) = 0.
So, suppose that [a,b] and [c,d] are disjoint and ¢ € D,[c,d]. Then there is
an € > (0 such that

either ¢c—b—2e=A>0, or a—d—2c=DB>0.

By (3.20) and (3.22) one has
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1 oo . ,
15()llx < o— | _[16(=2 —i)Ule +iy)llx dz

< Lexp(Hpap(y) + Hieq(—y) + 2¢ly])

and hence
exp(—Ay) if A>0andy >0,

S <L

where L = %éc,d,wﬂgo”nw 2o exp((mo(U) — n)w(—x)) dz is finite provided
that n is sufficiently large. Letting y — oo if A > 0, and y — —oc0 if B > 0,
one concludes that S(y) = 0.

(B) We have to prove that if S € D/ (a,b; X), ¢, x € D,, and x = 1 on [a, b],
then

1 oo
S(e) = 5= | @(=a)S(e-ux)da. (3.23)
and if U € U,(a,b; X), x € Dy, and x = 1 on [a, b], then
1 oo
o e_izoX(—2)U(x) do = U(zo) for every zp € R. (3.24)

Indeed, (3.23) and (3.24) mean respectively that the map of U(a,b; X) into
D! (a,b; X) determined by (3.18) is a left and right inverse for the map of
D! (a,b; X) into U, (a, b; X) determined by (3.16).

For the proof of (3.23) notice that if ¢ and d are chosen so that —oco <
c<a<b<d< ooand x € D,led], then, by Propositions 3.3, 3.7 and
Corollary 3.4, $(—z)e_;,x is an entire function of z with values in the Fréchet
space D,|c, d], such that

[P(=2)e—izXllnw < |P(=2)|le—izX |l nw
< [lelllgmimywexp(=(m + n)w(=x)) - Cp 1 x|lnw exp(nw(—2))
= n,l|||90|||(m+n)wHX”nweXp(_mw(_x))

for every m,n € N and x € R. Since, by (v), [Z5 exp(—mw(—z))dzr < oo
for sufficiently large m, and since there are n € N and C € |0, 0o[ such that
1S(V)||x < Cl|¢||nw for every ¥ € D, e, d], it follows that the vector-valued
integrals [0 @(—x)e_ix dr and [ $(—x)S(e_izx) dx make sense and

1 /OO P(—x)S(e_izx) dz = S(i /OO P(—x)e_izX dl‘)-

% —00 27T —00

For every z,t € R one has §(—x)(e_ix)(t) = ¢(—x)e " x(t), so that by the
Fourier inversion formula, the D,|c, d]-valued integral [0 @(—z)e_i,x dx is
equal to 2mxp. Hence

[ e-0)S(e ) dr = S(xg) = 5(9),

27 Joo

where the last equality follows from (2.2), (2.4) and the fact that x = 1 on
supp S. The assertion (3.23) is proved.
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Now we prove (3.24). By Beurling’s Lemma I from [B], quoted in Sec-
tion 1.5, there is an even function © € Q(a,3,7) such that @|g+ is con-
cave and w(z) < @(z) for every x € R. By Beurling’s Theorem I from [B],
quoted in Section 2.3, there is x; € D; equal to one on the interval [—c, ¢,
¢ = max(|al,|b]). Obviously D; C D, and U,(a,b; X) C Uz(a,b; X). Let
xk(t) = x1(k7't). Then x; € D; and x; = 1 on [a, ] for every k = 1,2,....
If U € Uyapx), then, by the already proved part (A) of Theorem 3.9, the
formula S(p) = = /%% @(—z)U(z)dz, ¢ € D,, determines a distribution
S € D!, (a,b; X). Therefore for U and y appearing in (3.24) and for every
xo € Rand k=1,2,... one has

Y iU de = [ i~ U(x) dr = / Z (o — 2)U(x) dz

—00 —00 —

s /_o; k(2o — 2))U () dz

= /_O:O 0 (2)U(xg — k') da.

Since [, X1(z)dx = 27wx1(0) = 27, for the proof of (3.24) it is sufficient to
show that

dim [ Ru(@)U o — k) dr = / T @)Uz dr  (3.25)

for every xy € R. To this end, fix xy € R. By continuity of U, for every z € R
one has

Jim %y (2)U (2o — k™) = x1(2)U (0) (3.26)

in the sense of the norm in X. Since U € U, (a,b; X) C Uz(a,b; X) and @ is
even, subadditive and non-decreasing on R, it follows from (3.15) that there
are C' € ]0, 00 and mg € N such that

|U(x0 — k') x < Cexp(mow(zo — k™ ')
< Cexp(mo@(zo) + me@(k™'z))
< Cexp(mow (o) + mow(x))

for every x € R and k € N. Since x; € D, one concludes that

1X1(2)U (20 — &) || x < [X1(@)| - U (20 — k)] x
< [Ix1lllne exp(—nw(x))C exp(mow(z) + mow(x))
< Cexp(mow(zo))|[[x1lllne - exp((mo — n)w(z)) (3.27)
for every z € R and k,n € N. By (7), one has [ exp((mo —n)w(x)) dz < 0o

for sufficiently large n. Therefore (3.26) and (3.27) imply (3.25) in view of the
Lebesgue dominated convergence theorem. O
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4 Proofs of Theorem 2.1 and Proposition 2.3

Throughout the present section it is assumed that w € Q(a, 3,7), A is a
complex Banach algebra, and X is a complex Banach space. R}**(A) and

mxo(A) denote the sets of maximal A-valued pseudoresolvents belonging

respectively to R,,(A) or Rewis(A). Theorem 2.1 and Proposition 2.3 are
consequences of the following three statements:

(A) For every S € D, 8(A) there are a,b > 0 and a pseudoresolvent R €
Rawio(A) such that (2.16) holds for every ¢ € D, and @ € €.

(A’ If either w(z) = log(1 + |z]) or w(z) = |z|"/*, s = const > 1, and
S € D.S(A), then there are a,b > 0 and a pseudoresolvent R € RS, ,(A)
such that (2.16) holds for every ¢ € D, and & € .

(B) Whenever a,b > 0, R € Rausp(A), ¢ € D, and & € Q, then

Jey oo 10(=2)R(i2)[|a |dz| < oo. If R € R, then the value of the integral
Jo. .~ @(—2)R(iz) dz is independent of a,b > 0 and © € Q. provided that

R € ﬁw_t'_b. There is an invertible map

a,b,@

R™*(A) 3 R— S € D.8(A) (4.1)

which to any pseudoresolvent R € UNleaX(.A) assigns the distribution semigroup
S € D/ ,8(A) satisfying (2.16).

4.1 Proof of (A)

Given S € D/ 8(A), in order to construct a pseudoresolvent R € R, ip
satisfying (2.16) we will follow J. Chazarain. Namely, we will use a cut-off
function ¥ € D, analogous to the one introduced on p. 394 of [C], such that
¥ = 1 on some interval [0,a], a > 0. The existence of ¥ is a consequence of
the Theorem of Beurling quoted in Section 2.3. Recall that D = %.

Lemma 4.1. Suppose that ¥ € D, is a cut-off function as above. Fiz any
a €10, 00] such that 9 =1 on [0,a], and let b = supsupp®. Then a < b < oo,

1p-9 € DF[0,8], Lg+DV € Dyfa,b],

(4.2)
Ag+? * (—1g+ DY)F € Dylka, (k + 1)b]  fork=1,2,...,

and
]]-R“'ﬁ + Z ]]-R‘H? * (—]].]R+D19>*’k = ]lR+, (43)

k>1

the sum being locally finite.

Proof. The first of the relations (4.2) is obvious, the second follows from (2.4),
and the third is a consequence of the fact that DY = {¢ € D, : suppp C RT}
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is an ideal in (D7, *). Let

¥ =Lped + Y Apsd) * (=Lge DY),

k>1
Then supp ) C RY, ¢|g+ € C°(RT), and
Q/J + w * ]]_R+D19 = ]].R+19.

On the other hand,
]]-]R+ + ]]-]R+ * ]]-R“'-Dﬁ = ]]_R+79,
and hence
(1p — :H.R+) * (5 + ]lR+D19) =0.
Both the factors in the last equality belong to the convolution algebra D',
of distributions of L. Schwartz on R with supports in R*. By Theorem XIV

on p. 173 of [Sch], D’ is a convolution algebra without zero divisors. Since
d + 1g+ DY # 0, it follows that ¢ — Lg+ = 0, proving (4.3). O]

Lemma 4.2. Suppose that 9 € D, is a cut-off function, S € D/ (X) and
supp S C R*. Then there is k € N such that

sup ||S(e_i¥)||x exp(—kw(—Rez) +elmz) <oo  for everye >0, (4.4)
0

Im z<

and there are a > 0 and b > 0 such that

1
|1S(e_i. DY) ||x < 5 whenever Imz < —aw(—Rez) — b. (4.5)

Proof. Let b = sup supp ¢. By continuity of S there are k € N and K € |0, oo
such that
15(@)llx < Kll¢llw  for every ¢ € D,[—-1,0].

Hence, by Proposition 3.3, for every ¢ > 0 there is C. € |0, 00[ such that
whenever ¢ € D,,[—1,b], a, = inf supp ¢ and Im z < 0, then

15(e-izp)lx < Klle—iz @l
< KC:||¢| ko exp(kw(—Re z) + (a, — €/2) Im 2). (4.6)

By (2.4), for every € > 0 there is ¢ € D,[—1, b] such that —¢/2 < a, < 0 and
¢ = ¥ on R*. Since supp S C R™, it follows that S(e_;.9) = S(e_;,¢) and
hence, by (4.6),

15 (e—iz?)llx = 1S (e—iz0)l| x
< KC.||¢llsw exp(kw(—Rez) —elmz) whenever Imz <0,

which proves (4.4).
To prove (4.5) take a € ]0,b] such that ¥ = 1 on [0,a]. By (2.4) one has
DY = ¢ + ¢ where v € D, suppy) C ]—00,0], and ¢ € D,la,b]. Since
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supp S C R*, one has S(e_;,DY) = S(e_;.) and, by (4.6),
1
|1S(e—i-D0)||x < KCy||sw exp (/—iw(—RezH—iaIm z) whenever Im z < 0.

Letting a = 2a7 'k, b = 2a 7' log(2KC,), one concludes that (4.5) holds. O

Completion of the proof of (A). Suppose that S € D! §(.A). Take any cut-off
function ¥ € D,, and fix a > 0 and b > 0 for which (4.5) holds. For z € C one
has Im z < —aw(— Re z) — b if and only if z € —iA4,+p. Hence the formula

Z S(e_i, D), 2 € —ifgoro, (4.7)

defines on —iAq 46 an A-valued function V' such that sup,c ;.. [[V(2)[ < 1.
Let

U(Z) = S(e_zzﬁ) + S(e_izﬂ)V(z), A _Z'Aaw+b‘ (48)
Then U is an A-valued function on —iAg,,p such that
1U(2)]|.a < 2[S(e—iz0) ]| (4.9)
and
—12U(z) = S(D(e_,9)) — S(e_i DY) + [S(D(e_i,0)) — S(e_i, DY)V (2)

V(z
Vi

(D(e—iz0)) + S(D(e—i.0) S(e-i-DV) — S(e—i-DI)V (2)
(D(e-ix0)) + S(D(e-i.0) V(z) (4.10)
for every z € —iAgu1p. If A is unital, then let 1 denote the unit of A; otherwise

denote by 1 the unit of the unitization of A. One can rewrite (4.10) in the
equivalent form

S Wi(z) =
S Wi(z) +

z

1—i2U(z) =L+ S(D(e_?))] - L+ V(2)], 2€ —ihavro.

Since all the elements of A appearing here belong to the commutative subal-
gebra generated by {S(p) : ¢ € D}, it follows that

U(zg) —iz1U(21)U(22) = [S(D(e_i»,¥)) + 1]S(e_in, ) (L 4+ V (21)) (1 + V(22))
for every 21,29 € —iMAg,1p. Since, by Proposition 2.1, the right side of the
last equality is a symmetric function of (21,22) € —iAgure X —iMgutp, ONE
concludes that

U(zz) —iz1U(21)U(22) = U(z1) —i22U(21)U(22)  for every z1,29 € —il\gyip-

It follows that the formula

RO\ =U(=i\), A€ Mmoo, (4.11)
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determines an A-valued pseudoresolvent R defined on Ag,4p. From (4.4) and
(4.9) it follows that R € Raui6(A).

To complete the proof of (A) it remains to show that if S € D! §(A), ¥ € D,,
is a cut-off function, a > 0 and b > 0 are chosen so that (4.5) holds, and
& € €, then the pseudoresolvent R € Rq,qp(A), determined by (4.7), (4.8)
and (4.11), satisfies the equality

1

"2

S(p) /c o(—2)R(iz)dz  for every ¢ € D,,. (2.16)
a,b,®

To this end, remembering (4.2), consider the sequence of compactly supported
distributions Sy € D/ (A), k =0,1,..., such that

So(¢p)
Sk(p)

If a € ]0, 00| is such that ¥ = 1 on [0, a] and b = sup supp ¥, then by (4.2) one
has

S(Wg) for every ¢ € D,,,
S((Lg+d % (=1g+ DY)*F)p)  for every 1,2,... and ¢ € D,

(4.12)

supp Sg C [ka, (k+ 1)b] for k=0,1,.... (4.13)
Hence, by (4.3) and (4.12),

k(p)—1
S(e)= Y Si(p) forevery p € D,, (4.14)
k=0

where

k(p) = inf{k € N : supp ¢ C |—o0, ka|}
is finite for every ¢ € D,,. For every k = 0,1, ... take any x; € D, such that
Xx = 1 on [ka, (k + 1)b]. From (4.13) it follows that the formula

Ur(z) = Sk(e—izxk), z€C, (4.15)
defines a function Uy € U, (ka, (k + 1)b; A) such that

Si(p) ! /c &(—2)Ux(z)dz  for every ¢ € D,,. (4.16)

" or

a,b,@

This last equality coincides with (3.18) applied to Sy € D/, (ka, (k + 1)b;.A)
and v = a + b. From (4.12), (4.15) and (4.11) it follows that

Up(z) = S(e_;,0) (4.17)
and

Ur(2) = S(e_i(Lg+9 % (—Lg+ DI)*F)
= ST (Agre_i.0 % (—Lgre_i. DY)
= (=1)FST (g e_p0) ST (Lpse s DO)*
= (=1)FS(e_i.9)S(e_i. DY)F (4.18)
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for k =1,2,..., where ST € L(D}, A) is the homomorphism of (D}, *) into
A such that S(¢) = ST (1g+yp) for every ¢ € D,,. Hence, by (4.7), (4.8) and
(4.11),

Z Ur(z) = S(e_i,0) + S(e_i,0)V(z) = U(z) = R(iz) (4.19)

for every z E —ZAWJFE,, the series being absolutely convergent in the sense of
the norm in A. Furthermore, from (4.17), (4.18), (4.4) and (4.5) it follows that
there are k € N and C € )0, oo[ such that

1 1
1Uk(2)]la < llS(e-izd)lla < 5 C exp(rw(=Rez) — Imz)

for every £k =0,1,... and 2z € —iAq4,1p. Consequently, by Proposition 3.7 for
every n € N there is C,, € ]0, 0o[ such that

18(=2)Uk(2)]|a < 2kCC o lllnw exp((r = n)w(=Rez) = (b+2)Im 2)
for every k = 0,1,..., 2 € —iAgyp, b € ]0,00[ and ¢ € D, such that
supsupp e < b. Let b € ]0,00[ and choose 0 € [max(0,b),o0] so large that

Imz > —aw(—Rez) — 0 for every z € Capz. If 2 € Copa, ¢ € D, and
sup supp ¢ < b, then

1P(=2)Uk(2)]l4 < %CCnHl@leeXp(D(bJr?)) exp((k+a(b+2)—n)w(—Rez)).
By (7), one can choose n so large that
m(z) = CCpexp(d(b+2))exp((k + a(b+2) — n)w(—z))

is a function of = belonging to L'(R). On Cyp one has

<2(1+a®’L*)Y?*m(Re z) dRe 2

for every [ = 0,1,..., where L is the Lipschitz constant of @. Consequently,
by (4.19), (4.16) and the Lebesgue dominated convergence theorem, for every
@ € D, one has

% /Ca,b,& P(—2)R(iz) dz = Z Im /u g Ur(z) dz = ;Sk(gp)
= k(i Skl (p). O

4.2 Proof of (A)°

Suppose that S € D! §(A) where either w(z) = log(1+ |z|) or w(z) = |z|'/,
s = const > 1. Let ¥ € D, be a cut-off function. Take a > 0 and b > 0 for
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which (4.5) is satisfied. Statement (A)? will follow once it is shown that the
pseudoresolvent R determined by (4.7), (4.8) and (4.11) belongs to RS, ,(A).
By (4.9), it is sufficient to show that there is 3¢ € RT such that

sup [|S(e—i0)||aexp(saw(|z])) < 0. (4.20)

Im 2<0

To this end, take £ € N for which (4.4) is satisfied. Let C_ = {2z € C :
Im z < 0}, and for every ¢ > 0 and z € C_ put

(14iz)~" if w(z) = log(1 + |z]),
exp(—hs(i2)Y*) if w(z)=|z|"*, s=const > 1,

fe(z)=exp(—icz)S(e_i, V) - {

where k, = r(cos 2£) 71, (i2)"* = |2|/* exp(L Arg(iz)) if Imz < 0 and z # 0,
(i0)'/* = 0. For any ¢ > 0, _Je is an X-valued function continuous on C_ and
holomorphic in C_. If 2z € C_, then

exp(kw(—Rez))
- {(1+|Rez|)“ < 291 + iz|" if w(z) = log(1 + |x|),
| exp(r|2]®) < exp(ks Re((i2)V®))  if w(x) = |

x|'/%, s = const > 1.

From these inequalities and from (4.4) it follows that for every € > 0 the
function f. is bounded in C_. If z € R, then ||f.(x)||x is independent of ¢,
and hence M = sup,cg || f(x)]| is finite and independent of €. For any €, > 0
one has

sup [|(1+id2) 7" fo(2) [ x < sup || fe(2)]lx < o0
zeC_ zeC_

and
lim (1 +i62)" ' fo(2) =0,

2€C_, |z|—o0

and hence

sup [[(1+1402)~" fo(2) || x = sup [|(1 +idz) " fo(z)[| < M,
2eC_ z€R

by the maximum principle for holomorphic functions. Hence, for any ¢,6 > 0
and z € C_,

exp(eIm 2)||S(e—i.7)|| x

< M|1+i62] - { 11+ iz| if w(z) Tog(l + |z]),

exp(ks Re(i2)Y*)  if w(z) = |z|'/*, s = const > 1.

Since [1 + i2[" < (1 + [2])" = exp(rlog(l + |2])) and exp(k Re(iz)'/*) <
exp(ks|z|'/*), one concludes that for any ,6 > 0 and z € C_,

exp(eIm z)[|S(e_i.€)||lx < M|1 +idz| exp(sew(|z])),
where s = K or 3 = Kk, according as w(z) = log(1+ |2|) or w(x) = |x|'/*. This

inequality implies (4.20) by passing to the limit as e | 0 and ¢ | 0. O
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4.8 Proof of (B)
Suppose that R € JNQM(.A), so that the set
¢={(a0,6,@):a,6>0, &€, RERas(A)}

is non-empty. By means of estimations of ||g(—z)R(iz)|| 4 we will prove that
/ 1G(—2)R(i2)||a|d2] < 00 for (a,b,3) € € and ¢ € D, (4.21)
Ca,b,w

D, > ¢ /c ¢(—z)R(iz)dz € A belongs to D (A), (4.22)

a,b,@

for every fixed (a,b, @) € €,
/Ca,b,@ ¢(—z)R(iz) dz is independent of (a,b,w) € € (4.23)
for every ¢ € D, and finally, for all (a,b,&) € € and ¢ € D,,,
/c @(—2)R(iz)dz =0 whenever supsupp ¢ < 0. (4.24)
4,8,

From (4.21)—(4.24) it follows that there is a unique distribution S € D/ (A)
for which (2.16) holds, and that supp S C R*. Thus, once (4.21)—(4.24) are
proved, to complete the proof of (B) it will remain to show that

S is a distribution semigroup (4.25)

and
the map (4.1) is invertible. (4.26)

FEstimations of ||p(—2)R(iz)||4. By Definition 2.1 and Proposition 3.7, if
a,b>0and R € Rayip(A), then

16(=2)R(i2)|la < Knelll@lllnwexp((re —n)w(=Rez) — (b+¢e)Imz) (4.27)

for every ¢ € D, such that supsuppy < b, z € —ilAgp (ie. Imz <
—aw(—Rez) —b), e > 0 and n € N, with some k. € R depending only on ¢,
and some K, . € ]0, co[ depending only on n and . From (4.27) it follows that
if
0,6 >0, R € RarolA), ¢ € [a,00[, 0 € [max(0,b), oo, (.28
e>0,beR, mneN,n>m+ k. +c(b+e), '

and either

b+e>0 and =z € (—iA —tNeio), iee.
> (~iawss) \ (iftesso o0

—w(—Rez) =0 <Imz < —aw(—Rez) — b,
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or
b+e<0 and z€ —ilgiy, ie. Imz < —w(—Rez)—0, (4.30)
then
|6(—2)R(iz)|| 4 < K, cexp(d(b+¢)) exp(—mw(—Re 2)) (4.31)

for every ¢ € D, such that sup supp ¢ < b. By (7), for sufficiently large m € N
one has

/Oo exp(—mw(—z)) dz = M,, < c©. (4.32)

— o0

From (4.28)—(4.31) it follows that if m € N satisfies (4.32), (a,b,&) € €, L is
the Lipschitz constant of @, ¢ > 0 and b € R, then

(i) whenever b > 0 and ¢ € [a,00[, 0 € [b,00] are so large that Cops C
(—tAgwip) \ (—iAwto), then there is n € N such that

/C 16(=2)R(i2)|| a |dz| < My (1 + 0®L%) /2K, exp(2(b + &) [0
a,b,@

for every ¢ € D, such that sup supp ¢ < b,
(ii) whenever b+ ¢ < 0, then there is n € N such that

/C N@(=2)R(i2) | aldz] < My (1 + 6> L?) 2K, exp(@(b + )| 9 ]

for every ¢ € D,, such that sup supp ¢ < b and every 9 € [b, 0o|.
Proof of (4.21) and (4.22). Both are consequences of (i).

Proof of (4.23). Suppose that (ay, by, o) € € for k = 1,2 and ¢ € D,,. Let
ap = max(ag, az), by = max(by, by) and @Wy(x) = max(w;(x),ws(x)) for every
x € R. Then (ag, by, @p) € €. We will prove that

J

To this end fix k£ and choose ¢ > ap and © > by such that Cq, pp0, C
(_iAan+bO) \ (_iACw-i-D)' Then alSO Cakybknd)k C (_iAaka’_bk) \ (_iACw-i-D)' Let

B(—2)R(iz) dz = / P(—2)R(iz)dz  fork=1,2. (4.33)

C

ap,bp.op ag,bo,@0

1= MR (@ + i) Rlile +iy) dy,  w € R

k@ (—)+bg

In the above the vertical segment of integration is contained in (—iAgu1s,) \
(—iA o) and hence its length is no greater than cw(—x) + 9 — by. Therefore
applying (4.29) and (4.31) to a = a;, b = by, one concludes that for any fixed
e >0 and b > 0 with supsupp ¢ < b, there are m,n € N such that

()]l < Ko elllplllnw exp@(b + &) (ew(—2) +0 = by) exp(—mw(—x))
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for every x € R. Since, by (7), one has lim|y|_. w(—2) = 00, it follows that

lim[[7(z)]l4 = 0. (4.34)

Let

Ii(r) = o(—2)R(iz)dz, r>0,1=k0

Aalvbl7&lm{|Rezl<r} SO
The equality (4.33) may be written in the form I;(0co) = I(c0). By Cauchy’s
integral theorem, for every r € |0, o[ one has Iy(r) — Io(r)+ I(r)—I(—r) = 0.
By (4.21), lim, o [;(r) = [;(c0) for I = k,0. Hence, by (4.34),

I (00) = Io(00) = lim [(1x(c0) = Ik(r)) — (Lo(00) — Lo(r)) + I(=r) = I(r)] = 0.

r—00

Proof of (4.24). Suppose that (a,b,0) € €. Then (a,0,&) € € for every
0 € [max(0, b), co[. Suppose that ¢ € D, and supsupp ¢ = b < 0. Take € > 0
such that b+ ¢ < 0. Then limy o exp(9(b+¢)) = 0 and hence, by (4.23) and

(i),
/Ca . P(—2)R(iz)dz = hm @(—2)R(iz) dz = 0.

0—00 Ca,b,&;

Proof of (4.25). By Proposition 2.1 and by (4.24), assertion (4.25) will follow
once it is shown that

S(De)S(¥) +¢(0)S(¢) = S(p)S(DY) +14(0)S(p)  for every ¢, ¢ € D,

To prove this equality, let (a,b,0) € € and ¢,v € D,. Then DTp(—z) =
—izp(—z) and ¢(0) = &= Je, . P(=2) dz, by Cauchy’s integral theorem and
the Fourier inversion theorem. Consequently, by (4.21), (2.16) and Fubini’s
theorem,

S(De)S(¥) + 90 (1)
T 4r? //u 0.5 %Cat 5 )12( 2)(1 —iz1R(iz1))R(iz2)(dz1 X dz).
Similarly
S(p)S(Dy) + w ()
T 4r? //u 0.5 %Cat 5 )12( 2)(1 —izoR(i22))R(i21)(dz1 X dz).

These double integrals are equal in view of the Hilbert equality.
Proof of (4.26). Suppose that R € R,(A), S € D.,8(A), (a,b,0) € ¢ and

1

S(p) = —/ ¢(—2)R(iz)dz for every ¢ € D,,.
a,b,o

2m Je

Then for every ¢ € D, and z € —iA4,p One has
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S((D+iz)p)R(iz) = % /c P(—w)(iz —iw)R(iw)R(iz) dw

-/  F-w)RGw) - R(i)] du

= S5(p) — p(0)R(i2). (4.35)

a,b,@

Let ¢ € D, be a cut-off function. Applying (4.35) to ¢ = e_;,0 one concludes
that

S(e_i-DU)R(iz) = S(e_;;0) — R(iz) for every z € —iMguip.

By (4.5) there are ¢ > a and @ > b such that ||S(e_;.DV)||4 < 3 for every
z € —il\,1o. Hence

R(iz) = S(e_;,0 Z S(e_izDV))*S(e_,9)  for every z € —iMqyyio.

This implies that the maximal A-valued pseudoresolvent which extends R is
uniquely determined by the distribution semigroup S, proving (4.26).

5 Proof of Corollary 1.2

By Theorem 2 of R. Beals’ paper [Be], for every non-negative even continuous
function w on R such that w|g+ is concave and

/Oo w(z) dr = 00 (5.1)

—ool+$2

there exist a complex Hilbert space X and a closed linear operator A from X
into X with domain D(A) dense in X and with resolvent set o(A) such that

A, ={AeC:Red>w(lm\)} C o(A4) € C,

(5.2)
sup [[(A —A) Mz (1+Red) < o0
AEAL
and
for every T € ]0, 00[ the only X-valued function u strongly differ-
entiable on [0, T'[ such that u(t) € D(A) W — Au(t) for every
t €10, T is the identically zero function on [0, 7. (5.3)

Suppose that X and A satisfy (5.2) and (5.3), take any A in the spectrum
o(A) of A, and put Ag = A — Nlx. Then 0 € 0(Ap), 0(Ay) = 0(A) — Ao, and
if b > w(ImXg) — Re Ag, then A,p C 0(Ap), because by subadditivity of w,
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A€ A, = Red>w(ImA) +w(ImNy) — Reg
= Re(A+ A\g) > w(Im(A + Ag))
= A+ €A, Co(A) = A€ o(A) — A= 0(Ay).

The condition (5.3) remains valid when A is replaced by Ay. Therefore one
can modify Theorem 2 of [Be] replacing (5.2) by

0 € 0(A) and there is b € ]0, 00| such that A,p C 0(A)

and supyea [ = A) Lo Re A < oc. (5.2)0

w—+b

Take now any non-negative continuous even function w on R such that w|g+
is concave and (5.1) is satisfied, fix a complex Hilbert space X and a densely
defined closed linear operator A from X into X satisfying (5.2)o and (5.3), and
take any l.c.v.s. D contained in C2°(R) and satisfying (2.1)-(2.4). Corollary
1.2 will follow once it is proved that

there is no distribution semigroup S € D'8(L(X)) with generator A. (5.4)

To this end we will proceed ad absurdum. Suppose that A is the generator
of a distribution semigroup S € D'S(L(X)). Then

D(A) = {ZS(gok)xk:nEN, o € D and EXfork::L...,n} (5.5)

k=1

and
AS(p) = =S(Dy) — p(0)1x  for every ¢ € D. (5.6)

These equalities follow directly from the definition of the generator of a -
distribution semigroup, identical with one discussed in [K] in the case when
D is equal to the L. Schwartz space D = C2°(R). Furthermore,

S(p)A = =S(Dy)|pay —¢(0)Lpay for every p € D. (5.7)

This follows from Proposition 3 of [K], formulated there for D = D, but valid
for general ). One has
supp S = R™. (5.8)

Indeed, supp S C RT by the definition of a distribution semigroup, and if
(5.8) were not true, then [a,b] NsuppS = @ for some 0 < a < b < oo. By
(2.3) there is a ¢ € D such that ¢ = 1 on [—3,a] and suppy C [—1,b].
Then supp D¢ C [—1,—3] U [a,b] so that supp Dy Nsupp S = () and hence
S(Dyp) = 0. Consequently, by (5.6) and (5.7), (—A)~* = S(p) € L(X), which
is impossible, because 0 € o(A).

By (5.8) there is ¢ € D such that supp ¢ C R* and S(p) # 0. Fix such a ¢

and take x € X such that
S(p)x # 0. (5.9)
For every t € R put



where ¢_; is the translate of ¢ defined by ¢_(s) = ¢(s —t). From (2.1),
and from (2.2) applied to t — ¢_; and t — (=1)"(D™p)_4, n = 1,2,..., it
follows that t — ¢_; is a D-valued function infinitely differentiable on R in
the topology of D. Hence u is an X-valued function infinitely differentiable on
R. By (5.5), u takes values in D(A). Furthermore, by (5.6),

du(t)
dt

— —S(D(p_1))r = AS(p_)a + ¢ (0)x = Aut) + p(—t)x = Aut)

for every t € R*. By (5.3) it follows that u(t) = 0 for every ¢ € RT. On the
other hand, u(0) = S(p)xz # 0, by (5.9). This contradiction proves (5.4).

6 Distribution semigroups and degenerate differential equations in
Banach spaces

Degenerate differential equations in Banach spaces, considered e.g. in [C-S],
[Fe] and [F-Y], may be illustrated by examples such as the (algebraic-differen-
tial) system of Kirchhoff equations of an electrical RLC network or the Stokes
system of linear PDE related to hydrodynamics. “Degeneracy” of these sys-
tems is related to absence of differentiation with respect to time in some part
of the equations.

A connection between degenerate differential equations in Banach spaces and
distribution semigroups follows from the results of J. Chazarain. To stay within
the framework of his paper [C] we use only the distributions of L. Schwartz
or those of M. Gevrey. Hence we assume that either w(x) = log(1 + |z|) or
w(z) = |z|'/*, s = const > 1.

Let X, Y be Banach spaces, and L, M linear operators belonging to L(Y, X).
A distribution £ € D/ (L(X,Y)) is called a fundamental solution for the dif-
ferential operator M% —LitPx&E =1Ix®dand £€xP = Iy ® I, where
P=M®@Di—L®dJ§ec DL(Y,X)). From Theorems 1.6 and 4.4 of [C] it
follows that the following two assertions are equivalent:

(i) the operator M4 — L has a unique fundamental solution £ € D/ (L(X,Y))
with support in R,

(i) there are a,b > 0 and x € R such that for every A\ € Ag,+p the operator
P(A) = AM — L is an isomorphism of Y onto X and

S 1PN ey exp(—rw(|A])) < oo
It is easy to prove that if (ii) holds, then the formulas
(iii) R(\) = M(AM — L)™', R(\) = (AM — L)""M, X € Aguro,
determine pseudoresolvents R € RY . (L(X)) and R € RY,  (L(Y)). By
Theorem 2.1 there exist distribution semigroups S € D/ S§(L(X)) and S €

D! S(L(Y')) which are the inverse Laplace transforms of R and R. Since, by
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Chazarain’s results, £ is the inverse Laplace transform of the L(X,Y')-valued
function A — P(A)~!, one has

(iv) S=ME and S=EM.

The operator M € L(Y, X) need not be invertible, and if it is not, then
the abstract Cauchy problem for the operator M % — L is “degenerate”. Let
J(M) = the range of M, N (M) = the null space of M. The generator of R
and S is the operator

(v) LM~ :3 — X/N where J=73(M)and N =LN(M).
The generator of R and S is the operator
(vi) M'L:3 —Y/N where J=L"'3(M)and N' = N(M).

Remarks. 1. Theorem 1.6 of [C], concerning w(x) = log(1 + |z|), was gen-
eralized by H. O. Fattorini in Theorem 8.4.8 of his book [F] to distributions
P e S'(L(Y, X)) with suppP C R*.

I1. Pseudoresolvents of both kinds in (iii) and the operators (v) and (vi)
appear in the paper [Fe] of V. Fedorov. In the case of reflexive spaces X and
Y the distribution semigroups S and S are represented in [Fe] by strongly
continuous semigroups of operators (Sy)i>o C L(X) and (S;)i=0 € L(Y) such
that S is the projector of X onto J(M) along LN (M), and Sy is the projector
of Y onto L=13(M) along N (M).

III. In Chapter V of the book of A. Favini and A. Yagi [F-Y] the degenerate
Cauchy problem for the operator M % — L is considered under the additional
assumptions that Y is continuously embedded in X and L is an isomorphism
of Y onto X.

IV. Directly from Theorem 4.4 of [C] it follows that if w(z) = |z]|'/%, s =

const > 1, then (i) is equivalent to the condition

(i) there are a,b > 0 such that for every A € Ag,4p the operator P(A\) =
AM — L is an isomorphism of Y onto X and for every ¢ > 0 there is
r € R such that

sup  [|[P(A) | rxy) exp(—e Re A — kw(]A])) < oc.

ENaurto
Evidently (ii)=-(ii)’. By Theorem 4.4 of [C], (ii)’=-(i). If (i) holds and ¥ is
a cut-off function (defined in Section 4.1), then for every A in some Agyip
one has |[ME(e_xDI)||Lix) < 5, PN = E(e_n?)[I + ME(e_,DY)]™, and
IPN) " oxyy < 2[|€(e—a9)||L(x,v)- This implies (ii) by an argument similar
to one used in Section 4.2.
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