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ON A RANDOM NUMBER OF DISORDERS
KRZYSZTOF SZAJOWSKI

IM PAS, Warszawa

Abstract. We register a random sequence constructed based on
Markov processes by switching between them. At two random moments
01, 62, where 0 < 61 < 62, the source of observations is changed. In effect
the number of homogeneous segments is random. The transition probabil-
ities of each process are known and a priori distribution of the disorder
moments is given. The various questions are formulated concerning the dis-
tribution changes in the model in the former research. The random number
of distributional segments creates new problems in solutions with relation
to analysis of the model with deterministic number of segments. Two cases
are presented in details. In the first one the objectives is to stop on or be-
tween the disorder moments while in the second one our objective is to find
the strategy which immediately detects the distribution changes. Both prob-
lems are reformulated to optimal stopping of the observed sequences. The
detailed analysis of the problem is presented to show the form of optimal
decision function.
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1. INTRODUCTION

Suppose that process X = {X,,,n € N}, N ={0,1,2,...}, is observed sequentially.

The process is obtained from three Markov processes by switching between them at two
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random moments of time, #; and 6». Our objective is to detect these moments based on
observation of X.

Such model of data appears in many practical problem of the quality control (see [5],
[2], [12]), traffic anomalies in networks [6], epidemiology [1]. In management of manu-
facture the plants which produce some details changes their parameters. It makes that the
details change their quality. Production can be divided into three sorts. Assuming that at the
beginning of production process the quality is highest, from some moment #; the products
should be classified to lower sort and beginning with 8 the details should be categorized as
at lowest quality. The aim is to recognize the moments of these changes.

Shiryaev [13] has considered the disorder problem for independent random variables
with one disorder where the mean distance between disorder time and the moment of its
detection was minimized. The probability maximizing approach to the problem was used
by [3] and the stopping time which is in a given neighborhood of the moment of disorder
with maximal probability was found. The problem with two disorders was considered by
Yoshida [17], the author [14, 15] and Sarnowski and the author [11]. In [17] the problem
of optimal stopping the observation of process X so as to maximize the probability that the
distance between 6;, i = 1,2, and the moment of disorder will not exceed a given number
(for each disorder independently). This question has been reformulated in [ 1 5] to simultane-
ous detection of both disorders under requirement that performance of procedure is globally
measured for both detection and it has been extended to the case with unknown distribution
between disorders (see [4]) in [ 1]. The methods of solution is based on reformulation of
the question to the double optimal stopping problem (see [7], [9]) for markovian function
of some statistics. In [14] the strategy which stops the process between the first and the
second disorder with maximal probability has been constructed. The considerations are in-
spired by the problem regarding how can we protect ourselves against a second fault in a
technological system after the occurrence of an initial fault or by the problem of detection
the beginning and the end of an epidemic.

This paper is devoted to a generalization of the double disorder problem considered
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both in [14] and [15] in which immediate switch from the first preliminary distribution to
the third one is possible with the positive probability that the random variables 61 and 65
are equal. It is also possible that we observe the homogeneous data without disorder when
both disorder moments are equal to 0. The extension leads to serious difficulties in the
construction of equivalent double optimal stopping models. The formulation of the problem
can be found in section 2. The main results are subject of sections 4 (see Theorem 4.1) and

5.

2. FORMULATION OF DETECTION PROBLEMS

Let (X,,n € N) be an observable sequence of random variables defined on the space
(Q, F,P) with values in (E, B), where E is a subset of R. On (E, B) there are o-additive
measures { /i, }zeg. Space (2, F, P) supports variables 61, 0. They are F-measurable vari-

ables with values in N. We assume the following distributions:

@b POy =) = I—op()7 + Lmop()(A - 1pd ',
22 Plla=k|b=7) = Lp—py(R)p+Luepnk)(1 - oy a2

where j = 0,1,2,....k = j,7 4+ 1,7 + 2, .... Additionally we consider Markov processes
(XE,GL ul) on (9, F,P), i = 0,1,2, where o-fields G, are the smallest o-fields for
which (X?), i = 0, 1, 2, are adapted, respectively. Let us define process (X,,,n € N) in the

following way:
(2.3) Xn = Xg ) H{01>n} + Xrlz ) H{91<n<92} + X’Z ’ H{Hgén}'

We make inference based on the observable sequence (X,, n € N) only. It should be em-
phasized that the sequence (X,,, n € N) is not markovian under admitted assumption as it
has been mentioned in [14], [16] and [6]. However, the sequence satisfies the Markov prop-
erty given 01 and 0y (see [15] and [8]). Thus for further consideration we define filtration
{Fn}nen, where F,, = 0(Xo, X1, ..., X;,), related to real observation. Variables 61, 0, are

not stopping times with respect to F,, and o-fields G;. Moreover, we assume that 61, 65 are
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independent of (X, n € N). Measures u® satisfy the relations: u.(dy) = fi(y)uz(dy),

= 0,1,2, where the functions fi(.) are different and fi(y)/f{ ™% (y) < oo for
1 = 0,1,2 and all x,y € E. We assume that the measures ,ui, x € E are known in ad-
vance and we have that P(X! € A | X} = z) fA Y)uz(dy) = pt(A) for every
AeBandie€ {0,1,2}.

The model presented has the following heuristic justification: two disorders take place
in the observed sequence (X,,). They affect distributions by changing their parameters.
Disorders occur at two random moments of time 67 and 62, 61 < 5. They split the sequence
of observations into segments, at most three ones. The first segment is described by (X9),
the second one - for 1 < n < 0 - by (X}). The third is given by (X?2) and is observed
when n > 65. When the first disorder takes the place there is a ”switch” from the initial
distribution to distribution with density f! with respect of measure 1., where i = 1 ori = 2.
It depends on if 6 < 65 or §; = 0. Next, if ; < 5, at the random time 65 the distribution
of observations becomes p%. We assume that the variables 61, 5 are unobservable.

Let S denote the set of all stopping times with respect to the filtration (Fy,), n =
0,1,...and T = {(7,0) : 7 < 0, 7,0 € S}. Two problems with three distributional
segments are recalled to investigate them under weaker assumption that there are at most

three homogeneous segments.

2.1. Detection of change. Our aim is to stop the observed sequence between the two
disorders.This can be interpreted as a strategy for protecting against a second failure when
the first has already happened. The mathematical model of this is to control the probability

P.(1 < 00,0, < 7 < 62) by choosing the stopping time 7* € S for which

(2.4) P,(6h < 7" <) =supP,(T < 00,01 <7 <b).
T€T

2.2. Disorders detection. Our aim is to indicate the moments of switching with given
precision dy, da (Problem Dy, 4,). We want to determine a pair of stopping times (7*,0*) €
7T such that for every z € E
(25) P$(|T*—91| <d1,|0*—92‘ <d2): sup PI(|T—91| <d1,|0—92‘ <d2)

(r,0)ET
0<T<o<00
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The problem has been considered in [15] under natural simplification that there are three

segments of data (i.e. there is 0 < 01 < 65). In the section 5 the problem Dy is analyzed.

3. ON SOME A POSTERIORI PROCESSES

The formulated problems will be translated to the optimal stopping problems for some
Markov processes. The important part of the reformulation process is choice of the statistics
describing knowledge of the decision maker. The a posteriori probabilities of some events

play the crucial role. Let us define following a posteriori processes (cf. [17], [14]).

3.1 I, = P,(6; <n|F),

(3.2) I;? = Pu(bh =02 >n|F,) = P61 = 02> n|Fmn),

3.3) Ly, = Py(01 =m, 00 > n|Funn),

form,n =1,2,...,m < n, i = 1, 2. For recursive representation of (3.1)—(3.3) we need

following functions:

- n(l-a)f2y)

I (z,y,0,8,7) = H(z,y, o, 5,7)
Ploas) = Bt IEY
M (z,y,a,8,7) = Im

(z,y, o, B,7,6) Im

where H(z,y, o, 8,7) = (1 — a)p1 f2(y) + [p2(a = B) + 1 (1 — o = )] fz(y) + [qer +
P23 + q17]f2(y). In the sequel we adopt the following denotations

(3.4) a = (0,87)
(3.5) o, = (Im,I2, 1),

The basic formulae used in the transformation of the disorder problems to the stopping

problems are given in the following



LEMMA 3.1. For each x € E and each Borel function u : ® — R the following

formulae for m,n =1,2,..., m < n hold:

(3.6) I, = (X, Xpq, 0,112, 11,2)

(3.7) 2., = I*(Xp, Xpp1, 0, 112, 11,2)

(3.8) L2, = (X, Xp, 05, 102, 1112

(3.9) M1 = (X, Xppr, 10, 112,102, 1T, )
e (Xm

with boundary condition IT} = , IZ(z) = 7p, Wy = (1 — p)j;;fm%lixi(l —11L).
Xm—1 m

PROOF.  The case of (3.6), (3.7) and (3.9), when 0 < 61 < 05, has been proved in
[17] and [14]. Let us assume 0 < #; < A3 and suppose that A; € F;, i < n + 1. Denote
D={w: Xo=12X;(w) € A;,1 <i<n}

Ad. (3.6) Let us consider the probability

P$(91 >n+ len—i-l € An+1 ‘ D)

Py >n+1|X;€Ai<n+1)= P, (Xnt1 € Apt1 | D)
r\An+ n+

This follows from Bayes’ formula. Let us transform the probability appearing in the

numerator:

Pm(el >n+1, X401 € A | X, e A;,i < n)

=P, (0i>n|Xi€Aj,i<n)-m 'N}(H(An+1)
Now we split the probability in the denominator into the following parts

(3.10)  P(Xp41 € Apny1 | D) = Py(fa > 01 > n, Xpiy € Apyr | D)
(3.11) + Po(0; <n <0y, X1 € Appq | D)
(3.12) +P,(n<60=09,X,11 € Apy1| D)

( )

(3.13) + P, (01 <O<n,Xpp1€A,41|D



In (3.10) we have:
P.(01>n, Xo11 € Appa | D)
=P (01 >n01=n+1,X,11 € Any1 | D)
+P (01 >n,00 #n+1,Xpp1 € A1 | D)

= P.(01 > n| D)%, (Ans1)p1 + Qi (A1)

In (3.11) we get:
Px<91 <n< 02 , Xn+1 S An+1 ’ D)
= Px(gl <n<6y,0,=n+ 1, X1 € An+1 ‘ D)
+Px(91 <Kn<b,00#n+1,X,41 € An+1 ’ D)
— (P.(6: <n| D)~ P, (62 <n|D)
a2tk (Ant1) + p2rik, (Ans1)]
In (3.13) the conditional probability is equal
Pm(el = 92 >n ., Xn+1 S An—i—l ‘ D)
=P, (01 =02>n,00=n+1,X,,41 € Apy1 | D)
+P, (01 =02 >n,00 #n+1,Xpp1 € A1 | D)

= P01 = 62 > n| D)[q1pk, (Ant1) + prp, (Ans1)]

In (3.12) this part has form:
P.(02 <y Xni1 € Apt1 | D) =Pu(fa <n | D)k, (Ant1)
Thus, taking into account (3.1) we have H711+1 =1—P, (01 >n+1]| F,y1) and by
(3.10)-(3.13) we get
1 1 -1 =
Hn+1 =1- [(1 - Hn)pl] H (Xna XnJrlv Hn)

Using (3.1), it can be seen that (3.6) is satisfied.
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Ad. (3.7) Applying similar reasoning and transformations to the process I12 ni1 We get:
Px(92 <n+1,X,41 €A fn)
Pz(Xn-l—l cA ‘ fn)
N
= [(H}z - Hi)% + Hi] f)Q(n (XnJrl)H_l(Xna XnJrla Hn)

Hn+1 =Pl <n+1|F41)=

which leads to formula (3.7).
BY

REMARK 3.1. Let us assume that the considered Markov processes have the finite state

space and T, = (xg,T1,...,Ty) is given. In this case the formula (3.9) follows from the
Bayes formula:

P ITy J2, (20) S5 (@) ifj >n,

i—1
p?k H]_l f:gs 1 T )
Py(0h = j,02 = k|Fn) = XTI fai ( (S‘l(:?:n))_1 ifj<n<k,
pjk HS*l f-gs 1 H $t 1
< [Tacy f2, . (@0)S 1(%) ifk <n

where p?k =P(61 =7,00 =k), So(xg) =L andforn > 1
n—1 n = i1 7—1 0 k—1 1
Sn(@n) = (1=—m(1=p)> > {p{ @apy T H1 fr(@s) tH, for_i ()
ot o =
Jj=1 n
x H Z ( (1—m)p Z{ o [ ey TLE ()
5= =j
H1=m)(1 - p) i TR ) T2 )
j=1 Ss= t=j

HU =i T A2 ),

Moreover

Hmpt1(z) = p2f§(n (Xn—i-l)Hmn(ﬂU)Sn(an)Sg}q (Zn)



and Sy 11(Zpy1) = H(X,, Xy, ﬁn)Sn(fn) Hence

_ p2f)1(n (Xnt1) g ()

 H(Xp, Xpi, )

LEMMA 3.2. For each x € E and each Borel function u : R — R the following

g1 ()

equations are fulfilled

(3.14) E, (u(Xn41)(1 =10 ) | Fo) = (1 =10, = I02)p1 [ u(y) /%, (W)px, (dy),
E

(3.15) E, (w(Xp) ALy —TI2,) | F)

= [@( =10, = I1?) + po(I1), = II2)] [ u(=)fx, (y)ex, (dy),

E
(3.16) E, (w(Xnp )24 0) | Fo) = [@ID), + poIT2 + iI17] [u(y) £%, (v) i, (dy),
E
(3.17) E, (w(Xp1)ID2A ) | Fo) = [P [u(y) %, (v)x, (dy)
E
(3.18) B (w(Xni1)|Fn) = [ u(y)H(Xn,y, Tn(2))pix, (dy).

E
PROOF. The relations (3.14)-(3.17) are consequence of suitable division of §2 de-

fined by (61, 62) and properties established in Lemma 6.2. Let us prove the equation (3.16).
To do this we need to define first o-field _7?” = o(01, 02, X, ..., X;,). Notice that F,, C ]?n
We have:

EZ‘(U(X’I’L-F].)H%L—FI | Fn) = Ex(u(Xn+1)Er(H{€2<n+1} | Fat1) | Fn)
= Em(u(Xn+1)]I{62<n+1} ’ }—n) = Ew(Ew(u(Xn+1)H{92<n+l} ‘ ﬁn) | }—n)

E
wy) X, Wix, (dy)Pa(2 <n+ 1| F)

T (fu(y)Pz(dy‘ﬁmHZ<n+1)Px(92<n+1|j':n) |]:TL>

u(y) fx, (W)mx, (dy)(Po(02 = n + 1,00 <n < ba | Fy) + Pa(be < n|Fn))

~

=7 (goIl}, + poIl2 + uI?) [u(y) fx, (v)px,. (dy)
E

We used the properties of conditional expectation here. Similar transformations give us
equations (3.14), (3.17) and (3.15). The sum of (3.14)-(3.17) gives (3.18). This proves

Lemma 3.2.
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4. DETECTION OF NEW HOMOGENEOUS SEGMENT

4.1. Equivalent optimal stopping problem. For X, = x let us define: Z,, = P,(0; <
n <6y | F,) forn=0,1,2,.... We have

(4.1) Zn=Pu(0h <n<by|Fp) =10 — 112
Y, = esssupgrer, r>n)Px(01 <7 <02 | Fy) forn =0,1,2,... and
4.2) 0 = inf{n:2Z,=Y,}

Notice that, if Zo, = 0, then Z, = P,(61 < 7 < 02 | F;) for 7 € 7. Since F,, C F;

(when n < 7) we have

Y, = esssupPy(01 <7 < 02| Fn) = esssup Ex(Ifp, <r<6,} | Fn)
T2>n T2>n
= esssup Ex(Z: | Fn)
T>n

LEMMA 4.1. The stopping time 1 defined by formula (4.2) is the solution of problem
(2.4).

PROOF.  From the theorems presented in [3] it is enough to show that lim Z, = 0.

n—oo

For all natural numbers n, k, where n > k for each x € E we have:

Zn = Ex(]l{elgn<92} | Fn) < Ex(sgllzﬂ{elgj<92} ‘ fn)
i=
From Levy’s theorem limsup,, ., Zn < Er(sup;sy o, <j<p,} | Foo) Where Foo =

o (UpZi Fn)- Tt is true that: imsup;~y ko0 I{g,<j<,} = 0 a@.s. and by the dominated

convergence theorem we get

lim Ex(SUI;H{Blgjdg} | Foo) =0 a.s.
jz

k—oo

what ends the proof of the Lemma.
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B

The reduction of the disorder problem to optimal stopping of Markov sequence is the

consequence of the following lemma.
LEMMA 4.2. System X® = {XZ}, where X* = (X,_1, Xpn, I}, 112, T1}2) forms a
Sfamily of random Markov functions.

PROOF. Define a function:
(4.3) (1,20, 52) = (w2,2, 11 (22, 2,d), 1% (29, 2, @), 1T (22, 2, @))
Observe that

N
Xﬁ - SO(Xn—Qan—la ] P Xn) - SO( e Xn)

n—15

Hence X, can be interpreted as function of previous state X7 ; and random variable X,.
Moreover, applying (3.18), we get that conditional distribution of X,, given o-field F,,_;
depends only on X ;. According to [13] (pp. 102-103) system X* is a family of random

Markov functions.

e

This fact implies that we can reduce initial problem (2.4) to the problem of optimal stopping

five-dimensional process (X,,_1, Xy, I1}, T12, TI12) with reward
(4.4) h(z1,20,0) = a = 3

The reward function results from equation (4.1). Thanks to Lemma 4.2 we construct the
solution using standard tools of optimal stopping theory (cf [13] ), as we do below.
Let us define two operators for any Borel function v : E? x [0,1]> — [0, 1] and the

set D ={w: X, 1=y, X, =21} =a,II2 = 3,112 = 4}:

n

N
TIU(Q,Z,&) = Ex(U(Xn’Xn+1a Hn+l) | D)

Quv(y, 2,d) = max{u(y, z,d), Tv(y, 2,d)}
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From well known theorems of optimal stopping theory ([13]), we infer that the solution of

the problem (2.4) is the Markov time 7:
. — " —
T0 — mf{n } 0: h(Xn,Xn+1, Hn+1) > h (Xn,Xn+1, Hn+1)}

where:
W (y,z,@) = lim Qgh(y, z,d)
k—oo
Of course
Qiv(y, z,d) = max{Q} v, T,QF v} = max{v, T,Q} v}
To obtain a clearer formula for 7, we formulate (cf (3.5) and (3.4)):

THEOREM 4.1. (a) The solution of problem (2.4) is given by:
—
4.5) ™ =inf{n > 0: (X, Xpt1, [I,41) € B*}
Set B* is of the form:

B = {(yd):(a—p)>(1-a)

pr [ R (g, u, Ty, u, @) £O(w) py (du)
E

X

+ QIé‘ S*<y7 U, ﬁl(yv u, &))f;(u)ﬂy(d“)]

+ (Oé - ﬁ)pzigs*(:%u:ﬁ)l(y:uv 07)>fy1(u)ﬂy<du)}
Where:

R*(y,z,d) = lim R*(y,z,d), S*(y,z &) = lim S*(y,z,a)

k—o0 k—oo
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Functions R* and S* are defined recursively: R'(y,z,d) = 0, S'(y, z,@) = 1 and
(4.6) RM(y,2,d@) = (1~ I, (y, 2,d))

X <p1ka(y,u,ﬁ1(y, Uy&))fg(u)/iy(du)
E

+Q1f‘9k(y7u7ﬁl(yauvo_z))fyl(u):uy(du)> >
E

(4.7) SE y, 2, @) = Ir, (y, 2, @) + (1 — Ir, (y, 2, &))

><p2f Sk(ya u, Hl(y7 u, &))fg;l (u)ﬂy(du)
E
Where the set Ry, is:
Ric = {(y,2.d) : h(y, 2, @) > T, QL hly, 2,@) |
={(,2,0) : (a=p)> (1 -0a)

x | p1 [ RE(y,u, T (y, u, @) £ (u) iy (du)
E

+ QIf Sk(yv u, ﬁ>l(ya u, &))f; (U)Ny(du)]
E
+ (o= Bz [ Sy u, T (y,w, &))fyl(u)ﬂy(du)}
E

(b) The value problem. The optimal value for (2.4) is given by the formula

V() = p1 [ R*(w,u, T (2, u,m, pr, p(1 — 7)) 2 () o ()
E

ta [ 8 (@, u, T (@, u,m, o, p(1— 1)) £ (w) o ().
E

PROOF.  Part (a) results from Lemma 3.2 - the problem reduces to the problem
of optimal stopping of the Markov process (X,,_1, Xy, [T} T12, ITL2) with payoff func-

tion h(y,z,d) = « — (. Given (3.15) with the function u equal to unity we get on
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D={w: X, 1=9y,X, =21 =q,II2 = 5,112 =4}
Txh(y, 2,55) =E; (Hrlz—i-l - H72'L+1 | ]:n) ‘D
= |, - Hi)pzéf)z (w)px, (du) + (1 - Hi)qléf%n (w)px, (du)| |p
= (I-a)a+(a—pF)p
From the definition of R! and S' it is clear that
Mm@ =a— B =(1- )R (y,2,8) + (o — £)S (4,7 )

Also Ry = {(y, 2z,d) : h(y,z,d) > Tyh(y, z,d)}. From the definition of Q,, and the facts

above we obtain
th(ywzaéo = (1—a)RQ(y,z,&’)+(a—ﬁ)5’2(y,z,d’)

where R?(y, z,d) = q1(1 — Ig,(y,2,&)) and S%(y, 2z, &) = pa + (1 — p2)Igr, (y, 2, @)).
Suppose the following induction hypothesis holds

Q; 'h(y. z.@) = (1 — a)R*(y, z,@) + (a — £)S*(y, 2,@)
where R* and S* are given by equations (4.6), (4.7), respectively. We will show
Qih(y, 2, d@) = (1 — ) RM ' (y, 2,@) + (a = 5)S*(y, 2,@)
From the induction assumption and equations (3.14), (3.15) we obtain:
TbQ 1h(y, z,d@) = T,(1 — a)R*(y, z,@) + Tu(a — 5)S*(y, 2,d)
= (1= a)py [ My, Ty @) )y ()

+[(1 = )a1 + (@ — B)pa] [ S*(y,w, T (y, u, @) f1 (w)ay (du)
E

= (1-a) |pr [ R*(y,u, T (y, u, @) SOy (du) + g1 [ S*(y,u, T (y, u, @)
E E

X fH)py(du)] + (o — B)ps IJE" S*(yu, T (y, 1, @) 1 () g ()
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Notice that

(1= )R (y, 2,0) + (a = Sy, 2,d)
is equal @ — 8 = h(y,2,d) = QFh(y, z,d) for (y,2,d) € Ry and, taking into account
(4.8), it is equal T, Q¥ 'h(y, z,d) = Q¥h(y, z, @) for (y, z,d) ¢ Ry, where Ry, is given
by (4.8). Finally we get

Qih(y,2,d) = (1 — a)R* M (y, 2,@) + (a — B)S*(y, 2, @)

This proves (4.6) and (4.7). Using the monotone convergence theorem and theorems of
optimal stopping theory ([13]) we conclude that the optimal stopping time 7* is given by

(cf 4.5). el

PROOF.  Part (b). First, notice that IT}, H% and H%Z are given by (3.6)-(3.8) and the

boundary condition formulated in Lemma 3.1. Under the assumption 7* < oo a.s. we get:
P,(m" < 00,61 <7< 6y) =supEZ;
T
= Emax{h(z, X1, L), T.h" (@, X1, )} = B lim Q¥h(a, X1, TT))
—E[(1- IR (2, X3, Th) + (I} - 13)$" (2, X1, T 1)

— {R*(az,u, T (2, w,m, oy p(1 = 7)) 2 (u) i (dut)

—
+Q1f S*(.’E7 u, Hl(w7 U, T, P70, p(]' - ﬂ-)))f:% (u)lu’$(du)
E
We used Lemma 3.2 here and simple calculations for IT{, I12 and IT{2. This ends the proofy,

4.2. Remarks. It is notable that the solution of formulated problem depends only on
two-dimensional vector of posterior processes because 112 = p(1 — II!). The formulas
obtained are very general and for this reason - quite complicated. We simplify the model by
assuming that P(#; > 0) = 1 and P(62 > 6,) = 1. However, it seems that some further
simplifications can be made in special cases. Further research should be carried out in this
direction. From a practical point of view, computer algorithms are necessary to construct

B* — the set in which it is optimally to stop our observable sequence.
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5. IMMEDIATE DETECTION OF THE FIRST AND THE SECOND DISORDER

5.1. Equivalent double optimal stopping problem. Let us consider the problem Dgg
formulated in (2.5). A compound stopping variable is a pair (7, c) of stopping times such

that 0 < 7 < o a.e.. The aim is to find a compund stopping variable (7*, 0*) such that

(5.1) P.((01,02) = (7%,0%)) = sup P.((01,02) = (1,0)).

(r,0)ET
0<r<o<oo

Denote 7,,, = {(1,0) € T : 7 > m}, Tpyy = {(1,0) € T : 7 = m,0 > n} and
Sm = {7 € §: 7 > m}. Let us denote F,,,;, = Fp, myn € N, m < n. We define

two-parameter stochastic sequence &(x) = {{mn, m,n € N, m <n, x € E}, where
gmn = Px(el =m, 92 = n|fmn)

We can consider for every x € E, m,n € N, m < n, the optimal stopping problem of &(x)
on 7, = {(r,0) € Tun : T < o}. A compound stopping variable (7%, 0*) is said to be
optimal in 7,7 (or 7, ) if
(5.2) E$§T*U* = sup EngJ
(1,0)ETm
(or Epéing = SUD(; oy, E.& ). Let us define
(5.3) Dmn = esssup Ey(&ro|Fmn)-
(T’U)eTrxn
If we put £,,,00 = 0, then
Nmn = esssup P, (01 = 7,00 = o|Fpn)-
(1,0)€Tmn
From the theory of optimal stopping for double indexed processes (cf. [7],[10]) the sequence
Nmn satisfies
Nmn = max{gmru E(nmn+1|fmn)}
Moreover, if o, = inf{n > m : Py = &unl, then (m, o)) is optimal in 7,f, and

Nmn = Ez(§mox | Fmn) a.e.. The case when there are no segment with distribution fiy)
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appears with probability p. It will be taken into account. Define

Nmn = Max{&mn, E(Mm nt1|Fmn) } forn = m.

if 6), = inf{n > m : Qpn = Emnls then (m,67) is optimal in 7y, and 7, =

E.;(&mox, | Fmm) a.e.. For further consideration denote

LEMMA 5.1. Stopping time o, is optimal for every stopping problem (5.3).

PROOF. It suffices to prove lim, oo &mn = 0 (cf. [3]). We have for m,n, k € N,
n >k >mandevery x € E
Ex(H{Glzmﬂg:nﬂfmn) = gmn(x) < Ex(sgg H{01:m,02:j}’~7:m)7
iz
where I 4 is the characteristic function of the set A. By Levy’s theorem

lim sup & () < Eg(sup H{91:m792:j}|fnoo),
>k

n—00 i>
where oo = Froo = 0(U,Z; Fn). We have lim suplyy, —p, g,—j3 = 0 a.e. and by domi-

k—o0 >k
nated convergence theorem

lim Bz (sup Iip,—m,g,—j}[Foc) = 0.
Jjzk

k—o0

B

00,00
m=0,n=m

What is left is to consider the optimal stopping problem for (7,,)
(Ton) 55 Let us define

m=0,n=m"

on

(5.5) Vin = esssup E, (1| Fn).

TESM

Then V,,, = max{nm, Ez(Vin4+1|Fm)} a.e. and we define 7,7 = inf{k > n: V}, = i }.

LEMMA 5.2. The strategy T is the optimal strategy of the first stop.
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PROOF.  To show that 7 is the optimal first stop strategy we prove that P, (7§ <
o0) = 1. To this end, we argue in the usual manner i.e. we show lim,;, o0 7, = 0.

We have

émo* |f )

mm = B
(Bx (1o, =m,00=0x } [ Fmoz, )| Fm)
(
(

T

E
= EZE ]I{Ql =m,fa= O'm}’f )
E

N

@ Sup L9, =,02=07}| Fim)-
Similarly as in proof of Lemma 5.1 we have got

lim sup 9, (z) < E (Sll]DH{e1 =j,02= a*}’f )-

m—0o0 ]/

Since

lim supl <limsuplig, 12 =0
k:—>oo]>p {91 k,0o= o; } = k;-)oop {Hl—k} 9

it follows that

lim 7, (z) < hm E, (

m—0o0 k—o0

) =0.

e

Lemmas 5.1 and 5.2 describe the method of solving the “disorder problem” formulated

in Section 2 (see (5.1)).

5.2. Solution of the equivalent double stopping problem. For the sake of simplicity we
shall confine ourselves to the case di = da = 0. It will be easily seen how to generalize
the solution of the problem to solve Dy, 4, for di > 0 or do > 0. First of all we construct
multidimensional Markov chains such that £,,,, and 7,, will be the functions of their states.

By consideration of the section 3 concerning a posteriori processes we get £go = 7p and
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form <n
71;”1 = Px(el :m,92:n|fmn)
_ a-ma-pt oy e IR0, @) T A @) %, (Xn)
B p Sn($05$17"'7x’n)
q 1%, (Xn)
M (2) Ty
D2 fX ( )

and for n = m, by Lemma 6.2

- ﬂme (Xm)
Poi % (Xm)

We can observe that (Xn,Xn+1,1_T>n+1,Hmn+1) forn = m+ 1,m + 2,... is a func-

(5.6) =P,(01 =m, 02 =m|Fpm) = (1—11.).

Emm

tion of (X,—1, Xy, ﬁn,Hmn) and X, ;1. Besides the conditional distribution of X,
given F,, (cf. (3.18)) depends on X, IT}(x) and I12(x) only. These facts imply that
{(Xn,Xn+1,ﬁ>n+1,Hmn+1)}$f:m+1 form a homogeneous Markov process (see Chap-
ter 2.15 of [13]). This allows us to reduce the problem (5.3) for each m to the optimal stop-
ping problem of the Markov process Z,,(z) = {(X,—1, Xy, ﬁn,ﬂmn), m,n €N, m<

n, x € E} with the reward function h(t, u, &, 0) = 1%6??—8;.
t

LEMMA 5.3. A solution of the optimal stopping problem (5.3) form = 1,2,... has a
form

%, (Xn)

Fxo_, (Xn)

where R*(t) = pa fE (t, 8) f}(s)pe(ds). The function r* = lim,, oo Ty, where 1o(t, u) =

ft (u)
ftl (u)’

(5.7) ok, =inf{n >m: > R*(Xn)}

ft (u)
ft (u)

(5.8) Tny1(t, u) = max{ =7 ,pgfrn u, 8) fL(s)py(ds)}.

So r*(t,u) satisfies the equation

2 u
fi (u) o [ 7 (u, s) fL(s)pu(ds)}.

5.9 r*(t,u) = max{fl(u) , P
t E
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The value of the problem

_ ql f)l('mfl (Xm)

5.10 m = Eo(Mmmat|Fm) = — 1 - R (X1, Xom),
( ) n (77 +1‘ ) D f?{mil(Xm)( ) p( 1 )
where

N fE(u) q N
(5.11) RA(t,u) = max{ple(u) : p—Z(l — p)R*(w)}.

PROOF.  For any Borel functionu : E x E x [0,1]* — [0,1]and D = {w : X,, 1 =
t, Xp = u, 1L (7) = o, 12 (2) = B, 1112 = 7, I, n () = &} let us define two operators

—
Txu(taua&aa) = Em(u(XnaXn+1aHn+1(m)7Hmn+1($))|D)

and

Quu(t,u,d,d) = max{u(t,u,d,d), Tou(t,u,&,d)}.

On the bases of the well-known theorem from the theory of optimal stopping (see [13], [10])

we conclude that the solution of (5.3) is a Markov time
* . — % —
oy, =1inf{n >m: h(X,—1, Xp, L, M p) = B (X1, Xn, Op(2), M)},

where h* = limy_oc QER(t,u, @, 0). By 3.9) and 3.18) on D = {w : Xp_1 = t, X, =
U/?H’lll = OC,H% = ﬁ’H',llZ - 77Hmn = 6} we haVe

2
Xn
Tt = B2l )
b2 Fx,(Xnt1)

( f&(Xn—i—l) fg(Xn-i-l)

H(u, Xny1,@) fu(Xnt1)
= qgéf&H(u S, @) iy (ds) = q20
w H(u,s,d) o

s F) |

and

2
(5.12) Q.h(t,u,d,d) = Z—zé max{ j:tlEZ;,pQ}.
t
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Let us define 7o (t,u) = 1 and

1) = max{ L s 0,510 (09),
We show that
(5.13) QLh(t,u, @, 8) = Lor(t,u)

b2
for¢ =1,2,.... We have by (5.12) Q,h = quyrl and assume (5.13) for £ < k. By (3.18)
onD={w:X, 1=tX,=ulll =all2 =312 =+, = §} we have got

ToQih(t 0. @0) = Bol 2T giari(Xn, Xns1)|D)
= —5p2frk U, s f (8) i (ds).
D2 E
It is easy to show (see [13]) that

Qi h = max{h, T,Qrh}, fork =1,2,....

Hence we have got Q¥+1h = %5rk+1 and (5.13) is proved for £ = 1,2, .. .. This gives
(5.14) h*(t,u,d, o) = 25 tim ri(t,u) = —257“*(75, u)

D2 k—oo p2
and

_
Nmn = esssup Ey(&rq|Fmn) = W (Xn—1, Xn, 1L, Iy p).
(1,0)€ETmn

We have by (5.14) and (3.9)

T, h*(t,u,d, —(5p2f7“ u, ) [, ($)py(ds) = p2 IR (u)
2

and o7, has form (5.7). By (5.4), (5.6) and (3.18) we obtain

_
(5.15) Tim = maX{ﬁﬁm,E(UmmHU"m)} = f(Xm—laXWM HmaHmm)
_ maX{p‘EM(l —TIL), (1 1, R (X )}

P f?{mfl(Xm) D2 mm m

1
L31 41 me,l(Xm) *
2 EWO — 10 RA (X1, Xon).
m—1 T
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M

REMARK 5.1. Based on the results of Lemma 5.3 and properties of the a posteriori
process 1., we have that the expected value of success for the second stop when the ob-
server stops immediately at n = 0 is wp and when at least one observation has been made

E(im|Fo) = LB((1 - TTH HEH R (2, X0)|Fo) = L(1—m)p1 [ f2(w) R (e, w)ae (du).
As a consequence we have optimal second moment

0 ifmp>q(l—m) ff VR (2, w) po (dur),

Q>
O
I

oy otherwise.

By lemmas 5.3 and 3.1 (formula (3.9)) the optimal stopping problem (5.5) has been trans-

formed to the optimal stopping problem for the homogeneous Markov process
W = {(Xpm_1, X, L, I2), m €N, 2 € E}

with the reward function

q1 fi(u)
p1 [P (u)

THEOREM 5.1. A solution of the optimal stopping problem (5.5) forn = 1,2, ... has

(5.16) f(t,u,d) = (1 —a)R5(t, u).

a form

-
(5.17) T; :inf{k>n: (ch—th;Hk;) EB*}
where B* = {(t,u,d) : j} EZ% Ri(t,u) > p1 fE (s)pu(ds)}. The function
v*(t,u) = limy,— 00 vn (¢, u), where vo(t, u) = Rj(t, u),

ft(u)
(5.18) Upy1(t,u) = max{fl(u) R(t,u), p1 fvn u, 8) f.L(8)pu(ds)}.
So v*(t,u) satisfies the equation
* _ ftz(u) * * 1

(5.19) v*(t,u) = max{ R(t,u),p1 [ v*(u, 8) fy(s)pu(ds)}.

ftl (u) P E
The value of the problem V,, = v*(Xp,—1, Xp).
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PROOF.  For any Borel function v : E x E x [0,1]*> — [0,1] and D = {w : X,,_1 =
t, Xp = u, 1L (2) = o, 112 (2) = B, 1112 = ~}let us define two operators

—
Tyu(t,u, @) = BEy(u(Xn, Xni1, Hng1)|D)

and Qu(t,u, @) = max{u(t,u, @), Tyu(t,u,d)}. Similarly as in the proof of Lemma 5.3

we conclude that the solution of (5.5) is a Markov time
* : = * =
7o =1inf{n >m: f(Xp_1, Xpn, 1) = [F(Xpn-1, Xpn, Opn)},

where f* = limy_,o Q¥ f(t,u,&). By (3.18) and (5.16)on D = {w : X,, 1 = t,X,, =
u, I} = o, 112 = 3,11} = 4} we have
1
. q o Sx, (Xag)
T, f(t,u,d = E,(=(1-1I T
of (tu,d) (L= Th) )
V(X L(X
— 2(1—04)]?1]3( fu( 'fl+1> fqg( ’fl-‘rl)
P H(U7Xn+1>aaﬁ) fu(Xn+1)

(3.18) f& )
318 ;—1(1 —a)p JE‘ Im’;zﬂ)H(u,S,a,ﬂ)Rp(u’ $) i (ds)

= B —a)p [ Ry(u,s)fk, (5)pa(ds)
b1 E

R;(Xan—&-l”D)

Ry (Xn, Xnt1)|Fn)lD

and

(520Q.f(t,u, @) = L(1-a) max{fg(u)

p1 fP(u)

q1
= —avi(t,u).
s (t, u)

R5(t,u), p1 JE“RZ(ujs)fi(S)uu(dS)}

Let us define v; (¢, u) = max{ ;:%EZ; R(t,u), p1 fE R} (u, ) fi(s)pu(ds) and
t

ftl (u)
fP(u)

wn () = max{ R ), [ a5) £ ) -

We show that

(5.21) QLf(t,u,@) = 2%(1 — )ty )
1
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for ¢ = 1,2,.... We have by (5.20) Q. f(t,u,d) = ;%(1 — a)vy(t,u) and assume (5.21)
for/ < k.By(3.18)on D = {w: X,, 1 =t, X, = u, I} = o, 112 = 3, [1}2 = v} we have

got
ToQEf(t @) = Bol (1= 11} )oe(Xo, X))
q
= —(1—a)p1 [or(u,5)f3()pa(ds).
P E
Hence we have got QF+1f = ]%(1 — )vp4q and (5.21) is proved for £ = 1,2,.... This
gives
fr(tu,d) = 2(1 —a) lim vg(t,u) = ﬂow*(t,u)
h k—oo D1
and
Vi = L1 = 100" (X1, Xon).-
o
We have

T, f*(t,u, @) = %(1 —a)p1 év*(uaS)fS(S)uu(dS)-

Define B* = {(t,u,qd) : ;%EZ;R;(IS,U) > p fE v*(u, 8) f2(s)py(ds)} then 77 forn > 1
t

has a form (5.17). The value of the problem (5.2), (5.5) and (2.5) is equal
vo(r) = max{m, Be(Vi| 7o)} = max{m, J1(1 = m)py [ 0" (u,5)f](5)pa(d5))
E

and

0 ifr>q—m) [v*(u,s)f2(s)mu(ds),
79 = E

75 otherwise.

d

Based on Lemmas 5.3 and 5.1 the solution of the problem Dgg can be formulated as

follows.
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THEOREM 5.2. A compound stopping time (7*,0%.), where o, is given by (5.7) and

T* = 74 is given by (5.17) is a solution of the problem Doo. The value of the problem

P, (7" < 0* < 00,01 = 7%,0, = %) = max{m, q1(1 — ) [v*(u, ) £2(s) puu(ds)}.
E

REMARK 5.2. The problem can be extended to optimal detection of more than two
successive disorders. The distribution of 01, 02 may be more general. The general a priori
distributions of disorder moments leads to more complicated formulae, since the corre-

sponding Markov chains are not homogeneous.

6. APPENDICES
APPENDIX 1 — USEFUL RELATIONS

6.1. Conditional probability of various event defined by disorder moments. Accord-

ing to definition of TT}, TT2, T1!? we get

LEMMA 6.1. For the model discribed in the section 2 the following formulae are va-
lied.

1. Pm(gg =Zn > 91’.7:”) = H111 — H%,‘

2. Pz(92 > 91 > ’I7,|.7'—n) =1- H,ll — H7112.

PROOF.

1. Let ) < 0. Since {w : 03 < n} C {w:0; < n}itfollowsthat P,({w:60; <n <
0.} Fn) = Po({w: 01 <n}\{w: 6 <n}F,) =11} —I12.

2. We have
(6.1) Q = {w:n<01<92}u{w:01<n<92}

Ww:0; <Oy <ntU{w:6; =60, >n}
hence 1 = Py (w:n < 0y < 02| F,) + (11} — T12) + 112 + 112 and

P,(w:n<6) <b|F,) = 1-1. —1m2
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6.2. Some recursive formulae. In derivation of the formulae in Theorem 3.1 the form

of the distribution of some random vectors is taken into account.

LEMMA 6.2. For the model discribed in the section 2 the following formulae are va-

lied.

1. Py(Oy =01 >n+1|F,) =pi1 12 = pip(1 —101L);

2. Py(2 > 01 >n+1F,) =pi (1 —10L — T112);

3. Pp(bh < n+1|F,) =Py(01 < n+1<|F,) + Pr(f2 < n+1|F,);
4. Py(6h <n+1<6|F,) = qu(1 =10, — IL?) + po (1T, — 113);

5. Py(f2 < n+1]F,) = golly, + poll} + @112

PROOF.

1. Ontheset D = {w: Xg=2,X; € A1, Xs € Ay,..., X,, € A, } we have

p(l—m) Z+2p{71(h [T, £ (zi)dwy ... day,

=n n .
J X1 Ai

Pz(gz =01 >n+ 1|D) =

P(D)
p(1 —m)pt f H? 1 21 N(z)dxy .. dxy,
_ X Ai I
(1—m) ZJF P @ f HZ 1 fx (z;)dxy ... dx,
J=n xn
P.(0; >n|D) = : i’(D)
(1 —m)p} f I, fo (z;)dxy ... dx,
XD A 1
= = ~I1?
P(D) p

2. Similarly as above we get

p(1 — )pip2 f HZ 1 xz N(wi)dxy .. dxy,
Px(92>61>n+1\D) = p1 Xz

P(D)
= piPu(02 >0, >n+1|D) "L pi (1 — Ik — 1112).

3. Itis obvious by assumption 6y < 6s.
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4. On the set D we have

n+1 oo .
L Plw:bh=j) 5 (1- PIPs
P <n+l<@lF) = = P(l";)
X f H 12 () H fo_(xp)dzy ... day,
LAy s=1
(1= m)ptai(1 = p)p2 +p22P(w 61 = j)py
B P(D)
X f H fgs () H f1 (xy)dzy .. .dxy,

(o0 qlewQ > 01> n|Fn) + Pl < 1 < 0o F)

= (1 =11, = I;?) + po (I}, — II2).

5. If we substitute n by n 4+ 1 in (6.1) than we obtain

P, <n+1|F,) = 1-Pin+1<0; =06|F,)
—P,(n+1<6; <63]F,) —Pr(61 <n+1<0sF,)
= 1-plIL? —pi(1 =10, = I1}?) — 1 (1 — 1T, — I1,%)
+p2 (I — 10,) = goII}, + poll + uI1)2.
By
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