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COMPUTING GROMOV-WITTEN INVARIANTS OF SOME
FANO VARIETIES.

TOMASZ MASZCZYK{

ABSTRACT. We present a recursive algorithm computing all the genus-zero
Gromov-Witten invariants from a finite number of initial ones, for Fano vari-
eties with generically tame semi-simple quantum (and small quantum) (p, p)-
type cohomology, whose first Chern class is a strictly positive combination of
effective integral basic divisors.

1. Introduction. The recursive formula of Kontsevich for numbers N, of ratio-
nal planar curves of degree d passing through 3d — 1 points in general position

No= Y &, [dg ( 3351 Y ) —d ( 3351 n )} Ny N,
di+do=d
for d > 1 (N; = 1 is obvious), as well as its generalizations for genus zero Gromov-
Witten invariants of all projective spaces and Del Pezzo surfaces [20], was origi-
nally derived from the associativity relations and the homogeneity condition for
quantum cohomology [20] of these varieties. (For particular Fano threefolds all
Gromov-Witten invariants can be computeted from a finite number of them by
other methods [26].) If the (p,p)-part of Hodge cohomology of a Fano variety
is generated by H'!' then the First Reconstruction Theorem of [20] gives an in-
ductive procedure reconstructing all restricted genus zero Gromov-Witten classes
from a finite number of codimension zero basic classes [20]. In many papers quan-
tum cohomology of other Fano varieties was studied and in many cases completely
determined [1], [3], [6], [4], [7], [9], [10], [11], [16], [18], [19], [22], [23], [29]. But
the structure of the general associativity relations is so complicated that it is
not clear how to compute Gromov-Witten invariants in general, in particular no
general recursive structure is apparent.

However, if the Hodge (p, p)-part of the quantum cohomology of a Fano vari-
ety V is generically semi-simple and, moreover, admits a tame semi-simple point
lying in the subspace HYY(V)/(HYY(V) N 2my/—1H?*(V,Z)) (parameter space of
the small quantum deformation), then all genus zero Gromov-Witten invariants
of @, H??(V') can be reconstructed from a finite number of correlators (Recon-
struction Theorem of [3]).

1The author was partially supported by KBN grants 1P03A 036 26 and 115/E-
343/SPB/6.PR UE/DIE 50/2005-2008.
Mathematics Subject Classification (2000): 14N35, 53D45.
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2 TOMASZ MASZCZYK

In fact it is a consequence of the two properties: 1) the quantum (and small
quantum) (p, p)-type Hodge cohomology algebra is generically tame semi-simple,
2) the system of partial differential equations encoding associativity of quan-
tum multiplication on (p,p)-type Hodge cohomology together with the quasi-
homogeneity condition, is formally integrable. These two properties imply that
generically there exist local orthogonal coordinates (uy,...u,) (canonical coor-
dinates of Dubrovin, whose basis tangent vectors form a complete system of
orthogonal idempotents), in which flatness of the metric (the Darboux-Egoroff
system of partial differential equations) together with homogeneity, is equivalent
to the Pfaff system

dvik = — Z Vi Vkj dlog i Y3
ik U
for a skew-symmetric (¢ + 1) x (o + 1) matrix v = (v; = —vj;){,-o. From
theoretical point of view, every diagonalizable solution v reconstructs the Frobe-
nius manifold structure encoding the quantum cohomology up to fixing a finite
number of parameters [13]. The isomonodromic deformations method based on
isomonodromicity of these equations can be found in [13], [14], [17], [27], [28].
However, already for o = 2 this system reduces to the Painlevé VI equation and
the inversion formula contains inversion of complicated transcendental functions
derived from Painlevé transcendents [17]. In particular, this method computes
Gromov-Witten numbers N, of P? only term by term through successive expan-
sions inverting a complicated series [17]. In general, such a series is even not
known.

In the present paper we show that the semi-simple associativity together with
the quasi-homogeneity condition reduce to another Pfaff system

dyab = Z Tabc(xv y) dwc

C

with some rational functions 74.(z, y) with constant coefficients, fully symmetric
in indices abe, of a symmetric o X o matrix y = (yab);b:1 satisfying some algebraic
constraint. Here independent variables (z1,...,2,) form a part of usual affine
coordinates (zo, ..., ,) on the space of the sum of (p, p)-Hodge cohomology. In
this way we overpass the previous hard inversion problem from [17].

In the case of P? we solve our equation explicitly re-obtaining the Kontsevich
recursive formula for numbers Ny. This shows that our equation does the same
job as the associativity and quasi-homogeneity equations do.

In general, using the initial data at a tame semi-simple point in the small
quantum deformation and the Newton method computing the Taylor series of
the solution, we get an algorithm computing all Gromov-Witten numbers from a
finite number of initial ones.

Our recursive algorithm generalizes the Kontsevich formula for the projective
plane and makes effective the Bayer-Manin Reconstruction Theorem [3], provided
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the first Chern class of a given Fano manifold is a strictly positive combination
of effective integral basic divisors.

2. Gromov-Witten numbers. Let V' be a connected complex Fano manifold
of dimension n. Consider the complex linear space

H(V) =& H"(V)

of the (p, p)-Hodge cohomology algebra with the cup product U and with the unit
1 € H*°(V). We have the embedding of additive groups

Pic(V) = HY"Y (V)N H*(V,Z) c H(V)

(Pic(V) = H?(V,Z) is torsion free) and in H%(V) there is the cone H}' (V) of
Kihler classes. The first Chern class ¢, (V) lies in Hy' (V) N H?(V, Z).

According to [20], given a smooth connected complex Fano variety V', one
chooses a basis (hy, ..., hy,) of H(V) of classes Poincaré dual to classes of integral
cycles (Zy,...,Z,) in general position, not necessarily algebraic, such that Z
is the fundamental cycle, (Z;,...,Z,) are integral effective divisors generating
the Picard group and Z, is a point. Then hy = 1 and hy,...,h, € H(V) N
H?*(V,Z) span H"'(V'). One defines the symmetric integer valued non-degenerate
symmetric matrix of the intersection form

gaﬁ = / ha U hﬁ,
\%

and the integer valued inverse matrix g,g. We will use also fully symmetric integer
valued symbols

Japy = / ha U hﬁ U hfy,
v
integers c, such that

Cl(v) = Z Cahaa

and the integer valued symmetric matrix
Cap 1= / a(V)UhyUhg = Zgaﬂvcw
v
2l

We will consider the following additional condition on the above basis hy, ..., h,
of Pic(V).
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Condition C. The integers ¢, are strictly positive for a =1,... p.

Such a basis exists at least for the following classes of Fano manifolds:

i) Generalized flag varieties V' = G/B, where G is semisimple and B is the
Borel subgroup [8]. As h4, ..., h, one can take first Chern classes of homogeneous
line bundles associated with fundamental weights. Then ¢;(V') corresponds to a
dominant weight py and ¢, = (uy, @) = 2, where « is a simple root of G, which
can be computed using a formula from [30].

ii) Fano manifolds with p = 1. As h; one can take the cohomology class of the
ample generator of Pic(V') and ¢; is equal to the index of the Fano manifold V' .

iii) Fano threefolds with p = 2. Then V admits two extremal contractions f,, :
V — V,, corresponding to extremal rays of lengths \,, @ = 1,2, onto projective
varieties V, with Pic(V,) = Z and Pic(V) = f{Pic(V1) & f3Pic(Va). As hy, he
one can take pull-backs of ample generators of Pic(V,) and then ¢; = Ay, ¢ = Ay
[25].

iv) Fano n-fold V = P(Op (1) ® Op '), n > 2. As a basis of Pic(V) one
can take hy equal to the pull-back of Op:i(1) and hy equal to the Grothendieck
tautological line bundle Oy p1(1). Then ¢; = 1,¢5 = n.

v) For a toric Fano manifold V', corresponding to a nonsingular complete fan
with edges containing primitive vectors vy, ..., vpy, in Z", one has the split exact
sequence [15]

0— Z" — Z"" — Pic(V) — 0,
where the map Z" — Z"** is given by the matrix V = (vy, ..., Uytp).
Therefore there exists an integer valued matrix W = (ws), o = 1,...,p,

1=1,...,n+ p, such that
det(;[//):j:l,

which defines integers (ci,...,¢c,) as follows

-1
v
(1,...,1)(W) = (..., %01, .., 0p).

Let Dy,..., Dy, be irreducible effective invariant divisors corresponding to the
edges containing primitive vectors vy, ..., vn4,. Then divisors

n+p

ha = Z wociDia
=1

fora=1,...,p, form a basis in Pic(X) and
p
—KX = Z Caha.
a=1
If W can be chosen in such a way that all w,; > 0 and ¢, > 0 then the above
condition C is satisfied.



COMPUTING GROMOV-WITTEN INVARIANTS OF SOME FANO VARIETIES. 5

It is easy to check that it is so for Hirzebruch toric Del Pezzo surfaces Fy, k =
1, 6, 7, where

(1) (7)o (8) 0 ()

Namely, for F; (resp. Fg or F7) we can take
hi = D1+ Do, hy = D+ 2D,
(resp. hy = Dy, hg = Dy or hy = D1 4+ 4Ds, hg = Dy + 5D,), and then
—Kx =hi1+hy
(resp. —Kx = 2hy + 8hg or —Kx = hy + hy).

Definition. One defines the number Ni, ., as the number of rational curves
intersecting cycles (71, ..., Z,) with finite multiplicities (kq,...,k,).
One calls Ny, k. ’s the Gromov- Witten numbers.

Correctness of this definition follows from the intersection theory on moduli
stacks of stable maps [5], [20]. Gromov-Witten numbers are derived from the
(genus zero) Gromov-Witten invariants. The Fano condition implies that multi-
plicities (ki,...,k,) determine the homology class of a rational curve uniquely.
The collection of Gromov-Witten invariants forms a quite complicated combina-
torial structure. Luckily, the combinatorial identities can be encoded in properties
of a generating function.

3. Generating function. Let (xo,...,z,) be the coordinate system on H (V)
dual to the basis (hg,...,hy). Then the variable point of H (V') has the form
r = ), Toh, and one defines a generating function as the formal series of the
form

Fa) =g [ 4+ 1@

Ept1 k

X
_ E kix1+...+kyx, < pt1 o
f(fﬂ) = N]ﬂm]%e P p—k Rk
Kt peeesbi prL 7

with the following condition for non-vanishing summands

zp:kaca—k 20: ko(l —po) =3 —n.
a=1

a=p+1

4. Homogeneity. One defines an action of C* on the quotient space
X = H(V)/(H*(V)N2rV/—-1H*(V,Z)) = (C*)P x C7H1~°
(Dubrovin’s flow) as follows

sy xp) = (zay +logs (V) + ) sz,

p p#1
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where s € C*, () € HPP(V). The part f(x) of the generating function is
homogeneous of weight 3 — n with respect to this action [20]. Using the Euler
field generating the above flow

(1) E= ;Eaai% = Z(ca—l—(l—pa)xa)%

«
-

one gets equivalently
E(f)=@B=n)f.

On the other hand, decomposing x into homogeneous components we get

E(/VxU3):3/Vc1(V)u:cU2+(3—n)/VxU3,

implying the following quasi-homogeneity property for the generating function F'

E(F) = %/\/Cl(‘/) Uz + (3 —n)F,

which in coordinates takes the form
oF 1
(2) 25: E(;a—xé =3 %ﬁ: CapZalp + (3 —n)F.

Taking second partial derivatives of this and using (1) we get the following useful
formula

PF O*F
J 1— :
(3) 25: 583:a83358x5 Cap + n Pa +pﬁ)8:va8:rg

Note that on the right hand side c,g can be non-zero only if 1 —n +p, +ps = 0.

5. Flat metric. The intersection form defines on X a flat riemannian metric

00
g 0xo 015 ~ Gap-

The metric tensor is homogeneous of weight (2 — n) under the Dubrovin flow.

6. Associativity equations. One introduces the following multiplication on
the (trivial) tangent bundle of the quotient space X

0 0 _ PF 0
0z, 8_:1:5 - ngé 024023015 01,
7.6 7
It is commutative by symmetry of partial derivatives and associative with the
unit 8%0 by axioms of Gromov-Witten invariants [20]. The associativity condition
reads as a system of quadratic equations on third partial derivatives of F'. The
multiplication, viewed as a tensor, is homogeneous of weight 1 under the Dubrovin
flow, as well as the unit of this multiplication.
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The metric and the multiplication of tangent vectors satisfy

o 0 8)_ o 9 0
N oza dxg’ O, _gaxa’&cg Ox,"

7. (Tame) Semi-simplicity. A point of X is called semi-simple if at this point
the generating function is convergent and the above algebra of tangent vectors is
semi-simple.

According to [13], locally around every semi-simple point, there exist orthogo-

nal coordinates (uy,...,u,) with a domain U C X in which the above multipli-
cation of tangent vectors and the Euler vector field take the standard form
g 0 0

In particular, coordinates (uy,...,u,) are eigenvalues of the multiplication by
the Euler field E. A semi-simple point of X is called tame if at this point
IL 2j(ui —u;) # 0. This condition is independent of the choice of coordinates
(Uo, ce ,ug).

Discussion of the (tame) semi-simplicity condition, examples and non-examples
can be found in [2], [3], [12], [31].

8. Derivation of the main formula.

Lemma 1. Let the vector (2, ..., 2y)T be a solution to the following eigen-
problem with simple eigen-values (ag, . . ., ay)
(4) > Gsy(Cap + (1= 1+ pa + D) Vas) 2y = iZia-

By

for a symmetric (o + 1) X (0 + 1) matriz Y = (Yog = Ypa)? g—9- Then the
eTPression

(5) Rogn(V) = 30 g2

— Y
-« JseZis ZieZi0

1s a rational function of Y.

Proof: First we rewrite the eigen-problem (12) as
Z(aa/g - aiéag)zig =0.
B

The simplicity of eigen-values means that for every ¢ = 0,..., 0 the rank of the
matrix (a.p — a;0ap) is equal to o. Therefore there are o rows of this matrix (we
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can assume that they are the first o rows) whose exterior product defines the one
dimensional eigen-space, according to the canonical isomorphism of vector spaces

AV @det(V) >V,

where dim(V') = o + 1. Thus we can replace every eigen-vector (2o, ..., 2iy)T in
the homogeneous function (11) by the vector of alternated o-minors of the above
o rows of the matrix (an,s — ai5aﬁ)gﬁ:0. It is clear that we obtain a symmetric
rational function in variables (aq, ..., a,) with coefficients in the field of rational
functions of entries a,3, which are polynomials in Y,z’s. In this way we see
that the right hand side of (11) is a rational function of Y,3’s, because we can
compute this function expressing the above symmetric rational function of eigen-
values (ag,...,a,) in terms of their elementary symmetric polynomials, which
are polynomials in (aas) 3—9, hence polynomials in Y5's. [J

Practically, to find the rational function R,g,(Y) we can use here the RootSum
function of Mathematica. We will do so in the example of the projective plane in
paragraph 9.

Next, let us form the partial differential equation

0Yap
6 = Ruos, (Y
(6) 5 = B (Y)
and an algebraic constraint
(7) > B Rapy(Y) = cap+ (1= 0+ pa +pg)Yas

Since the right hand side of (6) is fully symmetric in indices a8y then locally
any solution Y to the equation (6) is of the form
0’F

Y =
(8) o O0x,0xp

for some function F. Since the matrix (aag)f g—o in the proof of Lemma 1 is
self-adjoint with respect to the non-degenerate symmetric form g and has simple
eigen-values its eigen-vectors are mutually orthogonal. Therefore by (5)

ZZO{Zl,B
9 - g )
( ) 0450 Z 25 € 9562’15215 s

By (5), (6), (8) and (9) F automatically satisfies the associativity equations with
the unit i Let us define

1 U
(10) f::F—é/Vx3.
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By (6), (8) and (9) we have

0? of
(11) 01,013 8_550 N

so f is independent of zy up to adding a polynomial of degree two, at most
quadratic in zy and at most linear in other variables.
By (1) we have

92
1 —(3— =
(12) T B — B =)
PF O*F
B ; By 0x,030x, ~ (Cas +(1=n+pa +pﬁ)6xa8xg)'

Therefore every f defined in (10) by means of a solution (8) to the equation (6),
satisfying the constraint (7), is homogeneous of weight (3 — n) up to adding a
polynomial of degree one.

We can focus only on f. For this we introduce

yab::Y;zb_/$Uhatha
v

Tabe = Rabc — Gabe

where latin indices run through (1,...,0). Then locally
O*f
13 a - )
( ) Yab 8%8@

hence by (11) and (13) we have

ayab o 83f _
al’o N 813(18131,81‘0 N

which means that y,,’s depend only on variables © = (x,)7_;. Then the equation
(6) reduces to

(14) dyab = Z Tabc(xa y)dwm

0,

with the functions rap.(7, y) rational in variables * = (24)7_1, ¥ = (Yab = Yba)] p=1>
and fully symmetric in indices abc. The algebraic constraint (7) reduces to

(15) Z(CC + (1 - pc)l’c)rabc(m, y) =n Zgabcajc + (1 —n+ Pa +pb)yab-

On the other hand, in the context of semi-simple quantum (p, p)-cohomology,
comparing the multiplication of tangent vectors, the unit, the metric and the
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multiplication by the Euler field in coordinates (zo,...,z,) and (ug, ..., u,) we
get
16 g =
(16) ; 8 024023015 Ox,,  Ox Oxg’
(9ui
17 =1
(17) o,
Ou; Ou Ju; Ou
(18) s = O S
% 78%6 J%é 78%(%5
19 g E = Uy .
(19) ﬁ%;gm 56xa8:vg8w5 Oz, " Oxg
Equations (16)-(18) imply
a‘xaawﬁ&x'y i 26,6 §55 gz; g_;zg_zz) ’
Using (3) and (19) we get
21 q oY 1 - o == 7 bl
( ) Zgﬁ’Y(C ﬁ—i_( n_'_p +p5)axaaxﬁ)ax’y uaxa

Byy

which means that for every ¢ the vector (ggé, VN g;” )T is an eigenvector with

the eigenvalue u; of the matrix depending rationally on second partial derivatives

6938;5:5 . and constants o, Pa, Cag- By Lemma 1 the right hand side of (20) is a
02F

rational function of
8$aamﬁ

an algebraic constraint (7) on the matrix of second derivatives of F'.
In this way we obtain the following theorem.

depending on constants gng, Pa, Cap. Then (3) defines

Theorem 1. The semi-simple associativity condition on a function
1
F=- / P+ f
6 Jv
for f which is

e independent of xo up to adding a polynomial of degree two, at most qua-
dratic in xo and at most linear in other variables,
e homogeneous of weight (3 —n) up to adding a polynomial of degree one,

is locally equivalent to the problem (14)-(15).
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9. Example V = P! The basis (hg, ;) in (p,p)-Hodge cohomology is defined
uniquely by the above convention. We have n = 1, pp = 0,p1 = 1, goo =

g1 = 0, go1 = 1, gooo = gou1 = 111 = 0, goo» = 1, ¢co = 0,¢; = 2, and
Coo = 2, co1 = ¢11 = 0.
Then we obtain

7”111(%3/) = Y11,
so the system (14) has the form
(22) dyi1 = yndy,

and the constraint (15) is satisfied automatically. For

f(xl) _ ZNklekml
k1

the condition on non-vanishing terms is
2k = 2,

which determines f uniquely up to a constant factor, as well as the system (14)
does.

10. Example V = P2 The basis (hg, hi,hs) in (p,p)-Hodge cohomology as
above is defined uniquely by the condition that the cycle Z; is a hyperplane.
Nown=2,p, =0, gup=1fora+8=2,gup,=1fora+8+v=2,¢c,=3
for a =1, cop = 3 for a + 3 =1, and all symbols are zero otherwise.

Then we obtain (using Mathematica)

Y11 + 22(y3) + 6y12) + 3T5Y20

ria(z, y) = 18y12 + 22(2y11Y12 + Yy22)
12 Y 27 + 31’2y11 — 2!E%’y12
r ($ y) _ 27y22 + 4x2?J%2
1225 27 + 3way11 — 273y12
ross (1) = 12y35 — y11yae + 61:23/12922’

27 + 3way11 — 273Y12
so the Pfaff system (14) has the form

Yy + 332(3/%1 + 6y12) + 333%?;22 18y12 + 22(2y11Y12 + 9Y22)

23) dyy = dxy + dxo,
(23) dyu 27 + 3x9y11 — 223Y12 ! 27 + 3xay11 — 223Y12 ?
18 2 9 27 4 2
(24) dy1s — Y12 + T2(2y11Y12 ‘Z 3/22)(1331 Yoo + 51323/122 dzs,
27 + 3xay11 — 273Y12 27 + 3z2y11 — 225912
27 Axoy? 1292, — 9 6
(25) dyss — Yoo + 4T2Y1, dy Y12 Y11Y22 + $2y12y22dx2.

27 + 31’23]11 — 2%%3}12 27 + 3x2y11 — Zx%ylg
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One can check (using Mathematica) that the algebraic constraint (15) is satisfied
identically.
The system (23)-(25) is equivalent to the system

9Toy11 + $§(Z/11 + 6y12) + 3x%y22
26 d(x = d(x1 + 3log xs),
(26) (z29m) 27 + 3way11 — 223y12 (@ 82)
(27) d(3may11 — T5y12) = Toynid(z1 + 3log x),
(28) d(18l’2y11 — 937%3/12 -+ l’gy22) = 2(3$2y11 — l’gyu)d(l'l =+ 310g $2).

If we introduce the expression ¢ such that

(29) 2¢ 1= 182oy11 — 9T5Y12 + T3Yaa,
then the system (26)-(28) means that
(30) ¢ = ¢(x1 + 3logxy),
(31) ¢/1/ _ 6¢) — 33¢/ + 54¢// + 925”2
27+ 2¢' — 39" ’
which can be written equivalently as
(32) 27¢/// _ 54¢// + 33¢/ _ 6¢ — 3¢//¢/// _ 2¢/¢/// + ¢//2'
For i
f(.%'l, $2> = Z Nklkgeklxl%
k1,ko z
the condition on non-vanishing terms is
3k1 — ko = 1.

Since Z; is a hyperplane k; equals to the degree d of a rational curve, hence
k?g =3d — 1, Nk1k2 = Nd and

d $§d_1
=3 Nyedn T2
/ g € Bd—1)

Now we compute ¢ substituting f into (13) and next the obtained result to (29).
We get

$3d Nd
33 — N dx1 2 _ d(z1+3 logacg).
(33) ¢ zd: € Bd—1) %:(305_1)!6

Inserting this to (32) we get finally
B ) 3d — 4 3d — 4
No= ) dids {dZ ( 3dy—2 ) "N\ 3dy -1 )| NN
di+do=d

This shows that our system provides the same answer as the original use of
associativity and homogeneity conditions.
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11. Generalization. The algorithm. In general, we can use the Newton
method to compute the Taylor series of the solution. To apply this we have
to know that the denominator of the rational function on the right hand side
of our equation (15) do not vanish. It is so at a tame semi-simple point be-
cause all denominators on the right hand side of (20) don’t vanish by (17), (18)
and non-degeneracy of the matrix g. Computing derivatives of the solution y
which are derivatives of the generating function f, at a tame semi-simple point
(1,...,2,,0,...,0) in the parameter space of the small quantum deformation

aml +...+mgf

4) = I
(34) Ox"™ ...0xme

_ E mi mp Jki1r1+...+kyx
‘[Ep_;'_l:..,:l‘o-zo_ kl L kp Pe ° ka1...kpmp+1...mg
k1. kp

with the following condition on non-vanishing summands
P o
(35) Z koco = Z Mma(Pe — 1) + 3 — n,
a=1 a=p+1

we see, provided the condition C is satisfied, that on the right hand side of (34)
we have a finite sum, because there is only a finite number of non-negative vectors
(ki,...,k,) which are solutions to (35).

By the Lagrange interpolation we find polynomials

Py, (t, ... t,) € Qlty, ..., 1,

such that for all (a finite number of) non-negative solutions (ki,...,k,) to (35)
(36) Pl1,..lp(kla R 7kp) = 5k111 R 5kplp-
If we expand these polynomials as follows
(37) Pyt oty) = ) gm0
mi,...mp

and apply this expansion to monomials k" ...k, on the right hand side of (34)
substituted instead of ¢ ...¢,"”, we get by (36) the following expression for the
Gromov-Witten numbers

(38) Niyoky =
8m1+~-~+mp+kp+1+-u+kaf

my mp q_kpt1 K
Oxy" ... 0z, 0x 5y ... Oxle

_ —(k1x1+...Fkox §
=€ ( e ’ p) akl...kp,ml...mp

mi,...,Mp

|zp+1:...:xG:0 .

Note that the result is independent of the choice of a semi-simple point
(1,...,2,,0,...,0).

Corollary 1. The process of consecutive differentiation of (14) and substitution
of already computed derivatives using (13) is a recursive algorithm computing all
Gromov-Witten numbers from a finite number of initial ones by evaluating (38)
at values of recursively computed derivatives.
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By (34) and (35) the set of initial Gromov- Witten numbers consists of

p
(39) Ni,y. k0.0 where Z kece =3 —m,
c=1
p
(40) Ni;y . kp0..14..0 where Z k.ce = pa +2 —n,
c=1
)
(41) Niy.ikp0.14...15..0 where Z kece = pa+pp+1—n,
c=1
p
(42) Ny kp0..24...0 where Z kece = 2p, +1 — .
c=1

In view of paragraph 10, this can be regarded as a generalization of the Kont-
sevich recursive formula for the projective plane.

Remark. For a Fano n-fold of index r, among the initial Gromov-Witten num-
bers the numbers Ny, x,0..0 (teSP. Niy. k,0..10..00 Nkyokp0.ola.1p05 NViy.odp0..24..0)
can appear only if n+r < 3 (resp. n+r—2<p, <n,n+r—1<p,+p <2n—1,
n+7r—1)/2 <p, <n).

In particular, for P*, n > 2, the only initial Gromov-Witten number with
respect to the basic classes H, H?,..., H" is the number Nyy_¢» = 1 of lines
passing through two points in general position. The only computational difficulty
here consists in computing the rational function R,s,(Y"). However, for n > 2 the
result obtained with use of RootSum function of Mathematica according to Lemma
1, is hard to display. Since applying our algorithm needs further preparations by
hand, it seems that it requires better computational tools than Mathematica,
regretfully not known to the author.
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