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Abstract

Risk sensitive control of Markov processes satisfying minorization property is stud-
ied using splitting techniques. Existence of solutions to multiplicative Poisson equation
is shown. Approximation by uniformly ergodic controlled Markov processes is intro-
duced, which allows to show the existence of solutions to the infinite horizon risk
sensitive Bellman equation.
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1 Introduction

On a probability space (€2, F, P) consider a controlled Markov process X = (z,) taking
values on a complete separable metric state space E endowed with the Borel o-algebra
E. Assume that z, has a controlled transition operator P%*(x,, ), where a, is the con-
trol at time n taking values on a compact metric space U and adapted to the o-algebra

of{xo,x1,...,Tn}

*Research supported by PBZ KBN grant no. 016/P03/99



Let ¢ : E x U — R be a continuous and bounded function. Our aim is to minimize the
following exponential ergodic performance criterion

t—1
J((an)) = tllglo sup % In Eg(c“") {exp {Z ~ve(z;, ai)}} (1)

1=0

with risk factor v > 0. In what follows we shall distinguish the following special classes of
admissible controls (a,): Markov controls Unr = {(an) : an = un(xy)}, where u, : E— U
is a sequence of Borel measurable functions, and stationary controlsUs = {(ay) : an = u(zn)},
where u : /' +— U is a Borel measurable function.

Consider the following assumptions

(A1) 3p>0 Fccompactee Ivepm) with v(C) =1 such that Vaee

o P A) >
b Az )

(A2) C given in (Al) is ergodic, i.e. V(4,)ctty, VaeE gl {rc¢} < o0, where ¢ =
inf{i>0:2;, € C}.

In the paper risk sensitive control problem with cost functional (1) and general state space
is studied. The paper generalizes [7] and [8] where uniform ergodicity assumption was
required. Instead of uniform ergodicity we require minorization property (A1) which allows
us to use splitting techniques arguments. Risk sensitive discrete time control problems
has been studied in a number of papers [1], [3], [4], [5], [6], [9], [10] for finite or countable
state spaces. General state space model in discrete time was considered in [7] and [8]
only. Financial applications of risk sensitive control problems were introduced in [2] and
continued in a number of papers e.g. see [12] and [14] and references therein. The first
part of the paper is devoted to the study of so called Poisson equation. Although such
equation was considered in [11] and [3], a rather simple characterization of the solution
seems to be new. The main result of the paper is the existence of solutions to the Bellman
equation corresponding to the risk sensitive control problem with a general state space
(under minorization property).

2 Splitting of Markov processes
Let £ = {Cx{0}UCx{1}UE\C x {0}} and &, = (z.,22) € E. Given a Markov

control a, = un(x,ll), where u, : F — U is a sequence of Borel measurable functions,
consider the following Markov process defined on F



(i) when (zl,22) € CX{O} x} moves toyaccordlngly to (1—3) "L (P (z}, dy)—Bv(dy))

n»n

and whenever y € C, 22 is Changed into :an Bn+t1, where B, isiid. P{3, =0} =

1= 6, P{f =1} = 5.

(i) when (z},22) € C x {1}, 2L moves to y accordingly to v and :cn+1 Bna1,

’I’L’ TL

(iii) when (z},22) € E\C x {0} x} moves to y accordingly to P (z1, dy) and whenever

?17 ’I’l

yedC, :r:n is changed into :r:nH Ont1-

In what follows we shall write that the control (a,) of (&) is in the class Ups, whenever
there is a sequence of Borel measurable functions wu,, : E +— U such that a, = u,(z}).
Let Cp = C x {0}, C; = C x {1}. By direct calculation we obtain

Lemma 1 Forn=1,2... we have P a.e.
P{z, € Cylz, € CoUCL,Zp-1,..., 30} =1—-0
P{z, € C1|2, € CoUCL, Tp-1,...,20} =0
Furthermore we have

1

Lemma 2 Under Markov control (a,) € Uy the process (2, = (z,22)) is Markov with

transition operator P (i, dy) defined by (i)-(iii). Furthermore the first coordinate ()
is also a Markov process with transition operator P (x}, dy).

Proof. The first statement follows from the construction (i)-(iii) of the split Markov
process (&,). For the second notice that for A € €

P{ xh.1 € Alz)h, ) 1,...,1’(1)}:
P{ xh i € Alzh a2 = 0,2, 1,...,:6(1)}P{x =0z}, 2l 1,...,3:6}
+P{ n+1€A[xn, %zl,x,l%l,...,:c(l]}P{x =1zl 2l 1,...,x(1)} (2)

In the case when z. € C, (2) is equal to

Pan(x}w A) — ﬁV(A)
1-p

For z& ¢ O, (2) is equal to P (z}, A), which completes the proof of Markov property of
(xp)-

(1= 5) + Br(A) = P (z,, A).

|



Corollary 1 For any bounded Borel measurable function f: E™+— R, m=1,2,..., and
control (a,) € Uy we have

En) {F(xy,20,. .., 2m)} = Eégn) {f(xim%, . ,x%n)} (3)

where 63 = 0(,0) for x € E\ C and 6; = (1 — 3)0(4,0) + B30(z,1) for x € C and EM stands
for conditional law of Markov process (i) with initial law p € P(E).

Proof. It follows from (2) that for a bounded Borel measurable g : £ — R

~

E {g(le+1)|x},:v}_1, . ,x(l]} = F {E {g(:ﬂ}+1)|ii,§:i,1, ... ,:i"o} |x2-1,x}_1, ... ,ﬂ:(l)}
=F {Efz {g(l‘%)} ‘leamzl—lv e >$(1)} = E&;} {g(x%)} . (4)

On the other hand by Markovianity of (z}) we have

E{gtaloiatalab) = [ o)P(aldy). (5)

Consequently applying (4) and (5) to function f: E™ +— R we obtain (3).

3 Multiplicative Poisson equation (MPE)

In this section we shall assume that

(A3) V(an)eus 34 such that Ver

Elan) {exp {Tch (70 x; }}

TC,
Elan) {exp {Z (’yc x; - }

=1

and for z € C}

Lemma 3 Under (A3) for (an) € Us there is a unique XY ((ay)) such that for
B {exp {Z (re(at ai) — X ((an))) }} 1 ©)
i=1

forx € C}.



Proof. Notice that for x € C] the mapping

Tcl
D : X Elon) {exp {Z’yc(xil,ai) - )\}}

i=1

is strictly decreasing whenever it is finite valued. Moreover by (A3) we have that oo >
D(d) > 1. Since limg ., D(d) = 0 by continuity of D there is a unique A7((ay,)) for which
(6) holds.

g

Remark 1 Notice that letting d = inf,cp qcv ve(x,a) we have a sufficient condition for
(A83) in the form:

(D1) B {exp {3llelpre}} < 00 for x € B, where |lcly = supyecpacy cla,a) -
infyep acv c(x, a). In section 6 we shall formulate a sufficient condition for (D1) in terms
of the expected value of the functional with respect to the original Markov process (xy,).

For Borel measurable u : E — U let

TC 1

) = {exp {z (retat, uah)) = X(w) }} , (7)

i=0
where by A\7(u) we denote the value of \7((u(zl)) and expected value E¥ stands for
Elu@n),
By (A3) clearly A7(u) > d and therefore w* is well defined. Furthermore we have

Lemma 4 Function @* defined in (7) is a unique up to an additive constant solution to
the multiplicative Poisson equation (MPE) for the split Markov process (&y,):

o0 (@) — re(atu(@t) -\ (w) / ) P (2. dy) (8)
E
Furthermore, if W and X\ satisfy the equation

1

(@) — gre(etule) -\ / €W P (2, dy) ©)
E

then X\ = XV(u) defined in Lemma 4 and w differs from w" by an additive constant.



Proof. In fact, we have using (6)

Ey {exp {w(d1)}} = E} {xmecl 21 {exp {Zl:vc —A(u )}}}

+Ey {XileéclEé‘l {GXP {270(561 ul(@;)) = N (u )} }} = B {xa.e1
1=0

exp {re(al, u(el)) — V() } } + B3 {xilgcl exp {Zlvc@c}, u(w})) = N (u) }}

i=1

{eXp{ivc ~N(u )}}exp{—wml,u(ml)) - N(u)}

from which (8) follows. If w" is a solution to the equation (8) then by iteration

(1"(0) _ fou {exp {Z (velat u(ah)) = 2(w) } B {exp{w“@(l))}}}

and since by the construction of the split Markov process E‘;TC {exp{w"(2(1))}} is a
1

positive constant w* differs from w" defined in (7) by an additive constant. Similarly if
w and \ are solutions to (9) then w differs from

=0

by an additive constant In E* {exp {u(21)}} with z € C}. Since  is also a solution to (9)
we have that EY {exp {w(Z1)}} = 1. Therefore

TC 1

1= £ {ch (1) exp { e}, u(@l)) — A} B, {exp {Z (ve(@l, uzh) = A) }} +

i=1

(1= xc4 (1)) exp {g (ve(wd, ulz))) = A) }} =
B2 {xey (#1) exp {re(at, u(al) = A} + 0 = B2 {xo, (1) exp {re(al, ual) = A}

where n = B {exp {57 (ve(al, u(x})) = A) }} for = € C1. Hence

(B2 {xen (@) exp {re(al u(@h) = A} + 1) n = B2 {xe, (@) exp {ye(al, u(at) = A} J+1

6



and n = 1, which by Lemma 3 implies that A = \7(u).
g

Corollary 2 For x € E and solution to MPE (6) 0" : E — R we have that w" defined
by

ew“(z) — 61?/“(3:,0) + 1C(x)ﬂ(eﬁ)“(x,l) _ e'LZ/“(x,O)) (10)
is a solution to MPE for the original Markov process (x(n))
Q@) — gre(mu(@) =N (w) / ) PU@) (3 ) (11)
E

Furthermore if w" is a solution to (11) then w* defined by

) = el )N W, [ (12)

is a solution to (8).
Proof. By Lemma 1 we have

-~ ’lf)“(jl) _ A wu(il) 1

B {en @} = g { B e @21}

) oY 1 NU 1
= B2 {xe(@)((1 = B0 4 g =)
WY (zt . wi (!
+xmolat)e? ! 1,0)} — fv {e ( 1)} a3

Therefore by (8) we obtain that w" defined in (10) is a solution to (11). Assume now that
w" is a solution to (11). Then

B {eW“<w%>} — v {ew“(xb}

and for w" given in (12) we obtain (10). From (10) we obtain (13) which in turn by (12)
shows that w" is a solution to (8).
d

Proposition 1 If for Borel measurable u : E +— U

(B1) 34(u) such that for x € E,N=1,2,...

Tcl/\N
Ez{exp{ > (vc(x},uw}»—d(u))}} <o (14)

i=1

and for z € Cq

TC 1

28 {exp {Z (et u(a)) — d(w)) }} >1 (15)

=1



(B2) forxz e E

=1

O’Cl/\N—l
iI]%[f kY {exp { Z (’yc(xll,u(xll)) - )\“’(u)) }} >0 (16)

(B3) forxz e E
oc; AN—1
sup B* {exp { Z ('yc(xil, u(z})) — )\V(u)) }} < 00 (17)
N i=1
with oc, = inf {Z >0: i(z) S 01}

then forx € £

1 n—1
AN (u) = lim —InE} i u(w; 1
(w) = Jim_ * o {exp{izovcu u(a >>>}} (18)
Proof. Let A > X?(u). For z € C; we have
A TCl
B L expd S (ye(ah,ulah) = A) ¢ o <1
i=1

and consequently for N > Ny

70, AN
Ev {exp { Z (’yc(mzl,u(xll)) - )\) }} <1 (19)

Let

O’Cl/\N—l

Wi (@) = fu {exp { Z (’yc(:czl,u(le)) — )\) }} . (20)

1=0

By (B3) w}; is well defined. For x ¢ C;

O’cl/\Nfl
e%(”=Ez{evc<xé’“<xé”—%;fl {exp{ ) (yc@;,u(mg))—x)}}}

=0
= A”; {6'70(3”(1)7”(15))—/\61”}(;(!’31)} (21)



and x € C7 by (19) we have

e“’}(gq( ) — 673(1’07“(%0

v

/—/h|\/

UCl/\N 1
{< eb)-Afy { (vc(x%,um}))—x)}}}

_ A; {670(107“(10 A wN 21) (22)

Consequently
V1) > Ag {e“/C(zé,u(mé))*Aew%(il)}

and by iteration for N > Ny

ePKn® > fu {ezf_;(vc(mbu(@))—mewxm)}

i {erzol(vc(wM(w}))A)e—vllcllN} ,

Therefore
1, - k— 1
S o B {eyzi_(} c(x},u(xi))} < =4le| N
k k
1 Ucl/\Nfl
T {exp { > (re(al u(al) - N(w) }} +A
i=1
and by (B3)

hmsupklnE“{e“’Zzo o} (1))} A

k—o00

Consequently letting A decreasing to A7 (u) we obtain

lim sup — k ln Ev {e'yz cle (xl))} < A (u) (23)

k—oo

Assume now that A < A7(u). Then by (B1) for z € C and X close to A7 (u) we have

kY {exp {f (vc(:czl,u(le)) - )\) }} > 1

i=1

and consequently for N > Ny

T, AN
ok {exp{ > (ve(at,ulah) - ) }} > 1. (24)

=1



Therefore by (B1) w} given by (20) (now for A as above) is well defined and similarly as
in (21) (22) we have
@) < f {relehate) Ak o) (25)

and by iteration for N > Ny
ePkn® < fu {ezf_;(vc(x;u(:c}))—newx(ik)}

< p {ezf_;mcm},u(z%))A)ewcw}.

Therefore
Ty {evzf_é c(xi,uu%))} > Lo
k k
1 O’cl/\Nfl
—1 U 1 VY _ \7
+I<: %f In E; ¢ exp ; (76(1‘, su(z;)) — A (u)) i\
and by (B2)
lim inf l In E’g {eV Ef:_ol e(x} ’“(wi))} >\
k—oo k
and finally
1 . _
li]in inf Z InEY {e’V Zf:ol C(x}:u(ﬂf}))} > A7 (u) (26)

which together with (23) using (3) completes the proof.

Remark 2 Notice that under (D1) the conclusion of Proposition 1 i.e. (18) holds. In
fact, under (D1) condition (14) is satisfied with d(u) = inf,cp qcv ve(x, a) and (15) holds
provided that the process (&y) starting from Cy enters the set

N

— (1 2 . 1 1 .
{33 =(z",2%) € E:yc(z,u(z)) > Ze}lEI’lierc(z,a)}

before hitting Cy with positive probability. In the case (Z,) does not enter the above set we
have equality in (15) and then also (24) is satisfied so that under (B2) and (B3) equality
(18) holds. By Hélder inequality using the fact that \Y(u) < sup,ep 4cp vc(7, a) we have

that

ooy AN—1 %

1< (E {exp{ S (elat () + wu))}})
i=1

10



NI

oc; AN—1 %
(E;‘ {exp{ > (vc(x}, u(z))) — ,\V(u)) } }) < (Ej; {67||c||5p7-cl })

=1

o, AN~1 :
(e {"E ettty v )
=1

from which under (D1) inequality (16) holds. Since \(u) > inficp cv ve(z,a), under
(D1) (17) also holds.

4 Uniformly ergodic approximation of controlled Markov
processes

We shall now assume that

(A4) forx e E, A&
PA(z, A) = /A p(, 0, y)v(dy) (27)

where p is a positive continuous function of its coordinates.
Denote by |x| the value of p(x,#), where p is a metric on E compatible with the topology
of E and 0 € F is a fixed point.
Let ( )
‘Z.7a’
Mo for <N
= 9777
pn(z,a,y) = pA(aa(f)) for |y|>N+1
p(x,0,9) (N+1-|y)+p(0,a.9) (ly|=N)
n(

elsewhere

with A% (x) = P(x, BN)+P(0, By 1)+ gy, \py [P(@, @, y) (N + 1= [y[) +p(0, @, y)(ly| -
N)v(dy), where By = {x € E : || < N} and a is a fixed element of U.
Let

pN(z,a,y) = pn(w,a,y) if [z| <N
pn(T,a,y) = PN (ﬁﬁﬁa,y)) for |x| > N.

and define
PR (z, dy) = pn(x,a,y)v(dy) (28)

We clearly have that

11



Lemma 5

SHEHPZ(\II(@’: ) = Pz, )|[var — O (29)
ac

as N — oo, uniformly in x from compact sets. Furthermore for each N

sup sup sup w < 00 (30)

;o
a,a' €U z,2'€E yeE pN(-T , @y y)

Let for (a,) € Us

i=1

F () = BN {exp {Tczl(w(w}v a;) — /\)} } (31)

and

Flen)(\) = B {exp {%(70(%1’ a;) = A) } } , (32)

i=1

where nga”) N is a conditional probability of the split Markov process (&) corresponding
to Markov process (z,,)with transition probability Py at time n.
Notice that whenever x € C; the functions in (31) and (32) do not depend on x and will

be denoted by F](\?") and F(n) We have

Proposition 2 Assume that there is Ny such that for N > Ny there exist di < do such
that for (ay) € Us, © € C1 we have

R ) = Fii (da) <1< FED () < oo, )
Fz(\;l;)()\) — x(an)()\) for x € Cy uniformly in (an) € Us and A € [dy, da], and furthermore

sup | F(*)'(dy)| < oo, (34)
(an)

where I stands for the derivative with respect to A\. Then

(@) = (FE) ™ (1) — (FE) 7 (1) = X((an) (35)

uniformly in (a,) € Us as N — oo.

Proof. Assume that there is ¢ > 0, a sequence (ak) of strategies from U, and sequence
Ny — oo such that
AR, (@) = X ((ap))] > e. (36)

12



By assumption we have that

L) v ((a5)) = B (A, ()] = 0

and therefore . k
IO, (ah) = 1= FER 0%, (@) (37

as k — oo. Since Fé“'fl)(m((afb))) = 1 and sup(,») |F(@n)(\)] is bounded for A € [dy, da]
(by (34)) we should have ]A?Vk((aﬁ)) — X((ak))] — 0 as k — oo, which contradicts (36).
|

Remark 3 Notice that the choice of di and da in (33) is uniform with respect to (ay) € Us.
Natural candidate is di = infeep e ve(z,a) and dy = sup,ep .ep ve(x,a). To have
convergence F](\?;)()\) — Féa”)()\) for x € Cy uniform in (a,) € Uy and X € [dy,da] we
have to assume for x € C}

(D2)  sup(u,peu, B {exp (el < oo,

and

- mn ?N
(D3)  supy supq, ey, L& {exp {v]lellsprer }} < oo
Since

’Tcl
|Elen) (\)] = Elon) {Tcl exp {2(76(%1» hi) — A)} }

i=1
< Ef) {7ey exp {le]lsp7er }}
< KE) {exp {(1+e)rlle]spey }}

fore >0 and K >0, to have (34) it is sufficient to assume for x € Cy that
(D4)  sup(e,eu, plon) {exp {(1 +e)7|lc||lspTcy }} < o0 for a sufficiently small € > 0.

By Theorem 1 of [7] using (30) we have

Proposition 3 For each N there are N}, and wy € C(E) such that

eWN (@) — inf [e’yc(ﬂc,a)—/\xr/ ewN(y)P]%(x,dy)] (38)
acelU E
and consequently
N = inf 12 (an), (39)

where

t—1
I3 ((an)) = limsup % In E{)N {exp {Z ve(wi, a;) }}

=00 i=0

13



and infimum is taken over all admissible controls (ay).
Moreover the strategqy a, = un(xy), where uy : E +— U is a Borel measurable function for
which the infimum in (38) is attained, is optimal.

Corollary 3 Under (D2), (D3) and (D4) we have that

= it ) = ®

forx e E.
Proof. By Remark 3 and Proposition 2

sup Ay ((an)) — A7((an))| — 0.
(an)€Us

Since by Remark 2, Proposition 1 and Proposition 2, A} ((an)) = inf(q, et AN ((an)) = A}

we obtain (40).
g

5 Risk sensitive Bellman equation

Let uy be an optimal control function corresponding to Pg(z,dy). Furthermore assume
that

(A5) Feso such that ¥

K compactC E

sup sup sup B4V {exp {Zl(’)’c(l'zl,UN(.:UZl)) — A (un)) (1 + e)}} = M(K) < oo,

a€lUgeg N i=1
(41)

where above we control the split Markov process (Z,) using at time 0 control ag = a and
then a, = uy(z}) for n > 1.

Theorem 1 Under (A1)-(A5) there exist \V and a continuous function w : E — R such
that

@) = inf [e'yc(x’“)*)ﬂ/ W Pz, dy)] (42)
acU E

Moreover, under (D1) satisfied for all (an) € Us we have that A7 is an optimal value of
the cost functional J) and the control 4(xy), where 4 is a Borel measurable function for

14



which the infimum in the right hand side of (42) is attained, is an optimal control within
the class of controls from Us.
Furthermore, if for admissible control (a,) we have that

lim sup E{%) {(Egi {ew(“)}yx} < o0

t—o00
for every a > 1, then AV < J2((an)).

Proof. The proof consists of several steps:

Step 1. We prove first that supy EZY {exp {@w}" (21}} is bounded uniformly on compact
subsets of (Ey U Cy) x U, where @y is a solution to the multiplicative Poisson equation
corresponding to the transition operator Py (z,dy) with control function uy.

In fact,

BN fexp (i (#1}) = BN {xc, ()7 i) A |

+EON {XCf (21) exp {i(’w(ﬂﬁ%, un(z)) — A4 (un)) } } (43)

=1

and by (Ab) follows the required boundedness.
Step 2. We show now that for N = 1,2..., the functions E&Y {exp {w" (21)}} are
equicontinuous in x and a from compact subsets of Ey U Cy and U respectively.
Notice first that by (29) for each compact set K C EgU Cq, € > 0 there is a compact set
K1 D Cy Uy such that
sup sup sup P2V {; € K¢} < & (44)
acUzxzeK N
Furthermore by Hélder inequality

sup sup sup E4 {XCf(fl)XKf(il) exp {21(70(1‘3, un(x})) — A (un)) } }

acUzxzeK N i=1

e Tcl
< sup sup sup (PN {i1 € K}) ™ sup supsup | B2V d exp{ S (ve(al, un(a})
acUzxeK N acUzxzeK N i=1

1 € 1

N (un)) (1 + €)}}) T < T (M(K)) T (45)
Consequently by (43)-(45)
|ESN Lexp {0 (21} — BN {oxp {0 (#1)} |
< elllel|| paN (2 0y 0 -) — PN (!, Oy N lfpar + 26T (M(K)) T+
HESN {xe, (1) exp {03 (1)) — BSN {x, (21) exp {03 (#4}} | (46)

15



For § > 0 choose K7 in (44) such that &' (M(K))liiE < 3. Since

|ESN| {xr, (21) exp {0 (21} ) — BLN {xr (21) exp {3y (211} |

< sup exp {i ()} |P*N (2, Ky 0 ) = PN (2!, Ky 02 fvar
reKy

for x, 2’ € Ey UCy and a, a’ € U such that

. ., )
PN (z,C1N-) — PON (@, CL ) lwar < —— (47)
3elel
and 5
1PN (2, K1 N -) — PN (2! K10 ) |var < (48)

AUN
3sup, ek, e?n (2)

by (46) we obtain that
|ESN {exp {4 (213} — E%N {exp {08 (21}}] < 6.

Now by (A5) sup,¢ g, e~ (%) is bounded in N and therefore by (29) we can choose z, 2’
and a, a’ in (47) and (48) uniformly in N, which completes the proof of equicontinuity.
Step 3. By step 1, 2 and (9) we immediately see that

Eg™ {exp {wi" (21)}}

is uniformly (in V) bounded and equicontinuous in z and a from compact subsets of ExU.
Since uy is optimal for P (x,dy) we have that wi¥ = wy. Therefore by Ascoli theorem

(thm. 33 of [13]) there is a subsequence Nj, such that

Eg™ {exp {wy, (21)}}

converges uniformly in @ € U and x from compact subsets of E and )\}(,k (un,) — A (since
Ay (un) € [infrepact ve(®, a),5up,ep ger ve(2, a)]). Consequently there is a continuous
function w such that

w(@) _ inf [re@a-X | wn, (v) pa
e infle Jim | et PR (2, dy)] (49)

Step 4. To prove that function w defined in (49) is a solution to the Bellman equation
(42) it remains to show that

Jlim BN {exp {wn, (1))} = B¢ {evtn}. (50)
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In fact, by Fatou lemma
By {evtm} < Jlim B fexp {wy, (21)}} < o0 (51)

By step 1 and 2 one can find a compact set K1 D C such that

€
Sup sup E?N {XKf(xl) exp {wN($1)}} < 3 (52)
N acU
and ) -
sup E2 {XKf(xl)exp{w(wl)}} < 3 (53)
acU
Therefore

1B {exp {w()} = B {exp {ww, (:1)1} | <
B2 O (1) exp (w1 = B2 e (1) exp {w(en)} |
BN O, (1) (exp {w(w1)} — exp {ww, (21)})}
BN {xp () exp {wn (1)} | + B2 {xe () exp {w(en)}
2e

< sup @) Pz, K1 N-) — PN (2, K1 N )|par + sup [e¥®) — e®Ne (2)| + =
zeK1 €K, 3

Consequently letting £ — oo and taking into account that € may be arbitrarily small we
obtain the convergence (50). By continuity on x and a of the right hand side of (42) we
have the existence of a Borel measurable function @ for which the infimum is attained.
Step 5. We shall show now that for Borel measurable v : £ — U we have we have
AV (u) > A7
In fact, then

ew(ac) < eyg(;g,u(x))—)ﬂ/ ew(y)Pu(m) (m,dy) (54)
E
Define following (12)
) el we )N frule) [oute) ) (55)

Since by (3) for a € U
EC {ewm)} — B, {ew(:c%)} —

xo(@)[(1 = B)EL, {ew(xb} +BE, ;) {ewui)}] + e @B {ew(m}



we have from (54)

) < [N (xo(@)(1 - BB e}
HBE "V xme @) B {7V ) =

(
xo(x) ((1 — ﬁ)ew“(a;,o) + ﬁeu}“(x,l)) + XE\C(-T)ewu(x’O)

Consequently
B {en @} < BT {xoleh) (1= @)en @0 4 et @) 4y o (ah)e 10}
=BG {0 (56)
Therefore by the definition of w" we have that
0t a?) < el u(ah)) =X EE;(?;)Q) { e’d}“(ml)} (57)

Iterating the last inequality for z € C; we obtain

B {eote) < o {eXp {TZcf(vc(m%, u(al) - A”)} B, {ew(“)}} (58)

=1

Since by step 1 we have that E, {ew(“)} < oo we obtain

B {exp {lec(x},u(:c%)) - m}} > 1,

i=1

for z € Cy, which by Lemma 3 implies that \Y < \7(u).
Step 6. Assuming (D1) satisfied for any (a,) € Us, by Proposition 1 and Lemma 4 and
step 5 we have for any Borel measurable v : E — U

AT = A(a) = T (a(en)) < Jg ((u(zn))),
which shows optimality of (@(zy,)) within the class of stationary controls. If for an admis-
sible control (a,) we have limsup,_, Bl {(ng {e“’(xl) })a} < oo for every a > 1, then
by Hélder inequality we have from (42)

t—1
w(@) < In B {eXp {Z(’YC(%‘, a;) — )\7)} Eg {ew(xl)}}
1=0
1
-1 1+4+e€
< —t\7 +1n (E:](can) {exp{Z’yc(xi,ai)(l—}—e)}}) +
=0

(e s )
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Dividing both sides of the last inequality by ¢ and letting ¢ to infinity we obtain that

%HJ:Z““)((%)) > A7 for any € > 0. It remains to show that the mapping v — J7 ((ay))

is a continuous function for y > 0 since then letting ¢ — 0 we obtain JY((a,)) > A7. To
prove continuity notice that for v1,v2 > 0, v1 < 72

t—1
3 (an)) = T3 ()| < T sup 4 [ 1n {0 {exp {Zvlcm, >}}

=00 i=0

t—1
, 1
—In E{™) {exp {Z yac(wi, ai)}} | < limsup S|y — 72| sup |g;(7)]
i=0 t—oo 1 YE[Y1,72]

< lellly = 92l
since the derivative of the function
t—1
g¢(7) = In E{*) {exp {Z ve(ws, az‘)}}
i=0

is bounded by t||¢||.

Remark 4 A sufficient condition for (A5) can be formulated a follows
(D5) there is € > 0 such that for each compact set K C E

sup sup sup E3N {exp {(1 + )|l sprey }} < o0
acU xzeK N

where the split Markov process (&) after control a at time 0 is controlled using the control
function up. Notice furthermore that since X is defined in a unique way (as the optimal
value of the cost functional (1)) we therefore have the convergence N, — X7 which we
obtained earlier in Corollary 8 under additional assumptions.

6 Remarks on assumptions and an example
We shall formulate first a sufficient condition for (A3).

Proposition 4 If for x € E and (a,) € Us

E{™) {exp {ylellspmc}} < oo (59)

and
sup B {exp {1l opre}} = fesp (lellp} < 1 (60)

then (A3) holds.
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Proof. Notice first that by Corollary 1 for z ¢ C and positive integer m we have
B2 {exp (vllellspme} Xro<m} = B {exp {3lle]lspro} Xro<m} - (61)
Letting m — oo by (59) we obtain
) fexp (rllelloprett = E@ {exp (el opro}} (62)

Now for (a,) € Uy and x € C using the definition of split Markov process and (60) we
have

(:vO {exp {Alellspre}} = (;’6)) {XC( )evlld\sp +

C _
xee (@) BS) fexp {lellspre}} ) = e””C”WW
yerlells / B fexp {lellpro} T g = 12 [l (P, ) - )
_Eéan) {Xc(l‘l)e'yncﬂsp} +E, {GWHCHSPTC }:| < 1;@ (63)

Let i = 17¢ := {izO::L‘ilEC}, Tnt+l =Tn +T100;,.

For z € E and L = Sup,cc E((,Z%)) {e'YHCHSPTC} using Lemma 1 we have

0o
Eéan) {GPYHC”SPTCI } = Eg; {Z XCf (;%7'1) s XClc (ITi—l)XCI (iﬂ_)e’)’”c”wﬂ}
=1

| A

oo
Z {ch Try). fo(JET,-_l)eV“C”SPTH} LB <

f(an) llellsp _ g)yi—1gri-1 — flan) llellspT B
B {er C};(l AL = B {erlle } e

and taking into account (62), (59), (60) we obtain (D1) which completes the proof.
O
Taking into account Remark 4, by the proof of Proposition 4 we easily obtain a sufficient

condition for (A5)
Corollary 4 If there is an € > 0 such that for any compact set K C E we have

sup sup sup B¢ {exp {(1+ )7|¢flspre}} < o0 (64)
acUzeK N
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and

sup sup sup E&™ {exp {(1 + )7|lc||spre}} — Bexp {evlc)lsp} < 1, (65)
acU xeC N

where Markov process (xy) is controlled using constant a at time 0 and a, = un(xy,)
afterwards, then (A5) holds.

Consequently we see that assumptions imposed in the paper are satisfied for a class of
processes for which f(v) := E,{e?¢} is finite provided that we choose 7 sufficiently
small (to guarantee (60) and (65)). As an example one can consider a discretized ergodic
diffusion (z,,) in R? given by the following equation:

Tnt+l = Tn + Az, + b(l'm an) + D(:L'ny an)wna (66)

where (w,) is a sequence of i.i.d. standard normal random vectors in R? A is a sta-
ble matrix, b(x,a) is a continuous bounded vector function of = € R% and a € U, and
D(z,a) is a continuous bounded matrix valued function which is uniformly elliptic i.e.
inf, ¢ ga infaep trD(x,a)D(z,a)” > 0. Notice that by nondegeneracy of D the minoriza-
tion property (A1) is satisfied for any closed ball C' in R?. The stability of the matrix A
and boundendess of b implies that if C is sufficiently large the controlled process no matter
what control is used is pushed to C. For completeness we add the following Lyapunov
type criterion

Lemma 6 If for (ay,) € Us

sup B {lare || 1} < o0 (67)
z¢C
and for v >0 ,
sup sup B {[|lz1 [} < e [|]| (68)
z¢C a€U
then

E(®) {770} < 0o (69)
Proof. Define a Lyapunov function V (s, z) := e2Y+1||z||. For = ¢ C by (68) we have

B {V (s +1,21)} = V(s,2) < e2EFDEE) ||z} — 2 g <
_(627(s+1) - 62%?)”.%”

Consequently

ES) {V(m+1,21)} = V(m, 2m) < —(€2FD — ™) ||z, ]|,
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EL) {V(m,21)} = V(m = Lzpo1) < = (e = e )|z,

Tm—1

and summing up the above inequalities till the process (z,,) enters the set C' and taking
the expected value we obtain

B {V(r,2,)} = V(0,2) < =B {||lag [} (€277 - 1), (70)

from which by nonegativity of V' we have that

B {27 a0 ||} < V(0,2). (71)

By Holder inequality

N |—=

B {70 < (B {27 g 1) (B (v I1})

and from (67) we obtain (69).
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