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We consider the initial- boundary value problem for half-space of  thermoviscoelastic body. Biot model describes the  

viscoelastic properties of the body and  Gurtin-Pipkin describes the thermal properties of medium. We assume that on the 

surface of  half-space acting the mechanical and thermal forces per unit area. Physical fields in that medium i.e.  

displacements, strain, temperature are described by system of partial differential and integral equations. For this system of 

equation we formulated the Lamb- Daniłowska  initial-boundary value problem . We obtain the solution of that problem  

using Laplace-Fourier transformation and Cagniard- de Hoop method.  The full geometry of propagation in this medium 

termo-mechanical and mechano-thermal  waves are described.  

 

 



 

 

 

 

 

 

Basic notations: 

θ –  the temperature , u - the displacemet  vector of the body,  q- heat flux , e -  internal energy  

a(t), b(t), – the heat relaxation function  

β(t) –  the coefficient of  thermo-mechanical coupling  

λ(t) , μ(t) – Lame relaxation functions  

υ -  the velocity  

c -  specific heat  

θ0  - the reference temperature 

 



System of equations describing nonlocal model  of the thermoviscoelastic body  
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Lamb –Daniłowska problem for  the nonlocal model of the  thermoviscoelastic body 
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Using Laplace transformation with respect to t and the Fourier transformation with respect to x1, x2 we get 
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After some calculations we obtain  
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Where: 3232323331
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The important quantities in our investigation are: 
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We present now in explicite form the quantities which will be applied in boundary conditions  
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The boundary condition have in this problem the following form  

03113223333
ˆˆ

;ˆˆ2;ˆˆ2;ˆˆˆ2ˆ pappp    

Introducing the above function into boundary conditions we obtain the following system of equations 
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The main determinant of the system of equation has form  
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Remark:  for 0   we get well known Rayleigh’s determinant  
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The Lamb boundary value problem : 0ˆ,0ˆ,0ˆ,ˆˆ
31323333  qp   

The Daniłowska boundary value problem :   03132333
ˆˆ,0ˆ,0ˆ,0ˆ pq    

Solution to Lamb-Daniłowska boundary value problem: 

32323331

2

2

2
3

2

2
33211223

22
ˆ xxxx

eB
l

eB
l

eCleCl
 


 

 ,  32323331

1

1

2
3

2

1
33111113

22
ˆ xxxx

eB
l

eB
l

eCleCl
 


 

 , 



32323331

1

1

2
2

2

1
32112112

22
ˆ xxxx

eB
l

l
eB

l

l
eClleCll

 
  

323331

13

2

11

2

111
ˆ xxx

eBeCleCl
 

 ,  323331

23

2

21

2

222
ˆ xxx

eBeCleCl
 

 ,  323331

33

2

31

2

133
ˆ xxx

eBeCeC
  

  

3331

3

2

1

2

32

1

1

2

1

2

12

1

ˆ xx
eCcl

c

s
eCcl

c

s   


















  

  323331

1

1

3111
ˆ xxx

eB
l

s
eCeCsl

 
 ,    323331

2

2

3122
ˆ xxx

eB
l

s
eCeCsl

 
 ,    323331

3

2

33113
ˆ xxx

eB
s

eCeCs



 

  

We introduce the solution vector  TX 231312332211321 ,,,,,,,,,,  , then  

  11,...,2,1,,ˆˆ 3

3

1

21 




 kesFX
x

n

knk
n ;   where 

2

2

2

1

222 )()(,  iilnn   

Apply the inverse Fourier transform and de Hoop transformation we get   
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Modified Cagniar’s method -  replacement   of the integral with respect to real axis by the integral  over suitable chosen integral curve 
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Lamb –Daniłowska problem -  the geometry of waves in nonlocal model 

 

 

 

 

 

 

 

  

Geometry of waves in nonlocal model: two Rayleigh’s (red, green), three cone waves ( with arrows), mechanical transversal wave (blue),  

coupled thermal wave (vaiolet), coupled logitudinal wave (light green). 


