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Introduction

We study the optimal control problem for the transvers motions of
a viscoelastic beam. The equation of motion in the y-direction of this
beam is

5
8t2 +o 8m4 [5+’Vf< 5t)> df} Gt + Oty +
" oy( é“ t) Pyt Py Oy _
d t).
The parameters a, v, 0, o are positive phisical costants and 3, n € R.
The position z € (0,1) and the time ¢ € (0,T) for I, T < co.

(1.1)
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Introduction

We consider, from the mechanical point of view, the boundary
conditions corresponding to clamped ends, when

dy(0,1) _ dy(l.1)

t)=uy(l,t) = = 1.2
p(0.1) = y(1,0) = L2 = D (12)
or the boundary hinged ends, when
0%y(0,t 0%y(l,t
y(0,t) =y(l,t) = v(0.) _ (1) =0. (1.3)

oxr2 Ox?

We consider the initial-boundary value problem consisting of (1.1),
the initial conditions
Oy(x,0
s 0 =pole)  amd POy
and the boundary conditions (1.2) or (1.3).
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Introduction

Let Q = (0,1), where [ > 0 is the natural length of the beam,
S =(0,T) and Q = Q x S. We shall need the following space:

e Lebesgue spaces L?(€2), L?(Q)
L*(S; W) = {w: S—-W |/||w(t)||%,vdt < oo}
S
and
L>*(S;W) = {w: S — W |ess sup ||w(t)||w < oo},
tes

with the standard norms, where W is any Banach space.
e Sobolev spaces H2(Q), H3(), Hg(Q) with the standard norms.
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Introduction

Let V = HZ(Q) for clamped ends or V = H?(Q) N H}(Q) (the closed
subspace of H?(Q)) for hinged ends and H = L?(2). These spaces are
equipped with standard norms. The embedding V' C H is continuos,
dense and compact. Identifying H with its dual we have the evolution
triple V.C H C V*. The duality pairing (¢, %) of V* and V is
identical with the inner product (¢,) on H if p € H.
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Introduction

We define a weak solution of the equation (1.1) with the initial
condition (1.4) and the boundary conditions (1.2) or (1.3) comme the
solution of following equation

(1), %) + aYaw (t), o) — (B + Iy ()]F) ()y (1), ¥) + 6(Jaa (1), Yra)+

=0 (Y2 (1), 92 (1)) (Y (1), ¥0) +1(y(1), ¥) = (f(1), ¥),
Vyey forae tes,

y(0) =yo and y(0) =y1 foryo €V and y; € H,
(1.5)

where (p,1}) =

o .,

o(x)(z)dx (the inner product on H).
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Introduction

In our first theorem we state the existence and uniqueness of weak
solution (1.1)—(1.4).

Theorem 1

Suppose f € L*(Q), yo € V and y1 € H. Then, there exists a uni-
que solution y of equations (1.5). This solution y € L>®(S;V) and
gy € L®(S; H)YNL?(S;V).
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Introduction

Let us put in (1.5) f = g + Bu, where g € L?(Q), u € U (the control
space) and B € L(U; L*(Q)). The equations (1.5) have a form

(1), ¥) + a(Yau(t), Vo) — (B + y2O1F) Wau (1), ¥) + 0(Jaa (t), Yaa)+

—0 (Y (1), 92 (1)) (Y (), ) +1(9(1), ¥) = (9(t) + (Bu)(t), %),
Vypey forae. tes,

y(0) =yo and g(0) = y;.
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Introduction

Now we define a nonlinear operator F' from the separable Hilbert
space U into a space

4
X = [I L*(S;H) by

1=1
F(u) = (yaymvyxxa y)7

where y is the unique solution of (1.6). The norm in the space X is
given by the form

|17 (u IIX—f0 [y @ + Ny 113 + yae ON1F + [[5(0)]13,] dt =
HyHLZ(S;V) + ||y||L2(5;H

Suppose g € L*(Q), yo € V, 11 € H and the operator B is linear
and bounded with the separable Hilbert space U into L?(Q). Then the
operator F' is locally Lipschitz continuous and a weakly continuous map.
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Optimal control problem

The state of system of our control problem is described by an equation

(1), 9) + ayow (), vaa) = (8 + ¥lly= ()3 (
=0 (Yo (t), 9 (1)) (Y (1), 0) + 0(5(1),¥) = (g

Vyecy fora.e. t

) Waa(£), 0) + (ym(t>,wm)+
(1) + (Bu)(t), v
€s,
y(0) =yo and g(0) = y1.

(2.1)
The optimal control proplem (P) can be formulated as follows: find
an optimal pair
(u®,9%) € U x W wchich minimizes a functional J(u,y) where
J:U xW — Rand y =y(u) is a unique solution of (2.1) for u € U
and W = {w € L*(Q) | w,ws,wzs, & € L?(Q)} with a norm
(w, wllvsow = [[ullu +[lwll2 @) + [lwellL2(@) +lweall L2 (@) T I@lL2(@)-
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Optimal control problem

Theorem 3

Let the assumtions of Lemma 2 be satisfied, i.e. g € L*(Q), yo € V,
y1 € H and the operator B is linear and bounded with the separa-
ble Hilbert space U into L*(Q). If the functional J is continous and
convez on U x W and the functional u — J(u,y(w)) is coersive i.e.

| 1‘1|m J(u,y(u)) = oco. Then, there exists at least one optimal pair
ul|—oo

(u®,y°) € UXW such that 11€1fU J(u,y(u) = J(u®,y°) where y° = y(u®)
is the solution of (2.1) for u = uP.
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Optimal control problem

In many enginering applications J may be quadratic functional in the
form

T 1 T 1
J(u,y) = [ul|f + X [ [ |y(t,x) — yaldedt + Ao [ [ |y (t, ©) — yjPdadi+
00 00

T 1 T 1
X3 [ [ Yz (t, ) — Y22 dadt + Ny [ [ |9(t,z) — y3|>dadt
00 00

4
where \; > 0fori=1,...,4and >  \; =1 and

i=1
Yd, Yh, Y3, y3 € L?(S; H) are desired functions. This functional
represents the total anergy of the beams.
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Approximation of the control problem

Here we recall some known results concerning the finite dimensional
Galerkin approximation. They are basic for the convergence analysis
of our optimal problem.

We consider a family {V, }neq of finite dimensional subspaces of V'
which satisfies the following conditions:

Vhiho € G (h >hy ==V, C Vi)  and | JVi=V,
heG

(3.1)
where the set G C (0, 1] of parameters h has an accumulation point at
0. The approximation of space H is the same family {V},}nce with an
induced norm with H. The approximation of the spaces L?(S;V) and
L?(S; H) is understood here as a family of space {L?(S; V3,) }rheq from
respective norms.
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Approximation of the control problem

As an approximate solutions of equation (2.1) we mean the family of
functions y, € L?(S;V},) which are the solutions of the following

system

<yh(t)v ¢h> + a(yhmx(t)a whmz) - (ﬁ + ’Y| |yhz(t)||§{) (yhmm(t)a wh)
+5(yhza: (t)7 whzx) J(yhx t); Yha (t))(yhxz (t)7 w) + n(yh( ) ql)h)
= (9(t) + (Bu)(t), ¥n), Vynev, forae tes,

yn(0) = yor and yn(0) = y1n
(3.2)

where yo, and y1, are the ortogonal projections yy and y; onto V3,
whith the respective norms. From Theorem 1 conclude that for each
h € G the equation (3.2) the unique solution y; € L2?(S;V},) and

yh S L2(57 Vh)
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Approximation of the control problem

As an approximation of control space U we take a family {Uj }rex of
finite dimensional subspaces of U which satisfies the following
conditions:

Vki,ky € K (k1 >ky=>Uy, CU,) and | J U =T,
keK
(3.3)
where the set K C (0, 1] of parameters k has an accumulation point
at 0.
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Approximation of the control problem

Our approximated optimal control problem (Pyy) has the following
form: find an optimal pair (u?,4%,) € Ux, X W), which minimizes the
cost functional J i.e.

J(u, ypy) = inf J(up, yn(ur))
ur €U

where ypr = yn(ug) is the solution of the system

(G (), ¥n) + (Ynaa (), Yhaa) — (B + Ayne OF) Ynae (t), Pn)+
+ (yh m(t) whmm) - J(yhx(t)7yhm(t))(yhzz(t)aw) + n(yh( )v 7vzjh) =
= (9(t) + (Bux)(t),¥n), Vy,ev, forae. tes,

yn(0) = yor and §5(0) = y1p
(3.4)

and Wh = {wh S L2(S;Vh) | wh,whx,whzmd}h S L2(S; Vh)} with an
induced norm of W. The control problem (Ppy) is the lumped
parameter system.

pisane réwnaniem lepk:

dr Andrzej Just dr Zdzistaw Stempien POLITECHNIKA I Zadanie sterowania optymalnego



Approximation of the control problem

Under the assumptions of Theorem 3 and the properties of Galerkin
approzimation (3.1) and (3.3), then the approzimated control problem
(Pui) has at least one solution ud,, € U.
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Approximation of the control problem

Lemma 2 implies

Lemma 5

Let (ug) be a sequence of elements in Uy, C U and (ynx) be the corre-
sponding sequence of solution of equation (3.4). If the assumptions of
Lemma 2 and the properties of Galerkin approzimation (3.1) and (3.3)
be satisfied, then the following conditions hold:
(i) If uy, PR w weakly in U, then

Ynk — Y weakly in L*(S; H)

Ynka ——— > Y weakly in L2(S; H),

Ynkaw T Yoo weakly in L*(S;H)

and

Ynk P y weakly in L*(S; H).

(i) If uy, Y w strongly in U, then

Ynk ——— y strongly in W

where the function § is unique solution of system (1.6) for u =u.

dr Andrzej Just dr Zdzistaw Stempien POLITECHNIKA 1

Zadanie sterowania optymalnego opisane réwnaniem lepk:



Approximation of the control problem

Let us now consider the convergence of approximation for prblem (P).

If the assumptions of Theorem / be satisfied, then there exist weakly
condensation points of a set of solutions of the optimization problem

(Pri) in UXW and each of these points is a solution of the optimization
problem (P).
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Approximation of the control problem

This paper is a generalization of our paper:

A. Just, Z. Stempien Pareto optimal control problem and its Galerkin
approzimation for a monlinear one-dimensional extensible beam
equation, Opuscula Math. 36(2) (2016), 239-252.

l
%y oYy dy(&, 1) >y
8152+Oé—|:ﬁ+ /( ¢ >d§]+ 58 48t+
0

Loy(g,t) 9y(&t) . %y | Oy
—a/o e el o kg = f(z.0)
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