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Due to the wide use of stochastic diffusion problem arose establish
conditions of stability and control of such systems. The paper [6]
sufficient conditions of stability of stochastic systems via Lyapunov
function properties and obtained estimates of large deviations of linear
diffusion systems.

On the other hand, it is important asymptotic
behavior of diffusion processes that considered in [20] and [21].
Construction of semi-Markov processes and investigation of asymptotic
properties of random processes with semi-Markov switching are
devoted [1, 2, 3, 4].
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In this paper, we consider dynamical system with semi-Markov
switchings using small series parameter. x(t), t ≥ 0 is a semi-Markov
process in the standard phase space of states (X, E), generated by
renewal Markov process xn, τn, n ≥ 0 defined by a semi-Markov kernel:

Q(t, x,B) = P (x,B)Gx(t),

where the stochastic kernel

P (x,B) := P{xn+1 ∈ B|xn = x}, B ∈ E

defines an embedded Markov chain xn = x(τn) at renewal moments:

τn =

n∑
k=1

θk, n ≥ 0, τ0 = 0,

with intervals θk+1 = τk+1 − τk between renewal moments. θn are
defined by the distribution functions

Gx(t) = P{θn+1 ≤ t|xn = x} =: P{θx ≤ t}.
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A semi-Markov process is defined by the relation:

x(t) = xν(t), t ≥ 0,

where the counting process ν(t) is defined by the formula:

ν(t) := max {n : τn ≤ t}, t ≥ 0.

We consider a semi-Markov process x(t), t ≥ 0 that is regular and
uniformly ergodic with stationary distribution π(B), B ∈ E :

π(dx) = ρ(dx)m(x)/m.

Here ρ(B), B ∈ E , is a stationary distribution of Markov chain
attached.
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Problem

Diffusion process uε(t) ∈ Rd in averaging scheme with a small
parameter ε > 0 defined by stochastic differential equation

duε(t) = C

(
uε(t);x

(
t

ε

))
dt+ σ(uε(t))dw(t) (1)

where: uε(t), t ≥ 0 - random evolution in a diffusion process (1) [11][9,
14, 15];
x(t), t ≥ 0 - semi-Markov process [11][8, 12, 13];
w(t) - Wiener process [3,4, 5].
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Semigroup Ct
t+s(x), t ≥ 0, s ≥ 0, x ∈ X accompanying systems

dux(t) = C(ux(t);x)dt+ σ(ux(t))dw(t), ux(0) = u, (2)

defined by the relation

Ct
t+s(x)ϕ(u) = ϕ(ux(t+ s)), ux(t) = u (3)

where
ux(t+ s) := ux(t+ s, u), ux(t) := ux(t, u) (4)

(4) - semigroup property.
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Generating operator C(x) semigroup Ct
t+s(x) is defined by form

C(x)ϕ(u) = C(u, x)ϕ′(u) +
1

2
σ2(u)ϕ′′(u), (5)

where ϕ(u) ∈ C2(Rd).
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Theorem

Let regression function C(u, x) and variation σ(u) satisfy the following
conditions:
C1: C(u, ·) ∈ C2(Rd)
C2: σ(u) ∈ C2(Rd).
C3: the distribution functions Gx(t), t ≥ 0, x ∈ X satisfy the Cramer
condition uniformly in x ∈ X,

sup
x∈X

∞∫
0

ehtGx(t)dt ≤ H < +∞, h > 0

Then the solution uε(t), t ≥ 0 of the equation (1) converges weakly to
the limit diffusion process ζ(t), t ≥ 0 as ε→ 0, which is defined by the
generator

Lϕ(u) = C(u)ϕ′(u) +
1

2
σ2(u)ϕ′′(u),
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MRP

We introduce advanced Markov renewal process (MRP) [11], which
given sequence:

uεn = uε(τ εn), xεn = xε(τ εn), τ εn = ετn, (6)

where τn =
∑n

k=1 θk, n ≥ 0, τ0 = 0, there are times renewal
semi-Markov process x(t), t ≥ 0, [6] determined by the distribution
function of the time spent in the state x.
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Compensating operator

Definition 1. [11][16] Compensating operator advanced MRP (6) is
defined by the form

Lεt (x)ϕ(u, x, t) = ε−1[E{ϕ(uεn+1, x
ε
n+1, τ

ε
n+1)|uεn = u, xεn = x, τ εn = t}−

− ϕ(u, x, t)]/g(x). (7)
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Lemma (1)

Compensating operator (7) on test-functions ϕ(u) is defined by formula:

Lεt (x)ϕ(u, x) =

ε−1q(x)

 ∞∫
0

Gx(ds)Ct
t+s(x)

∫
X

P (x, dy)ϕ(u, y)− ϕ(u, x)

 (8)

where

q(x) =
1

g(x)
, g(x) = Eθx =

∞∫
0

(1−Gx(t))dt.
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Proof: Given point u1 we have:

Eϕ(uε1, x
ε
1) = ECt

θx0
(x)ϕ(u, xε1) =

∞∫
0

Gx(ds)Ct
t+s(x)

∫
X

P (x, dy)ϕ(u, y)

Here we have (9).
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Lemma (2)

Compensating operator Lεt (x) is defined by form

Lεt (x)ϕ(u, x) = ε−1Qϕ(u, x) + ε−1 [Gε
t (x)− I]Q0ϕ(u, x), (9)

where Gε
t (x) =

∞∫
0

Gx(ds)Ctt+εs(x).
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Proof. From (8) have

Lεt (x)ϕ(u, x) =ε−1q(x)

 ∞∫
0

Gx(ds)Ct
t+εs(x)

∫
X

P (x, dy)ϕ(u, y)− ϕ(u, x)


=ε−1q(x)

∫
X

P (x, dy) [ϕ(u, y)− ϕ(u, x)]

+ ε−1q(x)

∞∫
0

Gx(ds)
[
Ct
t+εs − I

] ∫
X

P (x, dy)ϕ(u, y).

Then we obtain (9)
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Lemma (3)

Compensating operator Lεt (x) has the asymptotic representation

Lεt (x)ϕ(u, x) = ε−1Qϕ(u, x) + θε1(x)Pϕ(u, x) (10)

Lεt (x)ϕ(u, x) = ε−1Qϕ(u, x) + C(x)ϕ(u, x) + εθε2(x)ϕ(u, x) (11)

where

θε1(x) = q(x)C(x)

∞∫
0

Gx(s)Ct
t+εs(x)ds

θε2ϕ(u, x) = q(x)(C(x))2Gε
t,2(x)ϕ(u, x),

and

Gε
t,2(x)ϕ(u, x) =

∞∫
0

G
(2)
x (s)Ct

t+εs(x)ds

.
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Proof. We have semigroup equation Ct
t+εs(x), t ≥ 0, x ∈ X,

dCt
t+εs(x) = εC(x)Ct

t+εsds.

Integrating by parts we have:

Gε
t (x)− I =

∞∫
0

Gx(ds)
[
Ct
t+s(x)− I

]
=

∣∣∣∣∣ u = Ct
t+εs dv = Gx(ds)

du = εC(x)Ct
t+εsds v = −Gx(s)

∣∣∣∣∣
=−Gx(s)

[
Ct
t+εs(s)− I

]
|∞0 + ε

∞∫
0

Gx(s)C(x)Ct
t+s(x)ds
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Given Kramer condition we have:

Gε
t (x)− I = ε

∞∫
0

Gx(s)C(x)Ct
t+εs(x)ds = εC(x)

∞∫
0

Gx(s)Ct
t+εs(x)ds

Hence we have (10).
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For

Gε
t,1(x) =

∞∫
0

G(x)Ct
t+εs(x)dx

integrating by parts we have:

Gε
t,1(x) =

∞∫
0

G(x)Ct
t+εs(x)dx =

∣∣∣∣∣ u = Ct
t+εs dv = Gx(ds)

du = εC(x)Ct
t+εsds v = −G(2)

x (s)

∣∣∣∣∣
=−Ct

t+εs(x) ·G(2)
x (s)|∞0 + ε

∞∫
0

C(x)Ct
t+εs(x) ·G(2)

x (s)ds

= m(x)I + C(x)ε

∞∫
0

G
(2)
x Ct

t+εsds.
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Thus we have
Gε
t,1(x) = m(x)I + C(x)εGε

t,2(x)

where:

Gε
t,2(x) =

∞∫
0

G
(2)
x (s)Ct

t+εs(s)ds

G
(2)
x (s) :=

∞∫
s

G
(1)
x (t)dt.

Hence:
C(x)Gε

t,1(x) = C(x)
[
m(x)I + εC(x)Gε

t,2(x)
]

= m(x)C(x) + ε(C(x))2Gε
t,2(x).
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Lεt (x)ϕ(u, x) =ε−1Qϕ(u, x) + q(x)
[
m(x)C(x) + ε(C(x))2Gε

t,2(x)
]
ϕ(u, x)

=ε−1Qϕ(u, x) + C(x)ϕ(u, x) + εq(x)(C(x))2Gε
t,2(x)ϕ(u, x)

=ε−1Qϕ(u, x) + C(x)ϕ(u, x) + εθε2(x)ϕ(u, x),

where
θε2(x)ϕ(u, x) = q(x)(C(x))2Gε

t,2(x)ϕ(u, x).

Rosa W., Chabanyuk Y., Khimka U. T. (Zakopane, XLV KZM 2016)Compensating operator of diffusion process with variable diffusion in semi-Markov spaceSeptember 9, 2016 25 / 42



Lemma (4)

Compensating operator Lεt (x) has the asymptotic representation in the
function ϕε(u, x) = ϕ(u) + εϕ1(u, x)

Lεt (x)ϕε(u, x) = Qϕ1(u, x) + ε−1Qϕ(u) + C(x)ϕ(u) + εθε(x)ϕ(u)

where θε(x)ϕ(u) = θε1(x)Pϕ1(u, x) + θε2(x)ϕ(u)
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Proof. We have
Lεt (x) [ϕ(u) + εϕ1(u, x)] =

ε
[
ε−1Q + θε1P

]
ϕ1(u, x) +

[
ε−1Q + C(x) + εθε2(x)

]
ϕ(u) =

Qϕ1(u, x) + εθε1(x)Pϕ1(u, x) + ε−1Qϕ(u) + C(x)ϕ(u) + εθε2(x)ϕ(u).
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Lemma (5)

Given singular perturbation problem[6, 14,18], limit generator L is
defined by formula:

Lϕ(u) = C(u)ϕ′(u) +
1

2
σ2(u)ϕ′′(u)
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Proof. From what ϕ(u) ∈ NQ we have

Qϕ(u) = 0.

Using formula from lemma 4 we have:

Qϕ1(u, x) + C(x)ϕ(u) = Lϕ(u),

where L = ΠC(x)Π

Qϕ1(u, x) = (C(x)− L)ϕ(u) = L̃(x)ϕ(u)

where
L̃(x) = C(x)− L.

Hence
ϕ1(u, x) = R0L̃(x)ϕ(u). (12)

We lemma 5 statement [6].
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Theorem

[11] Pattern limit theorem: If the following conditions holds: (C1): The
family of embedded Markov renewal process ξεt , x

ε
t , t ≥ 0, ε > 0, is

relatively compact
(C2): There exists a family of test functions ϕε(u, x) in C∞0 (Rd × E),
such that

lim
ε→0

ϕε(u, x) = ϕ(u),

uniformly on u, x.
(C3): The following convergence holds

lim
ε→0

Lεϕε(u, x) = Lϕ(u),

uniformly on u, x. The family of functions Lεϕε, ε > 0 is uniformly
bounded and Lεϕε and Lϕ belong to C(Rd × E).
(C4): The convergence of the initial values holds, that is,

ξε0
P→ ξ0, ε→ 0

and
sup
ε>0

E|ξε0| ≤ C < +∞

Then the weak convergence:
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Pattern limit Theorem

Then the weak convergence:

ξεt ⇒ ξt, ε→ 0

takes place. The limit process ξt, t ≥ 0 with generator L and is
characterized by the martingale:

µt = ϕ(ξt)−
∫ t

0
Lϕ(ξs)ds, t ≥ 0.
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Corollary

The diffusion process ζ(t), t ≥ 0 is the solution of the stochastic
differential equation:

dζ(t) = C(ζ(t))dt+ σ(ζ(t))dw(t)
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Conclusions. This result can be used in Poisson Aproximation
scheme [17, 18] for the diffusion process with semi-Markov switching.

Rosa W., Chabanyuk Y., Khimka U. T. (Zakopane, XLV KZM 2016)Compensating operator of diffusion process with variable diffusion in semi-Markov spaceSeptember 9, 2016 33 / 42



Theorem

Let regression function C(u, x) and variation σ(u, x) satisfy the
following conditions:
C1: C(u, ·) ∈ C2(Rd)
C2: σ(u, ·) ∈ C2(Rd).
C3: the distribution functions Gx(t), t ≥ 0, x ∈ X satisfy the Cramer
condition uniformly in x ∈ X,

sup
x∈X

∞∫
0

ehtGx(t)dt ≤ H < +∞, h > 0

Then the solution uε(t), t ≥ 0 of the equation

duε(t) = C

(
uε(t);x

(
t

ε

))
dt+ σ

(
uε(t);x

(
t

ε

))
dw(t)
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converges weakly to the limit diffusion process ζ(t), t ≥ 0 as ε→ 0,
which is defined by the generator

Lϕ(u) = C(u)ϕ′(u) +
1

2
σ2(u)ϕ′′(u),

where

σ2(u) :=

∫
X

π(dx)σ2(u, x), σ2(u, x) = σ∗(u, x)σ(u, x).
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Thank you!
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