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ON THE NUMERICAL SOLUTION OF AN ODE USING AN ORTHOG-
ONAL WAVELET EXPANSION

We treat here a differential equation of an arbitrary order m

Y ar(2)y () = f(2) (1)
r=0

for a given interval:

z € [e,d] (2)
which is split, for wavelet rank p, into s = 2P subintervals:
Za, € [Cay,da,] = [c+27Pap(d —c),c+27P(ap + 1)(d = ¢)] v (3)
0<ap<2P—1
Za, = ¢+ 27 [ap(d —¢) + (2 = ¢)] v (4)

0<a,<2r—-1

where we expand both the known function f(z) and the unknown function y(z)
either by orthogonal polynomials and wavelets orthogonal polynomials defined
in standard interval

x € |a,b] (5)

and s = 2P standard subintervals for wavelet rank p

xocp c [aapabap] = [a—|—2_p06p(b — Cl),a+ 2_p(ap + 1)(b_ CL)] 0< zQi" 1 (6)

e

—a+27Pab—a)+(x—a)] v (7)

v 0<a,<2r—1

pr(zap) Pfap Zfap,]¢j Zfap,]¢jp mozp) (m<n)

= 0<a,<2P—1

(8)
fapy = Fom @)iten _ U Oin) e, in,) v 9)

15117 204y 1950li2(0,, b,,) Oi<n 0Sap<2r—1

Ppy(zap) pya,, Zya,,,ﬂ% Zyap,j¢3,p l'ap) (m < n)

0<a,<2r—1
7=0
(10)
and where the appropriate coefficients are unknown Remark that:
T r dx r r (7
O(a,) =8 (@) () =2"¢"@) v v v (1)
a:ap 0<j<n 0<r<m 0<a,<2r-1
wg, (Ta,) = we(z) v (12)

0<a, <27 —1



The scalar products and norms are defined below:

b

(Fo)ten = [ F)oj@uo@de v (13)
b
0310y = [ SHahuo@ae v (19)

Here the interval [a,b] means an standard interval for the appropriate types of
orthogonal polynomials i.e.

z e [-1,1], z €[0,00[, = €] — 0c0,00] (15)

where: the left hand side interval stands for Jacobi, Gegenbauer, Legendre,
Chebyshev polynomials of first and second kind, the central interval stands for
Laguerre polynomials, the right hand side interval stands for Hermite polyno-
mials. The weight functions are defined:

weo(@) = (1 - 22)"™0% (p>0) (16)
for Gegenbauer polynomials and here 3 special cases occur:
weo (@) = wr(w) = (1 —2%)70° (17)
for Chebyshev polynomials of first kind
weos(z) =wp(z) =1 (18)
for Legendre polynomials
wer (2) = wy(z) = (1 - 2?)%? (19)
for Chebyshev polynomials of second kind and further:
w(r) =e " (20)

for Laguerre polynomials
wy(x) =¢e " (21)

for Hermite polynomials.
Between the nonstandard interval [c,d] variable z and the standard interval
[a,b] variable x exists the following relations:

) = 05(a+o+ D05 LD oococicacn @)
when
z €[-1,1] = [a,b] (23)



and
z(z) =c+pr (—o0 <c<oo)A(p#0) (24)

when
(z € [0,00[) V (z €] — 00, 00]) (25)

The reciprocal transformations are as follows:

2(z) = 0.5(a+b) + (Zii)x —~ 0.5(17_(5)_@2;0) (-l=a<z<b=1) (26)
when
z € [, d] (27)
and
#(e) =5 (ceose< ) AR #A0) (28)
when
(z € [e,00]) V z €] — 00, 00] (29)

Analoguous relations exist for the variables in the subintervals.
The coefficients of the differential equation

ar(zap) - ar,ap (Z) A \ (30)

0<r<m 0<aq,<2P-1

must be squares integrable in general
Let consider first the case p=0 i.e. classical orthogonal expansion. Then let
rewrite the differential equation (1):

m

Y)Y w0 @ = £) ()

r=0
We impose first the initial conditions for m > 1:

2 dx

y(0) =D ue (@) Y (32)

: 0<r<m-—1
j=r

Let now write them in a more covenient mode for further treatment:

m—1 n
P PRV N S Y () oy 9T\
X we @) =0 - Dy Ly
which can be written as the equations system
m—1
> Brjyi=gr ¥ (34)
X 0<r<m-—1
j=r
where: p
By =" (a)(50)" 35
s= @& v (3)



y (e Z oy (a) v (36)

0<r<m-—1

The solution is:

=

m—1

o -1y, - ) (4
yi= > (B jrgr =D (B Z¢ () Mo,y 6D

r=0 r=0

3

Analogously we impose the boundary conditions for m > 2, where 2 cases are
distinct:
1) [0.5m] = 0.5m

0@ =S gl Ey (38)

dz’ 0<r<0.5m-1

7=0
39
Zy]¢ dz ogrg(Ysm—l (39)
rearranged as:
m—1 dl‘ ( )
" 40
;yﬁ% (a )(dz Zy dz ogrgg.,5m—1 (40)
e ")
g y"(d ! ) 41
jZT j(b (b )(dz Z Yk dz Og'rg(Y5m—1 (41)
being an equations system:
m—1
Z Br’jyj = 9gr Y (42)
J=r 0<r<m-—1
where: y
(r) €z
43
¢7 ()(dz OSTS(YSmfl ogjgvmq (43)
_ dx
B, = (r=0.5m) rpy (&L \r—0.5m 44
3= 9 ()(dz) o.5m<\Z<m—1 ogjgvm—l (44)
- (T) 45
gr =y Z Yoy dz " oencsn (45)
— o (r—= 05m) (T 05m) da r—0.5m 46
gr =Y Z Yr )(dz) O.SmSYSm—l (46)
The solution is:
m—1
= B™Y. g, 47
i ;( Virgr Y (47)



0.5m—1 m—1

y; = Z (Bfl ]Ty(r Z ¢(r) "+ (Bil)jr[ (r—0.5m) Z ¢(r 05m)
r=0 r=0.5m ( )
48
2) [0.5m] # 0.5m and ([0.5(m + 1)] = 0.5(m + 1)) A ([0.5(m — 1)] = 0.5(m — 1))
subcase a)
(T) c) = - ("‘) dl’ v 49
V= Ll WG 8 (49)
n dz‘
() (d %% 50
y"(d) = JZO yidS” (b )" 00 1)1 (50)
rearranged as:
m—1 ") dx
AT (7") 51
Zyg% (a)(d Zy o\ dz 0§r§0.5Ym+1)—1 (51)
j=r k=m
— (r) S (T) T v 52
; k:%; L dz) 0<r<0.5(m—1)—1 (52)
being an equations system:
m—1
Y Bryi=9- ¥ (53)
= 0<r<m-—1
where: y
(r) x
= 54
Bri=¢; ( )(dz) OSTSO.SYm+1)71 ogjgvmq (54)
r— m dx r— m
Br] _ ¢( 0.5( H_l))(b)(di) 0.5(m+1) v N (55)
z 0.5(m+1)<r<m-1 0<j<m-—1
(r) v 56
Zy ¢ dZ 0<r<0.5(m+1)—1 (56)
= gy (r=0:5m+1)) () _ (r=0.5(m+1)) p dj r—0.5(m+1)
g Y ( ) Z yk¢k ( )(dz) 0.5(m+1)<r<m-—1
(57)
The solution is: )
i = B_l j,rdr 58
Yj ;( )irg Ogjgvm—l (58)
subcase b)
" (r) dx
(M (e) = T il L v 59
y"(c) Jz::oygaﬁj (@)() 0011 (59)

dz

)r 0. Sm]



]:0
rearranged as
iy ), dr - ),y dx
. —)" M (¢) — " —)" 61
I ACC S AR M C - AN
e (r) /1y, AT - ) g AT
) (=) =y (d) - by (==)" v 62
S O =@ 3 w0y e
being an equations system:
m—1
Y Buyi=9, ¥ (63)
— 0<r<m-—1
where: J
B, = ¢\ (a)(52)" 64
i =9 (a)(dz) ogrgo.sym—l)q ogjgvmfl (64)
_ d
B, :qs;r 045(m+1))(b)(i)rf().f)(mfl) v v (65)
dz 0.5(m—1)<r<m—1 0<j<m—1
=y (c (’“) i 66
=y Z Y dZ 0<r<0.5(m—1)—1 (66)
L r05m=1) () — ™ g pr03mH) (L0 50m1) y
6 =1 @ 3wl ®)(E) e
(67)
The solution is: )
= Z(Bil)j,rgr V (68)
0<j<m—1
r=0
Now we make the following functional:
(T) dx 2
- szkzw ) = FBagay = MIN (69)
/Zyszh da:) — f(2)PPwg(2)de = MIN (70)
= dz
in which we consider the boundary or initial conditions as shown above, then
m—1 m—1 dl’
=213 (B kgl Zw +Z ykzam(” " fl[7 20 = MIN
k=0 s=0 =m

(71)



o _,

— = 72
the resulting equations system leads us to compute the coefficients
Z Aipyk =h1 ¥ (73)
m<Il<n
k=m - =
= AN h 74
Yk Z( Vil mg\%n (74)

l=m

The matrix A is splitted as follows in purpose to show explicitly its elements:

0 1 2 3
A= AR+ A AR Ay (73
where: m m
0 dl‘ r T
Al(,k) _ Z Z(E) +a(q, l( ),aq@(f))Lg[a’b] 7n<kvl<n (76)
r=0 ¢=0 T

being available for all cases of limits problems.
For the initial values problem

m m m—1lm—1m—-1m-—1
1 _ s _ w dz r s4w r
AR=3"% (B™)1.501" (@) (B~ oy, (@) ()4 (0,0, ag0() (0
r=0¢=0 j=0 s=0 v=0 w=0 m<
(77)
(2) NN R S ety 6 BT e ) @)
— —1y . s AT s T q
A = _;FZOJ':O 5=0 (B0 (a)(dz) Tard; s agh ) 2ja mSZlSn
(78)
m m m—1m-—1 de
3 — w r
A== (B™uauwd (@) () (a:61", a,60) Laga
r=0 ¢=0 v=0 w=0 m<k,l<n
(79)
For the boundary value problem:
m m m—1m-—1 da
1 r r
AR=23 G1iGroo(52) (a8 agd ) p2iar) V. (80)
. dz m<k,l<n
r=0¢=0 j=0 v=0
@) m m m-—1 dx ) @
2 r r
A = _ZZ . Gl,j(@) +q(ar¢j L aq®y" ) L2]ab] m,nggn (81)
r=0¢=0 j=0
3) m m m-—1 de ")
A 3 - _ G ZZy\r+g r (q) ]9
L :g 2 Gralg ) ard” 0y | ¥, (5

where for:



0.5m—1 dz m—1 dx
_ s — s—0.5 s—0.5m
Giy= Y B oM@+ D (BTus M W)() 0y
s=0 s=0.5m
(83)
2) [0.5m] # 0.5m and ([0.5(m + 1)] = 0.5(m + 1)) A ([0.5(m — 1)] = 0.5(m — 1))
subcase a)
0.5(m+1)—1 da m—1 dx
s s s—0.5(m+1 s—0.5(m
Gy= > B ua @)+ Y. (Bl ) () 0oy
s=0 $=0.5(m+1)
(84)
subcase b)
0.5(m—1)—1 dx m—1 dx
Giy= Y, B @)+ Y (B s T @) ()
s=0 $=0.5(m—1)
(85)
The vector h is splitted too for the same purpose:
heo=h" +nY 0P+ Yy (86)
m<I<n
where: .
WO = S (Frandf oty ¥ (87)

r=0
being available for all limit problems
For the initial values problem:

-3

3
3

Jsﬁblg)( )(d )T+S(f»ar¢ )Lz[ab m;l/ . (88)

™
EM

r=0 =
m m m—1 m—l de
=X B0y ™ (©)(ardy”, agd(a), )20y () Y
z m<Ii<n
0 ¢=0 v=0 w:O
(89)

m m m—1m-—1

s) dx r s
n =300 30 DB (@] @t e ()

r=0¢=0 j=0 s=0

(90)
For the boundary values problem:
(1) m m—1 da .
= =303 6@ et e () Y (o1)
r=0 j=0 S
@) m m m-—1 ") @ dx rra

h Z Z Hv ar¢l ) anSv )L2[a b] ( dz ) <Vl/< (92)

0 ¢g=0 v=0 mIisn

z 0<j<m—1 m<Il<n

0<j<m—1 m<Ii<n

0<j<m—1 m<Ii<n



m m m—1m—1

h(g) ZZZZ Gl;(ar¢(  agdY )L%b](jj)rﬂ m<V (93)
r=0g=0 v <

=0 j=0 l=n

where for:
1) [0.5m] = 0.5m

0.5m—1 m—1
Hy= > (B uuy™(c) + oy Y (94)
w=0 w=0. 5m 0<vim-1
2) [0.5m] # 0.5m
subcase a)
0.5(m+1)—1 m—1
H, = 371 o (w) -1 oo (w—0.5(m+1))
> B ™ Y (B @, v
w=0 w=0.5(m+1)
(95)
subcase b)
0.5(m—1)—1 m—1
H, = Z (B_l)v,wy(w)(c)+ Z (B_l)v,wy(w_o'g)(m_l))(d) v
w=0 w=0.5(m—1) 0<v<m-1
(96)

For the case of using the Hermite polynomials up to ordrer n we replace a by a
and b by b:

(a® = [z +0.5)) A (8° = [&+Y) +0.5]) (97)
(Hos1(zg"™™) = 0) A (Hpgr (27FD) = 0) (98)

For the case of using the Laguerre polynomials up to ordrer n we replace a by
0 and b by b:

(a=0)A®° = [z"TV) +0.5]) (99)
Lo (@) =0 (100)
Poy(z) Z%‘b] (101)

The approximated solution Py(z) tends to y(z) for n — oo
Consider now a p wavelet orthogonal expansion, then we rewrite the differ-
ential equation (1) in 2 equivalent forms:

- ) () (2 yr —

Z (2a) Zyj o ®j )(dza )= f(zo"))o<%z2p_1 (102)
r=0 7=0 P - 7=

S (D 5 67 DY = fan2) v (103)
mar §=0 e dz P 0<a,<2r -1



let compute the derivatives of the Py(z) solution at the given points as follows:

(T) Z Yj (;S (aa,)( P ) W v (104)

0<r<n 1<q,<2P—-1

Py (da) = 34500 (o) (L) vy (105)

= dz’ 0<r<n0<a,<2v—2

We impose first the initial conditions for m > 1:

(0 =Y o @y (106)

0<r<m-—1

and later
dz .,

Py(e) = 3790 (aap) (o (107)

dz) 0<r<m—1

Analogously we impose the boundary conditions for m > 2, where 2 cases
are distinct:
1) [0.5m] = 0.5m

Py (c ™) (qq, ”’r 108
4 Zyjqﬁ ») z) OSTS(YSmflOSapzy’fl (108)

d:v
Py (1) (b, )(2Eyr 109
y Zyjd) 4 dz) OSTS(YSmfl ogapZQPq (109)

2) [0.5m] # 0.5m

subcase a)
Py Zyﬂé“ (a0, () v v (110)
= PPhdz” 0<r<0.5(m+1)—10<a,<2p—1
n dx
Py (da) = 46\ (ba, ) (=) 111
v (o) jz:(:)y]qu ( p)(dz) OSTSO.E)mel)flOSapZQP—l (111)
subcase b)
Py (cy.) Zyjqb(” a0 ) (22 yr v v (112)
? P dz" 0<r<0.5(m—1)—10<ap<2P—1
Py(dy,) = ingﬁ(,”(ba )(dﬁ)r v v (113)
? = J P dz" 0<r<0.5(m+1)—10<ap<2P—1

10



Now we make the following functionals:

,,%4@%%2% e Ry = MIN 5 (114)
O‘Iz 0<ap<2r—1

2 ey
”%‘/Z%%Z“T @) G o Pg(a)ds = MIN |

0<a,<2r—1
(115)
in which we consider the boundary or initial conditions as shown above, then
oJ,
S =0 Y Y (116)
Yk, m<k<n 0<a,<2P—1

the resulting equations systems leads us to compute the coefficients

> Aoy Yk, =hia, ¥ v (117)

m<I<n 0<a,<2P—1

The results are:

Ppya,(2) = Ppy(za,) Yo, Oj (2 v (118)
P b, Z j.0p P ogap§2p—1
2P 1
Ppy(z) = Z Ppy(zap)xap (2) (119)
a,=0
where:
(Xa,(2) =1) & (2 = 2a,) (120)
and finally:
P
Py yiz)=@+1)7"> Puylz) (121)
2k k=0
k=0
When:
ra,(2) = ar \ (122)
0<a,<2r—1
then for a given p
Ak, = A1 VY v (123)

m<lL,k<n 0<a,<2P-1

It is not necessary to impose any conditions to the solution of (1) for an stiff
one, but only when the equation (1) is inhomogeneous. An example of a stiff
ODE will be given:

y W (2) +100y(z) = sinz y(0) =0 (124)

11



having the analytical solution:

sinz — 0.01(cosz — e=1007)
= 12
y(z) 1.0001 (125)

We sample this solution in the interval z € [0,4] with rate Az=0.1 and for the
same interval we perform the computations of the approximated solutions both
with and without the given initial condition. We use here up to the p=2 rank
wavelets (when the initial condition is given) and apply the LS method shown
above, and p=0 and p=2 rank wavelet (when the initial condition is discarded)
both by LS and Galerkin methods. n=9 order of orthogonal expansion
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