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Abstract

The existence of global regular axisymmetric solutions to the Navier-Stokes equa-
tions without swirl and in a finite axisymmetric cylinder is proved. The solutions
are such that norms bounded with respect to time are controlled by the same con-
stant for all £ € Ry. Assuming that the initial velocity and the external force are
sufficiently close to the initial velocity and the external force of a nonswirl axisym-
metric solutions, we prove existence of global regular axisymmetric solutions which
remain close to the nonswirl axisymmetric solution for all time. In this sense we
have stability of nonswirl axisymmetric solutions. However, to prove this we need
a smallness condition on the aximuthal component of vorticity of the external force
for the nonswirl solution.
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1 Introduction

In this paper we consider axially symmetric solutions to the Navier-Stokes equations

(1.1) v +v-Vo—vAv+ Vp = f,

(1.2) dive =0,

where v = (vi(z,1), v2(z,t),v3(z,t)) € R? is the velocity of the fluid, p = p(z,t) € R is
the pressure, f = (f1(z,t), f2(z, 1), f3(z,t)) € R? is the external force field, v > 0 is the
constant viscosity ceofficient, x = (x1, 25, x3) are the Cartesian coordinates.



Equations (1.1), (1.2) are considered in an axisymmetric cylindrical bounded domain
) C R? with the axis of symmetry equal to the xs-axis. Let S be the boundary of 2. On
S we assume the following conditions

(1.3) v-n=0, on S,
(1.4) azimuthal component of vorticity vanishes on S,
(1.5) azimuthel component of velocity vanishes on S,

where 7 is the unit outward vector normal to S.

The boundary S is split two parts S = S; U Sy, where S; is parallel to x3-axis and S,
perpendicular. We have that Sy = Sy(—a) U Sy(a), where a > 0 is given and Sy(b) meets
the z3-axis at 3 = b, b € {—a,a}.

Finally, we add the initial conditions

(1.6) V=0 = v(0).

The aim of this paper is to prove stability of nonswirl axisymmetric solutions in a set of
general axisymmetric solutions. Moreover, we have to prove global existence of regular
nonswirl axisymmetric solutions bounded by constants independent of time. To examine
axisymmetric solutions we introduce the cylindrical coordinates r, ¢, z by the relations

(1.7) T1=TCOSp, Ty=rsing, x3=2z.

Next, we use the orthonormal basis

(1.8) €, = (cos,sinp,0), e, = (—sinp,cosy,0), €,=(0,0,1)=es.
Then the cylindrical coordinates of v, w = rotv, f are defined by

(1.9) v(r, 2z, t) = ve(r, 2,1)e, + v,(r, 2,t)e, + v.(r, 2, t)e.,

(1, z,t) = wp(r, 2, t)e, + wy(r, 2,t)e, + w.(r, 2, t)e,

(1.10) B B 1 _
= V€ + (Up — V. p)Ep + | Vo + ;up €.,

(1.11) f(rz,t) = fr(r,z,t)e, + fo(r,z,t)e, + fa(r, 2, t)e,
Let us recall that the swirl is defined by

(1.12) Uy = T",.

Nonswirl axisymmetric solutions satisfy (see [1]) (v, = 0)

1 1 1
(1.13) dz,ﬁé-v&—y(v?—ﬁ)b—;ér&):m n Q, =QxR,,



1
(1.14) —(VQ—%)wzb i Q,
T

1 1 L 1 11
where F, = f,. — f.r, W = W, ¥ is the stream function, which implies the radial and

axial components of velocity

1 1 1
(1.15) 71}r = _Q/J,za 71]2 = _(rw)ﬂ”'
r
From (1.3)—(1.5) we have
(1.16) wls =0, Uls, =0, v.lg, =0.

In view of (1.15) boundary conditions (1.16), 3 are satisfied if

(1.17) s = 0.

The axisymmetric solutions with nonvanishing swirl to the Navier-Stokes equations satisty
the problem

1 1 2
(1.18) Z7t+3-v5—y(v2—ﬁ)iJr;%ré:fw in Q,
1 1 2 2
(1.19) 57t+%.v5_y(vz_ﬁ)5_;%Tz_;aaz:m n 0,
9 L\2 2 |
1.20 —(Vi—=)¢Y=w in Q
T2 +

9 9 2 2 2 2 9 2 . .
where w = w,,, Fy = fr.— f.r, U= v, and 9 implies the radial and axial components of

velocity

2 1
(121) 12}1” = —¢,z> 72)2 = _(T¢),T
T

From (1.3)—(1.5) we have
2 2 2 2
(122) w]S:O, U‘SIO, UT‘S1 :0, Uz|.5'2 =0.
The last two boundary conditions in (1.22) are satisfied in view of the assumption

(1.23) s = 0.

To complete the above problems we assume the following initial conditions

1

(1.24) "Z|t:0 = 1(0), C%”tzo = Clu<0)
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and

2 2 2

(1.25) Dlimo = (0, Slimo = 3(0), e = 2(0).

To examine the above problems and show stability we introduce the quantities with lower
index 1 by the following relations

k k k k k k k k k k
(1.26) U="1l, w=rwy, Y=r, fo=rfn, Fo,=7Fsn, k=12,

1 1
where u; = 0, fo1 = 0. Hence, the functions with upper index k are solutions to the

problems

k k k k 2k k ok k )
Uy + v Vuy — V(AU1 + ;Uu) =21 + for  in Oy,

k k k k 2k k k k
Wit +v-Vwy — V(Awl + —wl,r) =2uuy, + Fyr in Oy,
T
1.27 k 2k k .
(1.27) _ <A¢1 + ;@/Ju) = W in 4,

k k k
w1’5+ = 07 ¢1|S+ = 07 u1|S+ = 07

k k k k k k
Wilt=o = w1(0), 1]i=o = ¥1(0), Us|=o = uy(0),

1
where k= 1,2, and ty =0, f,1 =0, S, =S xRy, Siy = S; x Ry, i = 1,2.

To prove stability of nonswirl axisymmetric solutions we introduce the differences

2 1
(1.28) W=0—w, =t u=t-—u v=0-0
and

(1.29) w=rwy, Y=r, uU=ru.

The functions uq, wi, Y1 are solutions to the problem
1 2 1
Uiy +v-Vu +v-Vu —v| Auy + ;ul,r = 2u11 . + it + for,
1 1 2
wit+ (v+v) - Vw +v-Vw, —v| Aw; + ;wu = 2uquy . + Fi,

(1.30) - (Awl + %%,r) = Wy,

wils, =0, ils, =0, wls, =0,
wﬂt:a = Wl(o): %’t:o = ¢1(0)7 u1\t=o = Ul(o),

1
U'T_l‘g+:0, U'T_l‘s+:0.



Moreover,

1
(1.31) U ==, v.==(rY),
r
The considered in this paper boundary conditions are more restrictive than the slip bound-

ary conditions on §
(1.32) v-n=>0

(1.33) D) Ta=0, a=1,2

where D(v) = Vv + Vol is the dilatation tensor, 7,, o = 1,2, is the tangent vector to S.
In view of [2, Ch. 4] (1.32), (1.33) imply the following boundary conditions

(134) UT|51 = 07 'Uz|5'2 = 07 w|$’ = 07 ul,r|5'1 = O, ul,z|52 = 0.

Now, we formulate the main results of this paper. From Lemma 3.4 and (4.1), (4.2) we
have

Theorem 1.1. Assume that 1(0) € Lo(Q), Py € Lo(kT, (k + 1)T; Lejs(Q)), k € No.
Then there ezists a nonswirl axisymmetric solution to problem (1.1)-(1.6) such that
V' € Loo(Ry; HY(Q)) N Lo(kT, (k+1)T; H*(Q)), k € Ny,
where v' = (v, v,).
From Lemma 4.1 it follows

Theorem 1.2. Let the assumptions of Theorem 1.1 hold. Let v € (0,7.], where 7, is
so small that vi — v, > 5, ¢ € (0,11], co appears in (4.11) and vy in Lemma 35.1.
Let ||w1(0)||%2(9) + ||u1(0)||‘i4(9) < v, where wy = w/r, u; = u/r and w, u are intro-

duced in (1.35). Let co(|Fa (D2, o)+ £ (OIL, ) < %7 Jor ¢ € (KT (k + )T,
co Jur VT (IE >||L6/Q o + Ifa®l, o)dt < ay, k € No.

Let Ay(k) = %[5 IEa (O, @t + 2 BT 0y — I (6 + DTl and
A? = supjep, Al(k). Let aexp(A}) +exp (— ¢T) < 1. Then

(1.35) lor (D175 + lr (@2, S v for any t € R,

Since w and u describe a distance between swirl and nonswirl axisymmetric solutions
to problem (1.1)—(1.6) we have

Theorem 1.3. Let the assumptions of Theorems 1.1, 1.2 hold. Then there exists a global
azisymmetric solution to problem (1.1)—(1.6) which remains close to nonswirl azisymmet-
ric solutions for all time if they are sufficiently close at the initial time.

There is a wide literature concerning stability of some special solutions to the Navier-
Stokes equations. By the special solutions we mean either two-dimensional or nonswirl
axisymmetric solutions. Stability ot two-dimensional solutions to the Navier-Stokes equa-
tions is considered in papers [5, 7, 8]. In [5, 7] the periodic boundary conditions are
considered, so the fluid motion is located in a box. In [8] we consider the fluid motion
in a cylindrical domain. Moreover, the Navier boundary conditions imply existence of
two-dimensional solutions without any additional restrictions, which are bounded by a
fixed constant independent of time.

More literature concerning stability of special solutions is cited in papers [5, 7, §].
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2 Notation and auxiliary results

Let Ng = NU {0}. By L,(Q), p € [1,00], © C R" we denote the Lebesgue space of
integrable functions and by H*(2), s € Ny, 2 C R", the Sobolev space of functions with

the finite norm 12
el oy = (Z / |D;:u<a:>|2dx) ,

la|<s

where DS = 021 ... 02", |a| = ap+ag+--Fay, a; € Ng, i =1,...,n. Let u = (uq,...,up)

be a vector. Then |u| = y/u2 + -+ + u2.

The following Poincaré inequality holds

Lemma 2.1. Let u € H'(Q), uls = 0. Then there exists a constant ¢, such that

(2.1) eolluliy0) < IVullL, )

3 Solutions without swirl

In this Section we prove the existence of regular global soltuions to problem (1.13)—(1.17),
(1.24). We apply the energy method. We restrict our considerations to obtain necessary
estimates only because existence follows from the Faedo-Galerkin method.

Estimates in this section are performed in the sense of a priori. We assume that there
exist sufficiently regular solutions to problem (1.13)—(1.17), (1.24). Then after getting
the estimates and performing the closure procedure we have estimates for solutions with
regularity described by these estimates.

Lemma 3.1. Let us consider (1.13). Let

(k+1)T
Cg L
A = V_lsl;p / HFsal(t)H%G/s(Q)dt =%
(3.1) o
A

1—e T

1
Ay = + w1 (017, ) < o

vcy

vy = %+, 1 = min{l,¢,}, ¢, is the Poincaré constant from (2.1) and c, is the constant
from the imbedding H*(Q) C Lg(2). Then

t
1 1
(3.2) lor (DL, + 11 / s () 1 gyt < AT + A3,
kT

where t € (KT, (k+ 1)T], k € Ny.

Proof. Multiplying (1.13) by aljl and integrating the result over (2 yields

1d,1 1 11 11
(3.3) 5@”‘“”%2(9) + ]| Vw2, — 2’//Wl,r‘"ldeZ = /F¢1w1dx.
Q Q



The last term on the Lh.s. of (3.3) equals

a

—I//((})f),rdrdz = V/cbﬂrodz,

Q —a

where we used that clul|r:R = (. Since the term is positive on the Lh.s. of (3.3), it can be
omitted. By the Poincaré inequality (see Lemma 2.1) we have

d 1 1 11
3.9 G190+ velilng <2 [ Fadids,
Q

where ¢; = min{l,¢,} and ¢, is the constant from (2.1). Applying the Holder and the
Young inequalities to the r.h.s. of (3.4) we derive

d 1 vep 1 2¢s 1
(3.5) EH%HZLQ(Q) + 7”“’1“%1(9) < V—ClHF<p1HZL6/5(Q),

where ¢, is the constant from the Sobolev imbedding H'(Q) C Lg(£2). Setting vy = &
in (3.5) it follows

d 1, 1 9 [ S
(3.6) g1l + illonllzoe < ZollE ez s
Continuing, we have
d, 1 5 Cs L y
(3.7) Tz, e < V—1IIF¢1||2L6/5(Q)6 !

Integrating (3.7) with respect to time from ¢ = kT to t € (kT (k + 1)T] we derive

t
1 Cs 1 1
(38) 1)L < A / 1P o1 ()L 5t + exp(—va(t — kT))lwr (kT)|7,0)-
kT

Setting t = (k + 1)T" inequality (3.8) implies

1 1
(3.9) w1 ((k+ 1)T)||70) < AT + exp(—T)||w1 (KT)|7, 0

Hrence, iteration yields

1 A2
(3.10) len BT < 7=

kT L
=1 _ewnT e lkTHW1<O)||%2(Q) < A3,

Integrating (3.5) with respect to time from ¢t = kT to t € (KT, (k + 1)T] yields

t t
1 1 Cs 1 1
(3.11) ||w1<t>||%2(m+V1/Ilw1<t’)llip(m < V—I/\IFgol(t’)IIiG/s(mdt’+||w1<kT>H%2(m-
kT kT

Using (3.1); and (3.10) gives (3.2). This concludes the proof. O
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Next, we consider the problem (see (1.14), (1.17) without upper index 1)
Y

(3.12) —Av+ S =w, Yls=0.

Using the cylindrical coordinates problem (3.12) is expressed in the form

(313) - (w,rr + w,zz + lw,r) + % = W, w’g = 0.
r r

From (3.12) the following problem for ¢, = v /r follows,

(3.14) - <A¢1 + §¢1,r) =wi, Yils=0

so in cylindrical coordinates it takes the form

3
(315> - (1/}1,7’7‘ + ¢1,zz + ;wl,r) = Wi, ¢1’S =0.

Lemma 3.2. Assume that wy € Ly(S2). Assume that solutions to (3.14) vanish sufficiently
quickly near the azis of symmetry. Then solutions to (3.15) satisfy the estimate

L.«
(3.10 e I
Q

where wﬁ” is only different from zero in some neighborhood of the axis of symmetry.

Proof. To obtain estimates for solutions to problem (3.12) we introduce the following
partition of unity

2
Y W) =1, 0<r<Rr,

k=1

such that M (r) = 1 for r < 19, oW (r) = 0 for r > 2ry, P (r) = 1 for r > 2r,
©®(r) =0 for r < 7y, 2ry < R. Next we introduce the notation

D8 = po® ) = o® =12

Multiplying (3.14) by v, integrating over {2 and using the boundary conditions we get

(3.17) (Vo 2de — [ (V2),drdz = | wida.
[wostec- fispans - |

Q Q

Using the boundary conditions again and the Holder, the Young and the Poincaré in-
equalities to the r.h.s. of (3.17) we obtain the estimate

(3.15) Joulnoy + [ oz < el 0

8



Multiplying (3.14) by ¢(!) we obtain the problem

2 2
(3.19) —AG = S0 4 200,60 06D + Sl =Wl s, =0,

where the dot denotes the derivative with respect to r. Differentiating (3.19) with respect
to r yields

3 .
— At - ¢1Tr+ﬁ¢§2:—{2wl,,«<p + M 4 1/11 ] +wi),

T

(3.20)
%712’52 =0.

Multiply (3.20) by w?} and integrate over (). Then we get

1
(/wwm¢n /ﬁﬁTWWW+3/3wH&m
T b

Q
(3.21) = / [2¢1,r¢(1) + ) + ;@/mb(l)] (¢§,12T)7rdrdz
Q
+ [ ol o
Q

The first integral on the r.h.s. of (3.21) is bounded by

e Faw + 1942 o) + /el o)

The second integral on the r.h.s. of (3.21) can be expressed in the form

(3.22) /(w% )w 127) rdrdz —/ @ngrdx - /w%l)wilr)drdz.

Q Q Q

Since fQ(wg)@/JSgr),Zdrdz = 0 the first integral in (3.22) equals

/ , <¢>%wwm=/&wwwwm=a
9]

Q

where Wll)l/} ( ¢1 oW (1))
The last two integrals in (3. 22) are bounded by

I «
(le 7‘7"||L2 + ‘ ) )

T‘2 17T

2
1
)+dﬂdﬂi@
Lo(Q)

Employing the above estimates in (3.21) and using that ¢ is sufficiently small we derive
the inequality

Lo )2 Lol
§HV¢1,7~||L2(Q) + ;?/JM
L2($2)

2 [ ol ollara:
(3.23) Q

1
< c(llwiV 12,0 + 191130 @)-
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Finally, the last term on the Lh.s. of (3.23) equals
[ 198 Pad
Employing this and (3.18) in (3.23) yields

1
(3.24) IV 17 + H;W)

2 a
1
4 / WO P, odz < el 0.
La@) I

Expressing (3.19) in the form
3 : . 2
_wg,lgz = 1/18727“ + ;wg,lg - (2w1,r90(1) + %SDU) + ;wﬂp(l)) + wgl)

we have

2

1 1 1 1 1
164 e < (IO + 7002 Wl + 1ol )

L2(2)

In view of (3.18) and (3.24) it follows that

1
(3.25) ||¢§,2z||%2(9) < cllwnllZ,

Estimates (3.18), (3.24) and (3.25) imply

2

< cllwn|lZ, @)

1 1 a
(3.26) 19571272y + H—w§,2
r La(Q)

Next we examine solutions to (3.14) in a neighborhood located in a positive distance from
the axis of symmetry. For this purpose we multiply (3.14) by . Then we get

2 : . 2
= AU — S 4 20,67 + i+ S = ),

(3.27)
¢§2)|5 =0, :(12)|T=ro = 0.

From (3.18) and (3.27) we have

(3.28) 18017 e < elllvnllir + o ) < cllwnllzae).

From (3.28) and boundary conditions in (3.27) we derive

2
(3.29) 142 | a2y < ellwr |l na)-

To prove (3.29) we need local considerations. Expecially, to perform the estimate near the
angle between S; and Sy we have to use reflections with respect to S; and Sy, respectively.
Hence, (3.26) and (3.29) imply (3.16). This concludes the proof. O
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Since we are not able to derive an estimate for the third derivatives with respect to
7 to solutions to problem (3.14) we obtain such estimate for solutions to problem (3.12).
Hence, we have

Lemma 3.3. Assume that w € H' (). Assume that solutions to problem (3.12) vanish
sufficiently fast near the axis of symmetry.
Then the following a priori estimate holds

1
+ H _¢1,r
T

1 1
||¢||H3(Q) + H_w,rr + H_@b,zz
r L2(2) r

L2(Q)

¢ 1 1/2
+ (/ﬁwi‘r:()dZ) S CHWHHl(Q)

Proof. First we examine solutions to problem (3.12) in a neighborhood of the axis of
symmetry. Multiplying (3.12) by ¢ we get

P . .
—Ayp + T — (2,0 + M) + ),

Mg, = 0.

It is convenient to express (3.31) in the form

L2(Q)
(3.30)

(3.31)

1 P . .
(332) - (wf:ﬂ +5l+ ;w,&”) + 5 = (20,00 + ) +
(1)|S —0

Differentiating (3.32) twice with respect to r, multiplying the result by w%? and integrating
over (), gives

1 2 2
Q
S . .
Q " Q

+ [ wus

0
Using that 9 ls, = 0, we obtain from (3.33) the inequality

[Ivepds 2 [ Sopds - / L ypOyWy
Q

Q

M)
(330 + (%) olds <elo@hl o + /el
o T

+ [t drdz oo do— [oullards

Q Q Q

11



Exploiting that fQ(w(rl Trr) drdz = 0 the third term on the r.h.s. of (3.34) equals

J10n), + @Oun) Jdrdz = [ div @0 =0,

Q Q

where cb,w(,}?? = (Cb’ﬂﬁfq}g, c}JT@/J%«)) The fourth term on the r.h.s. of (3.34) is estimated by

el @) + /el L@

Finally, the last term on the r.h.s. of (3.34) is bounded by

o
Q

~(f

Employing the above considerations in (3.34) and assuming that ¢ is sufficiently small we
derive the inequality

1 1
/ VO + 2 / Sl — 2 / SOy

) (1)2
(3.35) +/<¢T_2) pde < /W) s +e/wmdﬂf
a ,rT

+c/ewi 1@ + CII¢1||H2(Q)

= | [e@uty + roldjara:
Q

i P
ot [Whde) o/l
Q

From (3.16), (3.35) and sufficiently small € we have

I«
IV 00 + 11320 +2/ ) d +/T—2|¢§,2|2d$

Q

Q
(1

2
+ CHW1HL2(Q)

The fifth term on the L.h.s. of (3.36) equals

1 1 1
- / S pdw = — / S () pdrdz = — / ar(pwfﬁﬁ) drdz
Q

Q Q
(3.37) .
Lo e L) L)
—2 ﬁ|¢,r | dx = ﬁ‘w,r | |7.:0dZ —2 ﬁ|¢,r | d
Q —a Q

12



The last integral in (3.37) is examined in the following way

1 1 1
[ aepds = [ o) pae < [ S0rolp + P

Q 0 A
1 1 1
< /ﬁlw§?!2dx+/r—4\w§l)|62dx < C/ﬁ\%,lﬁﬁdw,
Q Q A

where the last inequality follows from the Hardy inequality. The last term on the lh.s.
of (3.36) equals

(1) (1) 1)
= [ ((5) ) = (52 - | (32) s
T ;o - T o r o

where the first integral in I; vanishes because w%?y s, = 0 and the same idea implying
vanishing of the first term in (3.22) is used and the second and the third terms are
bounded by

. SN2
Ay R e S
’ T ’ T
Q Q Q ”

where the last integral is bounded by
1, ¢ 1, a 1, «a
o [ tolPde e [ Lo pds < [ ol
Q Q Q

where the Hardy inequality is used. Employing the above estimates in (3.36) and using
again (3.16) we have

1 1, a
VU B + 11 By + [ lo@Pde+ [ S1oPde
Q Q
(3.38) -
b [ S Plade < el ey + el

—a

Differentiating (3.12) twice with respect to z, multiplying by v .., integrating over Q and
by parts we get

1
(3.39) — / NV, ..dSy + / (V.| *dx + / ﬁ|¢7zz|2dx = / W 1 . da.

Sa Q Q Q

Using that 7 is the unit outward vector normal to Sy, the first term on the L.h.s. of (3.39)
equals

R
[l = - \/w,zzzw,zz‘ziiardT
0

13



Since
(3.40) Y., =w=0 on Sy,

I, vanishes.
Similarly, the term on the r.h.s. of (3.39) equals

12 == /(w,z¢,zz),zdx_ /w,z¢,zzzdx7

Q Q

where the first integral in I vanishes. Hence

|12 < el z:lln o) + e/ellwllinq)-

The second integral in I5 is bounded by A. Summarizing and assuming that ¢ is sufficiently
small we obtain from (3.39) the inequality

1
(3.41) [190int [ Sloepde < el
QO Q

Finally, we have to obtain an estimate for “v¢§f2|‘L2(Q). For this purpose we multiply
(3.12) by . Then we get

p@ . .
— Ayp® + T —(2,0® + @) + w®,

s =0.

(3.42)

It is more convenient to write (3.42) in the form

¢(2)

1
(3.43) 90 =D - P+ = — (20,00 + 9p®) + 0,

Differentiating (3.43) with respect to r and taking L, norm we get

(3.44) 1627 0 < 123 @) + C||¢(2)||%{2(Q) + |9l + CHWQ)H%{l(Q)'

Since the first norm on the r.h.s. of (3.44) is estimated in view of (3.41) we obtain from
(3.38), (3.41), (3.44) and the estimate

|V 20 < il < cllwil @)

which holds in view of (3.16), the estimate

+

1
_¢1,r
Ly T

1
ol + |2

1
+ H _¢,rr
r

Ly () L2(9)

a ] 1/2
# ([ othands) < ol + lorla)

This concludes the proof of Lemma 3.3. O]
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From Lemmas 3.1-3.3 and [3] we have

1
Lemma 3.4. Assume that 051(0) € Ly(Q), Fpo1 € Lo(kT, (k 4+ 1)T; Le/5(S2)), k € No.
Then there ezists a solution to problem (1.13)-(1.17) such that

) w1, w € Loo(Rys; Ly(Q)) N Lo(KT, (k + 1)T; H(Q)),
| b€ Loo(Ry; H(Q)) A Lo(KT, (k + 1)T; HY(Q)).

Proof. The estimates follow from Lemmas 3.1-3.3. Existence of solutions to (1.13)—(1.17)

such that w € Lo(Ry; La(Q)) andllp € Loo(Ry; H*()) is proved by Ladyzhenskaya in [3].
Further regularity follows from the classical technique of increasing regularity. Moreover,
since the estimates in Lemmas 3.1-3.3 are shown by the energy method the existence
of solutions (3.45) can be proved by the Faedo-Galerkin method. This concludes the
proof. O]

4 Stability

From Lemmas 3.1-3.3 we have that

2

t
1 1 1
9 wraman + | (60 ey + 2ot
(4.1) kKT

1
+ H _1/},zz
r

L2(Q)

2 2
1
by Jar < etar+ .
L@ N7 @
where t € (KT, (k+ 1)T], k € Ny and A;, Ay are introduced in (3.1). Then (1.15) implies

(4.2) Uy, 0, € Loo(KT, t; HY(Q)) N Lo(KT, t; H2(R)),

where t € (KT, (k+ 1)T], k € Ny. To show stability we need

15



Lemma 4.1. Assume that

1. we Ly(kT, (k + V)T; H(Q)), k€ Ny,
F, € C(Ry; Leys(2)), for € C(Ry; Lyys(2))

2. let v € (0,74], where 7, is so small that

Co C vcy

vy — —% > —, where ¢, € (0,11] and v; = ——, ¢; = min{1,¢,},
1241 2 2

¢p is the Poincaré constant,

and cg Is introduced in (4.11).
3. Nwr (07,0 + a0 Ly) <
Cy
4 let | Fp (O, oy + 1 DL, ) < S for 1 € By,

(4.3)
(k+1)T
o [ B @ oy + 1 Ol )it < a7, k€ No
kT
(k+1)T
12 o : 2 Lo 2
5. let Aj(k) = P IE e Iz, st + (wr(PT) 2oy
kT
1
= Jlwi((k + D)L, 0))-
6. A? = sup A%(k) < C—*T, avexp(A7) +exp (— C—*T) <1
keNg 4 4
Then
(4.4) s (DN Z ) + llur()ll7,0) < v for t € Ry

Proof. Multiplying (1.30)2 by w;, integrating over 2 and using boundary conditions
(1.30) vield

1d i

1
5%““1’&2(9) + /U - Vwiwidz + u/ |V |*dx + u/wf[rzod:c
Q

(4.5) 0

:/0Zu%w1d:p+/lew1dx.
Q

Q

—a

The second term on the Lh.s. of (4.5) is bounded by

1
8HW1H%6(Q) + C/*’«’H“H%g(ﬂ)HVMH%Q(Q)-

The first term on the r.h.s. of (4.5) is treated as folllows

'— /u%wl,zdx

Q

< ellwelT ) + ¢/ellunllz, o)

Finally, the last term on the r.h.s. of (4.5) is estimated by
5”(")1”%6(9) + C/5||F<p1“%6/5(9)-
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Employing the above estimates in (4.5) and assuming that ¢ is sufficiently small we get

1
(4.6) @HMH%M + | Vrl3,@ < cllulllg + el Vol olvll,o

+C||F901||%6/5(Q)'

Multiplying (1.30); by ui|ui|* and integrating over ) gives

a

1%
Tl )+ v / Vaifde+ 5 [ublods =2 [t cda
Q

(4.7) —a
+ /Uzlll/JdeZE + /f(plu1|u1|2dx.
Q Q
The first term on the r.h.s. of (4.7) equals
—4/u%8zu%w1dx
Q

so it is bounded by

/|0 ui?dr + c/e sup |9 |2 /u‘lldx.
Q
The last term on the r.h.s. of (4.7) is bounded by

| for ||L4/3(Q)||U1||?i12(9) < 8||U1||Li12(9) + c/ell fer H%4/3(Q)
The Poincaré inequality implies
(4.8) ”U1HH1 < CHVU1HL2(Q

Then the Sobolev imbeddings yield

(4.9) 1l 2,00) < elluillf q)-

In view of the above estimates, (4.8), (4.9) and ¢ sufficiently small we derive the inequality

(4.10) %HWHAL(Q) + VHVU%H%Q(Q) < C’|W1H%Q(Q)Hul\|i4(ﬂ)

1
+ el @il lullz, @) + el fo 2, 5 0)-
Adding appropriately (4.6) and (4.10) gives

d
T lenllZ@) + lunllzy) + v(IVerllZ e + IVuilzyw)

4.11
ollWI ) 1wl Ly 0llwWillZy ) 1Yl Ly 0llW| () llU1 %4(9)
(4.11) < coll 12 2, + eollwt 2l o + colln ]2l

+ co([l fu HL4/3(Q) + ||Feo1 ||L6/5(Q))7
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where we used that

(4.12) 0]l s < cllwrlza@)-
Let us introduce the notation
X2(t) = o (O 7a@) + (Ol e
(4.13) A2(t) = coll (@)l .
G2(t) = coll Frr ()17, 50 + 1 1T, 50))-
Then (4.11) takes the form

d
(4.14) X< X7 (1/ - %OXQ) +A2X? 4 G2,
Let v € (0,74], where 7, is so small that
(4.15) v — C—Vofy* > %, 0<c <v.
Assume that
(4.16) X2(kT) <7, G*(t) < c*%, t € [KT, (k + 1)T).

Let us introduce the quantity

Z2(t) = exp ( — /A2(t’)dt’) X3(t), telkT,(k+1)T).

Then (4.14) takes the form
d

' Lo [, _Sx2\p2, A2
(4.17) dtZ < (1/ VX)Z +G

where G(t) = G2(t) exp ( — [ A%(¢')dt'). Suppose, that
t, =1inf{t € (kT,(k+1)T]: X>*(t) >~}

t

= inf {t € (KT, (k+ 1)T): Z*(t) > yexp (— /A2(t’)dt’)} > kT.

kT
By (4.15) for t € (kT t,] inequality (4.17) takes the form

d c _
4.1 —7r< g2 2(1).
(4.18) ARV ARR ()

Clearly, we have

ts

Z2(t,) = yexp ( - / A2(t)dt) and
(4.19) wr

t

Z2(t) > yexp (— /AQ(t’)dt’) for t > ¢,.

kT
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But (4.16) and (4.18) yield

t

d Yo

—22 4 <ecl -2 s - A2 ! /

o li=t, < c ( 5 +4) eXp( / (t)dt) <0
kT

contrary to (4.19). Hence Z%(t) < vexp (— [ A%(t)dt) for t > t.. Definition of Z(t)
implies

t
X2(t) < yexp (/Ath') for t > t..

ts

In view of (3.11) we have

(k+1)T (k+1)T

Cs 1 1 1
| i< [ R, o+ S G
kT kT

1 _
= [lwr((k + DT, () = Al (R).
For sufficiently small v inequality (4.14) takes the form

d +
(4.20) X %XQ < A2X? 4+ G2

Integrating (4.20) with respect to time from ¢t = kT to t = (k + 1)T gives

(k+1)T (k+1)T
X*((k+1)T) < exp ( / A2(t)dt) / G?(t)dt
(k+1)T
+ exp ( — 62—*T + / A2(t)dt> X2(KT).
kT
In view of the assumptions
(k+1)T (k+1)T
(4.22) Z—*T > / A2(t)dt, / G2(t)dt < an,
kT kT

where « is so small and 7' so large that

(k+1)T

(4.23) aexp ( / A%lt) +exp (— %T) <1,
kKT
X?((k+ 1)T) < . Then induction proves the lemma. O

Next, we have
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Lemma 4.2. Let the assumptions of Lemma 4.1 be satisfied. Let k € Ny. Assume that
for € Ly(KT,(k + 1)T;Ly/3(Y)), Fpor € Lo(KT, (K + 1)1 Lgy5(S2)).  Then there exists a
solution to problem (1.30) such that

t
o (DN1Z 0 + lua(OIL, ) +V/(||wl(t’)||?p(m + [l 7 o))t

(4.24) ) M

< (7, Ar, Ag) + / L, 0 + 1 ()12, i)t

kT

where t € (KT, (k+ 1)T].

Proof. Estimate (4.24) follows from integration (4.11) with respect to time from ¢ = kT
tot € (kT,(k + 1)T] and application of estimates (3.2) and (4.4). The existence follows
from the Faedo-Galerkin method used in each time step [kT, (k+1)T], k € Ny, separately.
This concludes the proof. O
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